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Preface

Non-cooperative game theory focuses on the individual players’ strategies
and their influence on payoffs and tries to predict what strategies the players
will choose. It asks how people should act. Cooperative game theory, on
the other hand, abstracts from the individual players’ strategies and instead
focuses on the coalitions players may form. Cooperative games can be seen as
a competition between coalitions of players, rather than between individual
players.

The big advantage of the cooperative theory is that it does not need a
precisely defined structure for the actual game. It is enough to say what
each coalition can achieve; you need not say how. The basic assumption is
that the grand coalition, that is the group consisting of all players, will form,
and the main question is how to allocate in some fair way the payoff of the
grand coalition among the players. The answer to this question is a solution
concept which, roughly speaking, is a vector that represents the allocation to
each player. Different solution concepts based on different notions of fairness
have been proposed, and we will study three of them in this volume, namely
the core, the nucleolus and the Shapley solution.

This Part II of An Introduction to Game Theory is essentially indepen-
dent of Part I on Non-Cooperative Games and references to results in Part 1
only appear in a few places. Part II can therefore very well be read and
studied before Part I.

Lars-Ake Lindahl
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Chapter 10

Coalitional Games

In many situations with several people involved, the total result of their
efforts is best when everyone cooperates, and conflicts of interest only arise
when the collective profit is to be distributed among the individuals. In
this chapter we will model such situations as games. We assume that all
players use the same unit when measuring their utilities, and that the total
payoff that a group can achieve through cooperation can be distributed freely
among the members of the group. The main problem is to determine how
the payoff should be distributed, and we will study some different solutions.

10.1 Definitions

Definition 10.1.1 A coalitional game (N, v) (with transferable utility) con-
sists of a finite set NV of players and a real-valued function v, defined on the
set C of all nonempty subsets of N.

The sets in C, i.e. the nonempty subsets of N, are called coalitions, and
the function value v(S) of a coalition S is called the coalition’s value. The
function value v(N) is the game’s total value. The number of members of a
coalition S will be denoted by |S].

In order for some definitions and induction proofs to work, we sometimes
need to extend the value function v so that it is also defined for the empty
set (), which we always do by defining v(@)) = 0.

The entire set N is a coalition, the so called grand coalition. The players
in N will in general be numbered 1, 2, ..., n, where n = |N|. The number
of coalitions, i.e. nonempty substs of N, is 2" — 1.

The intuitive interpretation of the value v(S) is that it is the total utility,
wealth or power, that players in the S-coalition can achieve by cooperating,
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regardless of what players outside the coalition do. In particular, v(N) is the
total utility obtained when all players cooperate.

In order to derive interesting results, we need to constrain the class of
games through appropriate restrictions on the value function. In the following
definitions, two important subclasses are defined.

Definition 10.1.2 A coalitional game (N, v) is called cohesive if
v(S1) +v(S2) + -+ +v(Sk) <v(N)
for every partition {51, S, ..., Sk} of N.

Recall, that a partition of a set M is a family of pairwise disjoint subsets
whose union is equal to M.

The players of a cohesive game profit from keeping together, which ex-
plains the term ”cohesive”. It is impossible to create greater total utility by
splitting the grand coalition into a number of subgroups. In particular,

v(S)+v(N\S) <v(N)

for all coalitions S, and
S oldi) < o).
ieN
Cohesiveness will be a natural prerequisite for many results in this chapter.
Superadditive games form an important subclass of cohesive games and
are defined as follows.

Definition 10.1.3 A coalitional game is called superadditive if
v(S)+v(T) <v(SUT)
for all pairwise disjoint coalitions S and T'.
Superadditivity implies cohesiveness, but the converse is not true.

EXAMPLE 10.1.1 The coalitional game (N, v) with N = {1,2,3} and value
function

v({1}) =0, v({2}) =v({3}) =2, v({1,2}) =v({1,3}) = v({2,3}) = 3,
v({1,2,3}) =5

is cohesive, because there are four partitions of N, namely {{1}, {2}, {3}},
{{1},42,3}}, {{2},{1,3}} and {{3},{1,2}}, and the left side of the inequal-
ity in Definition 10.1.2 is in turn equal to 0 +2+2, 0+ 3, 2+ 3 and 2 + 3,
which in all cases is < 5 = v(NV).

However, the game is not superadditive, because v({2}) + v({3}) =4 >
v({2,3}). O
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A coalitional game’s value function v is a primitive concept. How and in
what way the value v(.S) depends on the efforts of the individual players in
S is irrelevant and unimportant in the context, but of course, this does not
preclude us from defining a player’s marginal contribution to a coalition as
follows.

Definition 10.1.4 Let i be a player in the game (N,v). The player’s
marginal contribution to the coalition S is the quantity

Aqi(S) = v(S) —v(S\ {i}).

A player’s marginal contribution to a coalition he does not belong to is
of course always zero (since S = S\ {i} if i ¢ S). A player’s marginal
contribution is thus only interesting for coalitions to which he belongs.

In superadditive games, A;(S) > v({i}) for all i € S. A player’s marginal
contribution to a coalition to which he belongs is thus greater than or equal
to the value that the player can achieve on his own.

ExAMPLE 10.1.2 In the game in Exemple 10.1.1, player 2’s marginal con-
tributions to the coalitions to which he belongs are Ay({2}) =2 -0 = 2,
Ap({1,2}) =3-0=3,A({2,3}) =3-2=1, Ay({1,2,3}) =5 -3 =2. [
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We will sometimes consider the following special type of players.

Definition 10.1.5 A player i in a coalitional game (N, v) is called a null
player if A;(S) = 0 for all coalitions S.

In other words, a null player does not contribute positively or negatively
to any coalition.

Definition 10.1.6 Two players i and j in a coalitional game (N,v) are
interchangeable if

v(SUfi}) = v(SU{s})
for all subsets S of N (inkluding S = )) that contain neither ¢ nor j.

ExXAMPLE 10.1.3 In the game in Example 10.1.1, players 2 and 3 are inter-
changeable. O

Exercises

10.1 A coalitional game (N, v) is called trivial if ),y v({i}) = v(IN). Prove that
v(S) = Y iegv({i}) for every coalition S in a trivial superadditive game. Is
the same true for every trivial cohesive game?

10.2 A coalitional game is called convez if
v(SUT)+v(SNT) > v(S)+v(T)

for all coalitions S and T

Prove that a coalitional game is convex if and only if

for all players ¢ and all coalitions .S O T" that do not contain player 7. Hence, in
convex games a player’s incentive to join a coalition increases as the coalition
grows.

10.2 Imputations

That the grand coalition will form is a basic assumption in coalitional game
theory, so the main problem is the question how to distribute the grand
coalition’s value v(N) among the individual players in a fair way. The utilities
of the various players after such a distribution can be described using a vector
r = (r1,%2,...,%,) in R, where z; is the utility of player i. We will often
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consider the sum of the utilities of all players belonging to a certain coalition
S, so we introduce the following compact notation for such sums:

z(S) = Zmz

i€S
Definition 10.2.1 Let I' = (V,v) be a coalitional game with transferable
utility. An n-tuple z = (x1, x9, ..., z,) of real numbers is

e collectively rational if x(N) = v(N);

o individually rational if x; > v({i}) for all i € N.
A vector x that is both collectively and individually rational is called an
imputation.

The set of all imputations in the game I' is denoted by Z(I').

Every collectively rational vector corresponds to a possible lossless dis-
tribution of the game’s total value v(NN) to the individual players, and when
later on we discuss various solutions to the problem of distributing the game’s
total value to the individual players, we will always require the solution to
be collectively rational.

Individual rationality is also a natural condition for all players to accept
the distribution z, because if x; < v({i}) for any player i then there is no
incentive for that player to join the grand coalition since he profits from acting
alone. (We presume that the players are selfish!) If we define a ”solution
to the game” to be a distribution of the total value that is accepted by all
players and stable in some sense to be specified, we thus have to search for
it among the imputations. In the next chapter, however, we will study a
solution that is not necessarily individually rational.

Proposition 10.2.1 The set Z(I") of imputations is conver and compact in
all coalitional games I', and it is nonempty in all cohesive games.

Proof. The sets
A={zxeR"| le =ou(N)}
ieN
of all collectively rational vectors and

B={xeR" |z >v({i}) foralli e N}

of all individually rational vectors are both closed and convex; the first men-
tioned set is a hyperplane in R™ (a line if n = 2, a plane if n = 3, etc.), and
the last mentioned set is obtained by translating the first orthant R, in R"
along the vector (v({1}),...,v({n})). Since Z(I') = AN B and the inter-
section of closed sets is closed and the intersection of convex sets is convex,
Z(I') is a closed and convex set.
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The set Z(I') is also bounded, because

o({i}) Sz =0(N) =) ap <o(N) =) w({k})

ki ki

for all z € Z(I") and each i € N.

In a cohesive game, Y, v({t}) < v(NN), so we obtain an individually and
collectively rational distribution x by for example defining x; = v({i}) for
all players i except player 1, who obtains the remaining v(N) — >, v({i})
(> v({1})) utility units. The set Z(I") is thus nonempty. O

The imputation set Z(I") is by definition the solution set to a finite number
of linear equalities and inequalities, and such solution sets are called polyhe-
dra. The imputation set of a cohesive game is in other words a nonempty
bounded polyhedron.

Exercises

10.3 Compute the imputation set of the game in Example 10.1.1.
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10.4 Illustrate in a diagram the imputation set of a three-person coalitional game
({1,2,3},v) in which

a) v({1}) = v({2}) = v({3}) =0,

U({172}) = 1)({1,3}) =1, U({273}) =2, U({L 273}) =3
b) v({1}) = v({2}) = v({3}) =0,

o({1,2)) = o({1,3}) = v({2,3)) = o({1,2,3}) = 1.

10.3 Examples

We illustrate the concepts introduced so far with some examples.

ExAMPLE 10.3.1 (Who will have the painting?) Person 1 owns a painting
that he values to $1000. Person 2 values the same painting to $ 2000, and for
person 3 the painting is worth $3000. Person 1 is willing to give the painting
to one of the other two persons against receiving a sum of money in return.

The situation can be modeled as a coalitional game with transferable
utility and with the three persons as players, i.e. with N = {1,2,3}. The
value v(S) of a coalition that contains the owner of the painting is defined
to be the value of the painting for the person in the coalition who values
the painting the most. For coalitions that does not contain the owner of the
painting, we define the value to be 0. In the first mentioned case it is possible
to change the owner of the painting within the coalition so that the one who
values the painting the most gets it; in the last mentioned case no member
of the coalition owns anything of value. The value function, with $1000 as
unit, is thus defined as follows: v({1}) = 1, v({2}) = v({3}) = v({2,3}) =0,
v({1,2}) =2, v({1,3}) = v({1,2,3}) = 3.

It is easy to verify that the game is superadditive. The imputation set
{QZERB|I1+$2+I3:3,SL’121,37220,1'320}

is a triangle in R3 with vertices at the points (1,2,0), (1,0,2) and (3,0,0).
By eliminating x3 = 3 — 1 — 2 and using the inequality x3 > 0, we obtain
the projection in the zixo-plane of the imputation set; it is given by the
inequalities 1 > 1, x5 > 0, 21 + 22 < 3. See Figure 10.1. ]

EXAMPLE 10.3.2 (A production model.) A person owns a factory that em-
ploys n workers. The workers can not produce anything of value without
access to the machines at the factory, but at the factory every group of m
workers can produce products with a value of f(m), where f: R, — R, is
an increasing, concave function and f(0) = 0.
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Figure 10.1. The left panel shows the imputation set of the game in Example
10.3.1, and the right panel shows its projection in the x;xo-plane.

The concavity of the function f means that

fk+1) = f(k) < f(k) = f(k—=1).

The difference f(k) — f(k — 1) is called, using economic terminology, the
workers’ "marginal product” when the work force consists of £ men, and the
concavity assumption therefore means that the marginal product decreases
when more workers are employed.

We can model the production at the factory as a coalitional game with
n+ 1 players, with the factory owner as player 0 and the n workers as players
1,2, ..., n. The value v(S) of an arbitrary coalition S of workers and factory
owner is defined to be value of the products they can produce, which means

that
{0 if0 ¢ S,

Y=V pis 1) itoes.

The game is superadditive, because if S; and S5 are two disjoint coalitions
and the factory owner belongs to one of them, S; say, then

U(Sl) + U(SQ) = f(‘51| - 1) +0 S f(|51 U SQ| - 1) = U(Sl U Sg),
since the function f is increasing, whereas
v(S1) +v(S2) =040 =0v(S, US,),

if the factory owner does not belong to any of the two coalitions.

The imputation set consists of all vectors z = (x¢, z1,...,x,) such that
z; > 0forall i and )1 jx; = f(n). O

Our next example is about various voting rules.
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ExaAMPLE 10.3.3 A group of n persons has one unit at its disposal, and the
group intends to vote as to whether a certain subgroup S should share the
unit. Here are some possible voting rules.

Simple magority: The coalition S shares the unit if |[S| > n/2. This is a game
with v(S) = 1if |S| > n/2 and v(S) =0 if |S| < n/2.

Unanimity: The coalition S shares the unit if and only if S is the grand
coalition. Now, of course, v(N) = 1, while v(S) =0if S # N.

Dictatorship: Player 1 decides. The coalition S shares the unit if and only
if 1 € S. Thus, v(S) =1if 1 € S, and v(S) = 0, otherwise.

The imputation set consists of all vectors z € R} such that >,y z; =1
in the majority and the unaninity cases, and of just one point (1,0,...,0) if
player 1 is a dictator. O]

The games in Example 10.3.3 are examples of so called simple games.

Definition 10.3.1 A coalitional game(/NV, v) is called simple if the game is
superadditive and the value function v only assumes the values 0 and 1.

A coalition S in a simple game is called winning if v(S) = 1 and losing if
v(S) =0.

360°
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ExAMPLE 10.3.4 (Transformation of a strategic game to a coalitional game)
We can create a coalitional game (N,v) from a strategic n-person game
G = (N, (A;), (u;)) by allowing players to cooperate, defining the value v(.S)
of the cooperation within a group S of players as the sum of the payoffs that
the members of the group would obtain in G if they were acting in an optimal
way against the players outside the group, in a sense to be specified below.
For each set S of players, except S = N, we define S = N \ S, and
consider the following two-person zero-sum game between the row player S
and the column player S:
e The row player’s action set is the product set [ ], 4 A; of the action sets
of the players in S.
e The column player’s action set is the product set [ ], g A; of the action
sets of the players in S.
e If the row player chooses the action (a;);es and the column player
chooses the action (a;),cg, the row player gets

Zui(al, Cey )

ics
as payoff from the column player.

This zero-sum game has a value, which by definition is equal to the row
player’s mixed safety level, and we define the value v(S) of the coalition S
as this value.

The value v(.S) is thus equal to the total expected value that the coalition
S can be guaranteed even if the members in S would do their best to keep
this value as low as possible.

The value v(N) of the grand coalition N is finally defined as the maximum
value of the sum ) .\ u;i(a1, ..., a,) over all outcomes (ay, ..., an).

In this way we obtain a superadditive coalitional game (N, v}, because if S
and T are two disjoint coalitions, s is a mixed strategy for S that guarantees
coalition S a payoff of v(S), and ¢ is a mixed strategy for T" that guarantees
coalition T" a payoff of v(7T'), then the mixed product strategy s x ¢ guarantees
the coalition S UT a payoff of at least v(.S) +v(T"). Of course, there may be
mixed strategies with an even bigger payoff, but this proves that v(SUT) >
v(S) +v(T).

Let us now consider a specific example. Table 10.1 describes the payoffs
in a strategic three-person game, where each player has two possible actions,
1 and 2.

We will determine the value function v in the corresponding coalitional
game. The values v({1}), v({2}) and v({3}) are obtained by considering the
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U1(a1,@2,a3) Uz(a1,a2,a3) u3(a1,a2,a3)
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NN N N N N~
DN - = ==
DN = NN ==
DN = DN = DN = DN =

S e e e e e N N
O, N R PN~ O
W NN~ W
W N = W DN W

Table 10.1. Payoff functions in a strategic three-person game.

three zero-sum games that are obtained by letting coalition {1} play against
coalition {2, 3}, coalition {2} play against coalition {1, 3}, and coalition {3}
play against coalition {1,2}. These games have the following payoff matrices:

Player {2, 3}
(1,1) (1,2) (2,1) (2,2)

1 0 1 2 1
Player {1} o [ 7 1 0
Player {1, 3}
Ly (12 21 (22
1 3 1 2 2
Player {2} T 9 1 3
Player {1, 2}
1,1 (1,2) (21) (2,2
1 3 2 3 2
Player {3} o[ 1 1 3

In the first game above, columns no. 2 and 3 are strictly dominated, and
in the second game, columns no. 1 and 4 are strictly dominated. The games
therefore have the same values as the games with the payoff matrices

0 1 12
o e B
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i.e. 0.5 and 1.5, respectively. The matrix element in the first row and second
column of the third payoff matrix is a saddle point, so the value of the third
game is 2. Hence,

v({1)) = 0.5, v({2)}) = 1.5, v({3}) = 2.

The values v({1,2}), v({1,3}) and v({2, 3}) are obtained as values of the
three zero-sum games in which coalition{1, 2} plays against {3} with v; 4 vo
as payoff function, {1,3} plays against {2} with v; + v3 as payoff function,
and {2,3} plays against {1} with vy + v3 as payoff function. This gives us
the following three games:

{11}
{1,2}
{21}
{2,2}

{1,1}
{1,2}
{21}
{2,2}

{1,1}
{1,2}
{2,1}
{2,2}

DO | QO |||
=W || DN
W || W[+~
WIW|IN| =D
W k|||~
DWW W| o N

The rows 1 and 4 are strictly dominated in the first of these games, row
4 is weakly dominated and row 3 is equal to half the sum of rows 1 and 2 in
the second game, and rows 2 and 3 are strictly dominated in the last game.
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The values of the games are therefore the same as the values of the games
with payoff matrices

4 3 3 4 I 6 5
3 4|0 |5 2| °° 3 6|
i.. 3.5, 3.5 and 5.25. Therefore,

v({1,2}) = 3.5, v({1,3}) = 3.5, v({2,3}) = 5.25.

The grand coalition’s value is equal to the maximum value of v; 4+ vy + v3,
which is 6 and is assumed by for example @ = (1,1,1). This means that

v({1,2,3}) = 6. O

Exercises

10.5 Prove for simple games that every sub-coalition of a losing coalition is losing,
and that every coalition that contains a winning coalition is winning.

10.6 The payoffs in a strategic three-person game are given by the following table.
Transform the game to a coalitional game.

(a1,az,a3) | ui(a1,a2,a3) wug(ai,az,az) us(ai,as,as)
(1,1,1) 1 2 0
(1,1,2) 2 1 3
(1,2,1) 1 2 1
(1,2,2) 1 3 4
(2,1,1) 4 2 1
(2,1,2) 3 3 3
(2,2,1) 2 3 1
(2,2,2) 4 2 1

10.4 The core

The Nash equilibrium is a stable outcome of a strategic game since no player
profits from a unilateral change of action. The core plays a similar role for
coalitional games — an imputation belongs to the core if no group of players
profits from breaking away from the grand coalition to form a coalition that
can distribute its own value among its members.

Definition 10.4.1 Let I' = (V,v) be a coalitional game with transferable
utility. The core of the game K(I") consists of all imputations x such that

2(8) =Yz > v(9)

€S
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for all coalitions S.

If an imputation z does not belong to the core, then there is a coalition
S such that z(S5) < v(95), and, by increasing x; somewhat for each player ¢
in S, it is possible to obtain a vector y such that y; > x; for all © € S and
y(S) = v(S). This means that all players in S would profit from leaving
the grand coalition, sharing what they can achieve on their own. Therefore,
distributions of the game’s total value that do not belong to the core are
unstable; there is always a coalition that is dissatisfied and has something to
gain from breaking away.

Proposition 10.4.1 The core of a coalitional game is a closed convex set.

Proof. The core is by definition the solution set to a system of linear equalities
and inequalities, namely the equality

D ien i = v(N)
and the inequalities

Zies z; > v(S)
for all coalitions S. The core is thus equal to the intersection of a number of
closed halfspaces in R", i.e. a convex polyhedron. O

Proposition 10.4.2 Coalitional games with nonempty core are cohesive.

Proof. Let & be an imputation in the core of the game (N, v). Then, for each
partition {Sy,Ss,..., Sk} of the set N of players,

v(S1) +v(S2) + -+ +v(Sk) < 2(S1) +2(S2) + -+ -+ 2(Sk) = &(N) = v(N),
which proves that the game is cohesive. O]

The core of a non-cohesive game is therefore empty, but cohesive games
may also have an empty core, as the following example shows.

EXAMPLE 10.4.1 The coalitional game ({1,2,3},v), where

v({1}) = v({2}) = v({3}) =0,
v({1,2}) =v({1,3}) =v({2,3}) = a, v({1,2,3}) =1,

is cohesive if 0 < a < 1, but the core is empty if a > %

Because if = is an imputation belonging to the core, then z; + x5 > a,
r1+x3 > a and z9 + x3 > a, and by adding these inequalities and utilizing
the equality 1 + 22 +x3 = 1, we obtain 2 = 1 + 22 + 21 + 23+ 22 + 23 > 3a.
Hence, a < % is a necessary condition for nonempty core. O
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ExXAMPLE 10.4.2 The core of the game ”Who will have the painting?” in
Example 10.3.1, with values v({1}) = 1, v({2}) = v({3}) =0, v({2,3}) =0,
v({1,2}) =2 and v({1,3}) = v({1,2,3}) = 3, consists of the solutions to the
system

%‘121, 117220, x320

T1+wx22>2, x1+w32>3, 1a+232>0

.T1+£U2+.T3:3.

We use the last equation to eliminate x3 = 3 — 21 — x5 from the system and
obtain the following system of inequalities

121, 2020, 3—21—222>0, 11 +222>2, 3—22>3, 3—11 >0,

which has o = 0 and 2 < x; < 3 as solution. The core consists, in other
words, of all imputations of the form x = (¢,0,3 — ), where 2 <t < 3.

We conclude that person 1 should give the painting to person 3 against
receiving $¢ (thousand), where ¢ is a number between 2 and 3. Person 2 does
not get anything but still plays an important role. Thanks to him person 1
may require to receive at least $2 (thousand) for the painting. O

-~ 0ne generation’s transformation is the next’s status quo.
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ExXAMPLE 10.4.3 We will now determine the core of the production model
in Example 10.3.2: a factory owner (player 0), n workers (players 1,2,...,n)

and values
if
o) =1 e
f(s|—-1) ifoes.

The function f is assumed to be increasing and concave, and f(0) = 0.

By definition, a payoff vector x = (xg,z1,...,2,) belongs to the core if
and only if the following inequalities and equality are met for all subsets A
of the set N = {1,2,...,n} of workers:

(i) Z% >0

icA
(i) $O+Z$¢ > f(lA])
(iii) $0+Z9€i = f(IN]).

The inequalities in (i) are satisfied if and only if z; > 0 for all workers ¢,
and by combining equality (iii) with inequality (ii) in the case A = N \ {k},
i.e. when A consists of all workers but one and consequently |A| =n —1, we
obtain the following inequality

fn) = F(ND) = zx+ a0+ Y @i > wp + f(IA) = 2 + f(n = 1)

€A
with
(iv) 0<uaz, < f(n)— fln—1) forall ke N

as conclusion.

The inequalities in (iv) give a necessary condition for the vector z to
belong to the core. We will now show, conversely, that (iv) combined with
equality (iii) is also a sufficient condition.

Therefore, suppose (iv) holds and define xy using equality (iii). The
conditions (i) and (iii) are then fulfilled, and condition (ii) is fulfilled in
the case A = N, so it only remains to prove that (ii) is also fulfilled when
Al <n—1

By assumption, f is a concave function, and this implies that

fn) = fn—1) < f(k) — f(k—1)
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for all £ € N, and by adding these inequalities for k =m+1,m+2,...,n
we obtain the following inequality

n

(n=m)(f(n) = fln=1)) < Y (f(k) = f(k=1))) = f(n) = f(m)

k=m+1

for integers m such that 0 < m <n — 1,

Let now A be an arbitrary proper subset of workers so that |A] <n — 1.
By utilizing the previous inequality with m = |A| and assumption (iv), we
get the following inequality, which shows that (ii) holds.

xg—ierj:xo—l—ij— Z xj:f(n)_ Z L

jeA JEN JEN\A JEN\A
> f(n)— > (f(n) = f(n—1))
JEN\A
= f(n) = (n = A (f(n) = f(n = 1)) = f(n) = (f(n) = F(IA]))
= f(JA]).
The core of the game thus consists of all imputations (zg, x1, ..., x,) such

that 0 < xp < f(n) — f(n — 1) for all workers k. The utility that a worker
obtains from an imputation in the core is in other words at most equal to
the marginal product of the last hired worker.

O

Exercises

10.7 Determine the core of a coalitional game ({1,2,3},v) in which v({1}) =1,

v({2}) = 2, v({3}) = -1, v({1,2}) = 4, v({1,3}) = 1, v({2,3}) = 2,
v({1,2,3}) = 4.

10.8 Prove that the core of the game in Example 10.4.1 is nonempty if 0 < a < %
and determine the core.

10.9 Let = be an imputation in the core of a coalitional game. Prove that x; = 0
for all null players 7.

10.10 Suppose that = belongs to the core of a coalitional game and that players ¢
and j are interchangeable. Prove that the imputation that is obtained from =z
by interchanging z; and x; also belongs to the core.

10.11 Determine the core of the voting games in Example 10.3.3 in the case of

a) simple majority b) unanimity c¢) dictatorship.
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10.12 A player ¢ in a simple game (N,v) is a veto player if v(N \ {i}) = 0.
Prove that the existence of at least one veto player is a necessary and sufficient
condition for the core of a simple game to be nonempty. Describe the core in
case of non-emptiness.

10.13 A coalitional game (N, v) is called symmetric if the value v(S) only depends
on the number of members of the coalition S, i.e. if v(S) = f(|S|) for some
function f. (Each player is obviously interchangeable with every other player
in a symmetric game.)

a) Determine the values of a that make the core of a symmetric three-person
game nonempty, if f(1) =0, f(2) =a and f(3) = 3.

b) Determine the values of a and b that make the core of a symmetric four-
person game nonempty, if f(1) =0, f(2) =a, f(3) =band f(4) =4.

c¢) The core of a symmetric n-person game with f(n) = n is nonempty. Deter-
mine the possible values of f(k) for k =1,2,...,n— 1.

10.14 The set N in the game (NN, v) consists of two types of players that form two
subsets P and @, i.e. N = PUQ and PNQ = (). The value function is defined
by

v(S) =min{|SNP|,|SNQ|}.

(The game goes under the name the glove market because of the following
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interpretation. Each player in P owns a left-hand glove and each player in @
owns a right-hand glove. If j players in P and k players in @) join together, then
they possess min{j, k} pairs of gloves, each pair being worth 1. Odd gloves are
worthless.)

Determine the core of the game if
a) |[P|=1Q|=2 b) |Pl=2and |Q|=3 c¢) |P|and |Q| are arbitrary.

10.5 Games with nonempty core

The core of a coalitional game is defined as the solution set to a system
of linear inequalities. The problem of solving this system can be rewritten
as a linear minimization problem, and by considering the dual maximization
problem, one can derive a necessary and sufficient condition for the core to be
nonempty. The condition, a kind of convexity condition, was first given and
proved by Olga Bondareva and somewhat later and independently by Lloyd
Shapley. In order to formulate the condition, we first need a definition.

Definition 10.5.1 Let C denote the set of all coalitions in the coalitional
game (N, v), and let C(i) denote the set of all coalitions that contain player
i. A collection (Ag)sec of non-negative real numbers Ag is called balanced if

(1) Z As =1 for all players i.
sec(i)

The game (N, v) is called balanced if

D u(S)As < v(N)

sec
for all balanced weight collections (Ag)gsec-

ExaAMPLE 10.5.1 We get a balanced weight collection in a game with four
players by defining Aj10y = Aj13) = Appay = %, A234) = % and Ag = 0 for
the remaining coalitions S. n

ExaMPLE 10.5.2 The three-person game of Example 10.4.1, that is the
game with values v({1}) = v({2}) = v({3}) = 0, v({1,2}) = v({1,3}) =
v({2,3}) = a and v({1,2,3}) = 1, is not balanced if a > %, because by
defining

Ay =Mzy = Ay =0, Apgy = Apay = Ay = 35 Maasy =0
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we obtain a balanced weight collection with

Z’U(S))\S =3-1-a=3a>0v({1,2,3})

SeC

fora>§. O

Here follows an intuitive interpretation of the notion of a balanced game.
Suppose that the players of the game (N, v) have to perform certain tasks. If
a coalition S of players works with these during \g time units, the coalition
gets the payoff Agv(S). Each player has one unit of time at his disposal,
which he must distribute among the coalitions of which he is a member.
This is obviously possible for all players if and only if the weights \g form a
balanced collection. The game itself is balanced if there is no way to allocate
the time so that the coalitions get a total payoff of more than v(V).

We now proceed by translating the two problems of determining whether
a game is balanced and whether the core is nonempty into two dual linear
programming problems.

Let (N, v) be an arbitrary coalitional game, and denote by A the set of
all balanced weight collections. Note that for the particular balanced weight
collection which is obtained by setting Ay = 1 and Ag = 0 for all coalitions
S # N, we have ) ¢ v(S)As = v(INV). A coalitional game (N, v) is there-
fore, according to Definition 10.5.1, balanced if and only if the maximization
problem

(2) Maximize ZU(S))\S as (Ag)sec € A

has v(N) as its maximum value.

Problem (2) is a linear programming problem, because the objective func-
tion ) ¢.o v(S)As is linear in the variables Ag, and the constraint set A is
the solution set to a system consisting of the n linear equations (1) and the
2" — 1 linear inequalities Ag > 0.

In order to write the maximization problem (2) in matrix form, let us
number the coalitions in an arbitrary way as S, Ss, ..., Son_1 and introduce
the following notation:

e )\ is a column matrix of dimension 2" —1 with matrix elements \; = Ag;;

e v is a column matrix of dimension 2" — 1 with matrix elements v; =

v(S;);

e 1 is a column matrix of dimension n with the number 1 as matrix

element everywhere;
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o A = [a;;] is a matrix with n rows, 2" — 1 columns and matrix elements
1 ifie Sj,
Q:; =
Y10 ifi ¢ S
Using these matrices we now have
> 0(S)As = VA,
sec

where ¢ denotes transposition, and

on_1
E As = E aijAs;,
SeC(4) Jj=1

which means that the system (1) can be written as

AN=1.
The maximization problem (2) thus assumes the following canonical form:
(2" Maximize v'\ as
Al=1
A> 0.
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ExaMPLE 10.5.3 If (IV,v) is a coalitional game with three players and the
coalitions are S; = {1}, So = {2}, S5 = {3}, Sy = {1,2}, S5 = {1,3},
S¢ = {2,3} and S; = {1,2,3}, then A is the matrix

1
0
0

o = O
_ o O

11
10
01

— = O

1
1
1

The game is balanced if and only if the optimal value of the maximization
problem (2') is equal to v(S7). O

Thus, we can determine whether a game is balanced or not by solving the
linear programming problem (2'). We can also determine if the game has a
nonempty kernel and, if so, determine the kernel by solving another linear
programming problem. The core consists of all vectors in the set

X ={zeR"|z(S)>v(S) for all S € C}

that also satisfy the collective rationality condition

The set X is of course not empty, because it contains all vectors x € R"
whose all coordinates are large enough. If the kernel is empty, it is because
z(N) > v(N) for all vectors z € X.

Therefore, a necessary and sufficient condition for the core to be nonempty
is that the minimum of z(N), when x varies over the set X, be equal to
v(N). We can thus decide whether the core is empty or not by studying the
minimization problem

(3) Minimize z(N) as z € X.

The core is empty if the minimum value is greater than v(N), and the core
equals the set of minimum points if the minimum value equals v(N).
The minimization problem is a liner programming problem, since the

objectiv function
z(N) = le =1'z
ieN

is linear and the constraint set X consists of all solutions to the linear system

z(S;) = sz = Zaijxi >v(S;), j=12,...,2" =1,
i=1

iGSj
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which, using matrix notation, can be written as
Alx > v.
The minimization problem (3) therefore has the following matrix form

(3) Minimize 1'z as
Alx > v

The two optimization problems (2) and (3') are an example of dual linear
programming problems, and dual problems with feasible points have the same
optimal value, according to an important theorem of linear programming, the
Duality Theorem. Thus, the maximum value of the maximization problem
(2) is equal to v(N) if and only if the minimization problem (3’) has v(N)
as its minimum value. This proves the following theorem.

Proposition 10.5.1 (Bondareva—Shapley's Theorem ) The core of a coali-
tional game (N, v) is nonempty if and only if the game is balanced.

Robert Aumann has given an alternative proof of the Bondareva—Shapley
theorem by utilizing an interesting connection between the core of a coali-
tional game and the Nash equilibria of an associated zero-sum game. We will
describe this proof and start by noting that we may without loss of general-
ity assume that the coalitional game’s value function v is positive, i.e. that
v(S) > 0 for all coalitions S. This follows from the following simple lemma.

Lemma 10.5.2 Let (N,v) be a coalitional game, let a = (ay,as,...,a,) be
a vector in R™, and define a new value function w by letting

w(S) =v(S) + a(S)

for all coalitions S. Then:
(i) x is an imputation in the game (N,w) if and only if x — a is an impu-
tation in the game (N,v);
(ii) = belongs to the core of (N,w) if and only if x — a belongs to the core
of (N,v);
(7ii) The game (N, w) is balanced if and only if the game (N,v) is balanced.

Proof. Assertions (i) and (ii) are trivial.
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(iii) If (As)sec is a balanced weight collection, then

Z)\Sw(S) = Z)\g (U(S) + ZCLZ) = Z)\Sv(S) + ZZ)\SCLZ‘

seC SeC €S Sec SeC ieS
:Z)\SU(S)—’_Z Z )\Sai ZZ)\Sv(S)—FZGi Z )\S
SecC 1€EN SeC(7) SeC iEN  SeC(i)
= Z Asv(S) + Z a; = Z Asv(S) + a(N),
SeC 1EN Sec

and this implies that ) ¢, Asv(S) < v(N) if and only if Y ¢ ., Asw(S) <
v(N) + a(N) = w(N), which proves statement (iii). O

The value function w of lemma 10.5.2 is positive if the a; are sufficiently
large positive numbers, so in order to prove the Bondareva-Shapley theorem
it suffices to prove the theorem for coalitional games with a positive value
function.

Assume therefore that (IV,v) is a coalitional game with a positive value
function v, and denote by G(N,v) the two-person zero-sum game in which
N is the set of actions of the row player, the set C of all coalitions is the set
of actions of the column player, and the payoff a;s to the row player ¢, given
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that he has choosen the action ¢ € N and the column player has choosen the
action S € C, is given by

e — v(N)/v(S) ifie s,
"o if i ¢ S.
Lemma 10.5.3 (i) The value v* of the zero-sum game G(N,v) satisfies
the inequality 0 < v* < 1.
(i) The coalitional game (N, v) is balanced if and only if v* = 1.

Proof. (i) The mixed strategy & = (£,2,...,+) gives the row player a posi-

tive expected payoff U(z, S), regardless of the action S of the column player,

because N ]S| )
v
z,S) :Zaisfi— Z = u(9) > 0.

iEN

This implies that the row player’s mlxed safety level, i.e. the value v* of the
zero-sum game, is positive.

The column player can, on the other hand, prevent the row player from
getting a higher expected payoff than 1 by choosing the action N, because
a;ny = 1 for all i, and this means that the row player’s expected payoff U(z, N)
is 1 for all mixed strategies x. Hence, v* < 1.

(ii) Suppose that the coalitional game is balanced, and let lat y = (ys)sec
be an optimal strategy for the column player of the zero-sum game. The
expected payoff to the row player is then at most v*, regardless of the row
player’s choice of action ¢, and this means that

B v(N)ys _
Zaisys— Z o(S) v,

sec sec(i)
that is N
> g <t
SeC(i) U( )U
for all i € N. Now let the weight collection (Ag)sec be defined by
N
% if S consists of more than one player,
v(S)v
As = U(N)ys . R
1— Z () if S={i},i=1,2,,...,n
SeC()\{i}

The weight collection (\g)sec is balanced, and

U(N)y{i}

A2 (e
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for all one-member coalitions {i}. Since the game is assumed to be balanced,
we conclude that

v(N) > Asv(8) =) Mv@ - “(v*’:” Sy = ”Eﬁf),

SeC SeC U<S)U* SeC

and this gives us the inequality v* > 1, which we combine with part (i) of
the lemma to obtain v* = 1.

To prove the converse, we assume that the coalitional game is unbalanced,
i.e. that there exists a balanced weight collection (Ag)sec such that

A= Z)\SU(S) > v(N),

SeC

and we will prove that this implies that v* < 1.

Let yg = Asv(S)/A. Then yg > 0 for all S € C and ) ¢ . ys = 1, which
means that y = (ys)sec is a mixed strategy for the column player. The
expected payoff U(i,y) to the row player, given that he chooses the action i,
is now

)= S DU, o) 5, o)
)

sec Sec(i) Sec(i

for each ¢ € N, and this gives us the inequality v* < v(N)/A < 1 for the
value of the game. O]

We are now able to prove the following relationship between the core of
the coalitional game (N,v) and the Nash equilibria of the zero-sum game
G(N,v).

Proposition 10.5.4 Let (N,v) be a coalitional game with a positive value
function v, and let x be a vector in R™. The following two statements are
equivalent:
(i) = belongs to the core of the coalitional game.
(ii) The coalitional game is balanced and v(N)~'x is an optimal mized strat-
egy for the row player of the zero-sum game G(N,v).

Proof. (i) = (ii): Suppose z = (x1,xs,...,x,) belongs to the core. Then
Y ics Ti > v(9) for all coalitions S, with equality for S = IV, and we conclude
that 2 = v(IN) 'z is a mixed strategy for the row player in the zero-sum game

and that . )
v(N) z; 1
2 a5 =2 ey T e 2 2!

€S €S
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for all coalitions S. The strategy z thus gives the row player an expected
payoff that is greater than or equal to 1, regardless of the column player’s
action, and this means that the value v* of the zero-sum game is greater
than or equal to 1. Lemma 10.5.3 now implies that v* = 1 and that the
coalitional game is balanced. Moreover, the strategy z is necessarily optimal
since v* = 1.

(ii) = (i): Suppose that the coalitional game is balanced, and that z =
v(N)~z is an optimal strategy for the row player. The value of the zero-sum
game is 1, by Lemma 10.5.3, so it follows that

1 B v(N) o .
m;iﬁi—;mzz—;azs% >1

for all coalitions S. This means that ), o 2; > v(S5) for all S and proves
that the imputation x belongs to the core of the coalitional game. O

Since there are optimal mixed strategies in any zero-sum game, it now
follows immediately from Proposition 10.5.4 (and Lemma 10.5.2) that the
core of a coalitional game is nonempty if and only if the game is balanced.
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Exercises

10.15 Show that the coalitional game ({1,2,3,4}, v), where v({1,2}) = v({1,3}) =
v({1,4}) =v({2,3,4}) = 3, v({1,2,3,4}) = 4, v(S) = 0 for all other coalitions
S, is unbalanced and that it consequently has an empty core.

10.16 A coalitional game (N, v) is convex if v(SUT) 4+ v(SNT) > v(S) + v(T)
for all coalitions S and T'. (See Exercise 10.2.) Prove that the core of a
convex game with n players is nonempty by showing that the payoff vector
r = (A1(51),A2(S2),...,A,(Sn)), where S; is the coalition {1,2,...,i}, lies
in the core.

[Hint: Let T' = {i1,42,..., it} be an arbitrary coalition consisting of k¥ members
in increasing number order. Prove that z; > v(T) —v(T\ {ix}). By iteration,
z(T) = Tig, + Ty o+ Wiy 2 o(T).]

10.6 The nucleolus

The core of a coalitional game can be empty, as we have seen in several
examples. On the other hand, it can also be large and equal to the whole
imputation set. So the core rarely provides us with a unique solution to
the problem of distributing the grand coalition value to the players. In this
section we will introduce a unique solution to this problem for all games that
have a nonempty set of imputation, the nucleolus.

The nucleolus solution is an imputation that minimizes the objections
that the coalitions may have to various ways of distributing the game’s to-
tal value. In order to quantify these objections we first need the following
definition.

Definition 10.6.1 Let (N, v) be a coalitional game with n players. For each
coalition S we define a function eg: R™ — R by

es(x) = v(S) — z(S) =v(S) = >z

€S

When z is an imputation, we call eg(x) the S coalition’s ezcess of the impu-
tation.

The excess eg(z) is what is left over of the coalition value v(.S) when all
the players in the S coalition have gotten their share, and this excess can
be interpreted as a measure of the coalition’s discontent or objection to the
imputation z. The greater the excess, the greater the reason for the coalition
to oppose the imputation. It is therefore in the interest of the coalitions to try
to minimize their excesses. The problem is, of course, that when a coalition’s
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excess is reduced, the excess must increase for some other coalition. We must
therefore define how to minimize the excesses.

The grand coalition’s excesses are always zero because of the requirement
that imputations should be collectively rational, so when we look at the
excesses of the various coalitions and minimize these, we do not need to
worry about the grand coalition.

Also note that an imputation = belongs to the core if and only if the
excess eg(x) is less than or equal to zero for each coalition S.

ExaMPLE 10.6.1 Consider a coalitional game with three players, coalitions
S1 = {1}, Se = {2}, S5 = {3}, Sy = {1,2}, S5 = {1,3}, S = {2,3},
S7 = {1,2,3}, and with the following value function: v(S;) = v(S2) = 0,
0(83) = 3, U(S4) = 6, U(S5) = 9, U(Sﬁ) = U(S7) =12.

The coalitions’ excesses of an imputation x are given by the following
expressions:

es (v) = —x1, es,(x) = —w9, eg,(x) =3 —x3, eg,(x) =6— 1 — 29,

es. () =9 — 1 —x3, egs(r) =12 — 29 — 3.

Let us now compute these excesses for some specific imputations starting
with y = (3,3,6). We obtain the following table:

Coalition S ‘ Sl SQ Sg 54 S5 56
Excesses(y) | -3 -3 -3 0 0 3

Coalition Sg has the biggest reason to be dissatisfied because it has the
greatest excess. Let us increase the allocation to player 3 at the expense of
player 1 and examine the excesses of the imputation z = (2,3,7):

Coalition S ‘ Sl 82 Sg S4 S5 S@
Excess eg(2) ‘ -2 -3 -4 1 0 2

Now it got better, but the Sy coalition still has reason to be dissatisfied
with the distribution proposal because its excess is greatest of all. Let us be
drastic and move player 1’s two units to player 2, resulting in the imputation
v =(0,5,7) and the following excess table:

Coalition S ‘ Sl SQ Sg S4 55 Sﬁ
Excess es(v)‘ 0 -5 -4 1 2 0

Now, coalition Sg should be satisfied, but the S5 coalition can raise as big
objections to the distribution proposal v as Sg could do against z.

Can we compare the two imputations z and v? Which one is the best?
Both are apparently just as bad for the coalitions with the largest excess,
Sg and S5, respectively. Both are also equally bad for the coalitions with
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the second largest excess, in both cases Sy, and for the coalitions with the
third largest surplus, in the first case S5 and in the second case S; or Sg.
However, z is better than v for the coalition with the fourth largest excess.
The imputation z gives S; in fourth place the excess —2, while v gives Sg (in
shared fourth place) the excess 0. On that basis, we judge in favour of z and
consider z as a better (fairer) imputation than v.

We now move back one unit from player 2 to player 1 which results in
the imputation w = (1,4, 7) with the following excesses:

Coalition S ‘ Sl SQ Sg S4 85 Sﬁ
Excess eg(w) ‘ -1 -4 -4 1 1 1

The maximum excess is now equal to 1, and it is assumed by the coalitions
Sy, S5 and Sg. Can we make the maximum excess even less? No, the only
way to reduce the excess that the imputation w = (wy, we, w3) gives to the Sy
coalition, is to increase w; + w9 and then w; + w3 or wy + w3 has to decrease,
which will cause the excesses for S5 or Sg to increase. It is also impossible to
improve the situation for the three remaining coalitions, because the equation
es,(w) = eg, (w) = eg,(w) = 1 determines w uniquely.

The imputation that we have arrived at, w = (1,4,7), can be considered
to minimize the coalitions’ dissatisfaction. It is the nucleolus of the game. [

i
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The excess vectors (eg, (), es,(),...,es,(x)) of a coalitional game with
n players will be compared using the lexicographic order <; on RP, where
p = 2" — 2. We recall that

(061,042, o ,Oép> <1 (51,62, ... ,ﬁp)

if there is an index £ < p such that «; = §; for all i < k and oy < B;. In
other words, a vector « is less than the vector  in the lexicographic order
if ap < By for the first k£ where o and [y differ. For example, (1,5,6) <
(2,1,4) <; (2,2,1) <; (2,2,2).

We write a <; fif a <; f or a = (.

We also need to consider the descending reordering o* of a vector a =

(a1, ag,...,ap); by this is meant the vector a* = (o, @iy, ..., q4,) that is
obtained by writing the coordinates a4, o, . . . , o, in descending order so that
Wiy 2 Qjy 2000 2 Q.

For example, (4,8,3,9)* = (9, 8,4, 3).

Definition 10.6.2 Let I' = (IV, v) be a coalitional game with n players, and
let (S;)%_, be the p = 2" —2 coalitions of the game except the grand coalition,
listed in arbitrary order. We define an order relation < on the set Z(I") of
imputations by the condition

rT=Y < (651 (I), 652(*75)7 s 765p('r))* <i (651(y)7 652<y>’ ce 7€Sp<y>)*7

and we define x =< y to mean that x <y or z =y, i.e.

T2y = (€S1($)7 652(33)7 R eSp(x))* <i (651 (y)v 632(3/), R eSp(y))*'

In other words, < y means that the excesses of the coalitions, when
arranged in decreasing order, are lexicographically less for the imputation x
than for the imputation y.

Definition 10.6.3 The nucleolus N'(T') of a coalitional game T is the set of
minimal elements in the imputation set Z(I') with respect to the < ordering,
ie.

NI)={zeZ) |z <y forally € Z(I)}.

According to the definition, an imputation in the nucleolus

e among all imputations, has the smallest largest coalition excess;

e among all imputations with the same smallest largest coalition excess,
has the smallest second largest coalition excess;

e among all imputations with the same smallest largest coalition excess
and the same smallest second largest coalition excess, has the smallest
third largest coalition excess;
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e ctc.

Thus, in order to compute the nucleolus, we have to solve a series of
minimization problems.

ExamMpPLE 10.6.2 We return to Example 10.6.1, where we calculated the
excess vectors for the imputations y = (3,3,6), z = (2,3,7), v = (0,5,7)
and w = (1,4,7). The descending reorderings e(z)* of the excess vectors
e(x) = (eg, (), es, (), ..., es5(x)) are

e(y)* =(3,0,0,-3,-3,-3), e(2)" =(2,1,0,—2,—-3,—4),
e(v) =1(2,1,0,0,—4,-5), e(w)" =(1,1,1,—1,—4,—4).

We see that e(w)* <; e(2)* <; e(v)* <; e(y)*, which translated to the ordering
of the corresponding imputations means that w < z < v < y. In Example
10.6.1 we also showed that w is the uniquely determined minimal element of
<, which means that the game’s nucleolus is equal to {w}. O

Nonemptiness of the imputation set Z(I") is of course a necessary condition
for the existence of a nucleolus solution, and this condition is also sufficient.
We have the following interesting result.

Proposition 10.6.1 The nucleolus of any coalitional game with nonempty
set of imputations is nonempty and consists of a single imputation.

The proof of the proposition rests on the following lemma.

Lemma 10.6.2 Let fi, fo,..., [, be convexr functions defined on a convex
set X, and let g be the function defined on X by

g(z) = max{ fi(z), fo(x), ..., fu(z)}.

Assume that the function g has a minimum m, and denote by M the set of
all minimum points of g. Then there is an index i such that f;(x) = m for
allz € M.

Proof. First note that
M ={ze€ X | fi(xr) <m for all i and f;(x) = m for at least one i}.

Let zyp be a minimum point of g with the property that of all minimum
points, f;(xg) = m for as few indices i as possible. Let the number of these
indices be k, suppose without loss of generality that f;(zo) = m for i =
1,2,...,k and that consequently f;(zo) < m fori =k+1,...,p. We will
prove that this implies that f;(z) = m for i = 1,2,...,k and all minimum
points x of the function g. Of course, this proves our lemma.
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For that reason, let x be an arbitrary point in the set M of minimum
points of g. Then f;(x) < m for all indices i. Assume there is some index
i < k with strict inequality, so that for instance f(z) < m. We will prove
that this leads to a contradiction.

Consider for that matter the point y = %x + %xo, which belongs to the
convex set X. Since the functions f; are convex,

fily) < %fz(iﬂ) + %fi(xo) < %m + %m =m
for all indices i, and
fily) < 3fi(@) + 3 filzo) < im+ sm =m,

for all indices ¢ > k, due to our assumptions that f;(zo) < m for i > k and
fr(x) < m. The point y is therefore a minimum point of g, and the number
of indices i with f;(y) = m is less than k, which contradicts our minimal-
ity assumption concerning the number of indices ¢ such that f;(x) =m at
minimum points of g. This completes the proof. []

Proof of Proposition 10.6.1. Let I' = (N,v) be a coalitional game with n
players and nonempty imputation set Z(I'). The imputation set is a compact
convex set in R". We will prove that the game’s nucleolus is nonempty and
consists of one single imputation by describing an algorithm that computes
the nucleolus.
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Let S1, 59, ..., .S, be the coalitions of the game except the grand coalition,
and define the function ¢g; on the imputation set Z(I") by

g1(r) = max{eg, (v), es,(x),. .., es,(x)},

where eg,, €g,, ..., g, are the excess functions. The function g, is continuous
and it has therefore a minimum m;, since Z(I') is a compact set. The set
M; of all minimum points of ¢; is compact and convex, more specifically
a compact polyhedron, because it can be written as the intersection of the
imputation set and closed half spaces in the following way:

My ={z € Z(T) | g1 (x) < ma}
=Z(IN{z e R"|eg, (x) <mi}N---N{z e R" | eg,(x) <m}.

It follows directly from the definition of the set M; that the largest co-
ordinate of the excess vector e(x) = (es, (2), es,(2), ..., eg,(x)) is greater for
imputations x outside M; than for imputations x belonging to M;. This
translates into the following property for the order relation < on the impu-
tation set:

The assumptions of Lemma 10.6.2 are now fulfilled by f; = egs,, X = Z(I),
g = g1, m = my and M = M, which means that there is an index i such
that eg,(x) = my for all z € M;, and we may assume that the coalitions are
numbered so that ¢ = 1.

The excess function eg, is, in other words, the largest of all excess func-
tions on the entire set M;, so the problem of minimizing the second largest
excess function, when the largest excess function is as small as possible, is
equivalent to the problem of minimizing the function

g2(x) = max{es,(x), ..., e, ()}

over the set M;.

The assumptions of Lemma 10.6.2 are fulfilled for this minimization prob-
lem, too. If my denotes the minimum value and Ms denotes the set of min-
imum points, there is therefore an index i such that eg (x) = mgy for all
x € Ms, and by renumbering the coalitions we may assume that ¢ = 2. The
set M, is a closed convex subset of M7, and

yEMQ&IEMl\MQ = Yy <z,

due to the definition of the set M, and of the order relation <.
By repeating this procedure p = 272 — 2 times and renumbering the
coalitions, we obtain a sequence of minimization problems, numbers mq, ms,
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..., my and sets My, My, My, ..., M,, where My = Z(I"), with the following
properties for k =1,2,...,p:
1. my is the minimum value and Mj, is the set of minimum points of the

restriction of the function g(r) = max{es, (), es,,,(x),...,es,(x)} to
the set M;_;.

2. My C{x|eg, () =my}

3. My C My

4 yeM,&rve My, \M, =y=<zx

We now claim that the set M, is the game’s nucleolus and that it consists
of just one imputation.

Let us start with the last claim. It follows from property 3 that M, C M
for all k£, and from property 2 that eg, (z) = my, for all k and all x € M,. In
particular, by considering coalitions Sy, = {i} consisting of one player i, we
conclude that imputations x belonging to M, have to satisfy the equations

epy(w) = v({i}) — 2 = my,

for e =1,2,...,n, and this determines x uniquely.

To prove that the singleton set M, is the nucleolus of the game, let & be
the element of M, and let x be an arbitrary imputation different from z. It
follows from property 3 that there is an index k£ such that x belongs to the
difference set My_1 \ My, and & belongs to My. But then & < z, by property
4, and this shows that z is the uniquely determined minimal element of <.
This concludes the proof of the Proposition 10.6.1. O

Remark 1. The problems of minimizing the functions gi(x) over the polyhe-
dra Mj_; can be formulated as linear programming problems, and there are
efficient algorithms for such problems, for example the simplex algoritm.

Remark 2. In the generated sequences my, ma, ..., my, and My, My, ..., M, of
minimum values and minimum sets of the functions g1, g2, . . ., gp, either two
successive minimum sets My and M., are equal, or the dimension of the set
M1 is one less than the dimension of the set My. The first mentioned case
occurs if at least two excess functions eg, and eg, , are constant and equal
to my on M;, and then it is not necessary to perform any minimization to
determine myy1 and My, since myy; = my and My = M. The number
of necessary minimizations to determine the nucleolus solution, a point of
zero dimension, starting from the (n — 1)-dimensional set M, of imputations,
is therefore equal to n — 1.

Our next example illustrates how to compute the nucleolus by solving a
sequence of linear programming problems.
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ExAMPLE 10.6.3 We compute the nucleolus of the game ({1,2,3},v) in
which v({1}) = v({2}) = 0, v({3}) = 6, v({1,2}) = v({1,3}) =8, v({2,3}) =
11 and v({1,2,3}) = 16.

The proper coalitions S; = {1}, So = {2}, S5 = {3}, S, = {1,2}, S5 =
{1,3} and Sg = {2, 3} have the following excess functions.

es, () = —x1, es,(x) = —xg, eg,(x) =6 — 3, eg, () =8 — 11 — X,

es, () =8 —xy —x3 and eg(z) =11 — 29 — x3.
During step 1 of our algorithm we have to minimize the function

g1($) = ma’X{eSI ($)’ €S, ($)’ €S53 (J:)’ €S,y ($>, €8s (x)v €Ss (l’)}

over all imputations z, i.e. all  such that ;1 > 0, 9 > 0, x3 > 6, and
1 + x93 + x3 = 16. However, determining the largest number of a number
of given numbers is the same as determining the smallest number ¢ that is
greater than or equal to all the given numbers. Our minimization problem
is therefore equivalent to the linear programming problem

Minimize t as
4

—x1§ t

—ZEQS t
6—1‘3§ t
8—$1—$2§ t
8—371—.1'3§ t
11—$2—LE3§ t
ZE1+I2+ZL’3:16
\$1,ZL‘220, T3 Z 6.

Such problems can be solved using the simplex algorithn, but we can also
solve our problem with the help of a little bit of ingenuity. By adding the third
and the fourth constraint inequality and using the equality x; + 22+ x3 = 16,
we obtain the inequality

Qtz(6—IE3)+(8—JZ1—{L‘2):14_(x1+x2+x3):_27

and equality prevails if and only if 6 —x3 =8 —x1 — 2y = —1,ie. t > —1
with equality if and only if 1 + 29 =9 23 = 7.

The minimum value m, is therefore equal to —1 provided there are points
x = (x1,%2,7) with 27 + 2o = 9 that also satisfy the remaining constraints
when ¢t = —1, and the set M; of minimum points will then consist of all
such points . When t = —1 and x3 = 7, the remaining constraints become
—r1 < -1, —2o < -1, 1 —2; < —-1,4— 29 < —1, 27 > 0, 5 > 0, which
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simplifies to x1 > 2 and x5 > 5, and these two inequalities are compatible
with the equality z; +x9 = 9. Thus, m; = —1 and

My = {(x1,29,7) | 21 > 2, 9 > 5, 21 + x5 = 9}.

Since the excess functions eg, and eg, are both constant and equal to
my on the entire minimum set M;, we proceed according to Remark 2 by
minimizing the function

93(1') = maX{eSl ($)’ €S, ($)’ €8s (1:)7 €Ss (x)}
over the set M;. This amounts to the following linear programming problem:

Minimize t as

—$1§t

—Iggt

1—5(31§t

4—I2§t

1‘122,33225, $1—|—ZL‘2:9.

(]
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Since xo = 9—x1, we obtain the following simpler problem by eliminating
the variable zs:

Minimize t as

—Ilgt
$1—9§t
1-[E1§t
$1—5§t
2< 1 <4

By adding the third and the fourth inequality, we find that ¢ > —2 with
equality for z; = 3. The remaining constraints are also satisfied when ¢t = —2
and x; = 3, so we have found the minimum, and the corresponding minimum
point & = (3,6,7) is uniquely determined. Hence, & is the nucleolus solution
of the game.

The descending reordering of the excess vector e(z) of the nucleolus so-
lution # is the vector (—1,—1,—2, -2, -3, —6). ]

Proposition 10.6.3 The nucleolus of a coalitional game with nonempty core
1s a subset of the core.

Proof. The coordinates of the excess vector e(x) = (egs,(2),...,eg,(v)) are
all negative or zero for all imputations x in the core. This implies that
the excesses eg(%) of the imputation z, that minimizes lexicographically the
descending reordering of the game’s excess vectors, have to be negative or
zero for all coalitions S. This proves that the nucleolus solution Z belongs to
the core of the game. O

The nucleolus solution is fair in the sense that interchangeable players get
the same payoff and null players, i.e. non-contributing players, get nothing.

Proposition 10.6.4 Let (N, v) be a coalitional game with nucleolus {Z}.
(a) Ifi and j are interchangeable players, then ; = T;.
(b) If i is a null player, then &; = 0.

Proof. (a) Suppose that ¢ and j are interchangeable players, and let T be the
imputation obtained from & by interchanging &; and 2, i.e. T; = 2, T; = Z;
and T = & for all other players k. Then eg(T) = eg(z) for all coalitions S
that contain both ¢ and j, or none of the two players, while

esufi} (T) = GSU{j}(fi“) and esu{j}(f) = €Su{i}(i")
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for all coalitions S that contain neither ¢ nor j. The two excess vectors

e(T) = (e5,(T), €5,(T), ..., e5,(T)) and e(Z) = (eg, (1), e5,(2),...,es,(2))
therefore have the same coordinates but in different order, so their descending
reorderings e(7)* and e(z)* are identical. Since & minimizes lexicographically
the descending reordering of the excess vectors and the minimum point is
unique, it follows that T = &, which means that &, = 7; = ;.

(b) Assume that player 1 is a null player so that v({1}) = 0 and v(SU{1}) =
v(S) for all coalitions S. We have to prove that z; = 0.

The conclusion follows if we show that, for each imputation  with x; > 0,
there is an imputation y such that y < x, where < is the order relation in
the nucleolus definition.

To this end, let y be the imputation obtained by starting from x and
redistributing player 1’s positive payoff 1 uniformly among the other players.
Thus,

y1 =20 and yk:xk—kﬁxl for k=2,3,...,n.
We now assert the following:

(1) For each coalition S different from N there is a coalition S’ different from
N such that eg(y) < es(z).

It follows from our claim (f) that the largest coordinate of the excess
vector e(y) = (es,(y), es,(y),-..,es,(y)) is strictly less than the largest co-
ordinate of the excess vector e(x) = (es, (), es,(2), ..., es,(x)). When com-
paring the descending reorderings e(y)* and e(z)* of the two excess vectors,
we conclude that the first coordinate of e(y)* is strictly less than the first
coordinate of e(z)*. Hence, e(y) is lexicographically strictly less than e(z),
and this means by definition that y < x.

It remains to prov our claim (}). For coalitions S that do not contain
player 1, we have

es(y) = v(S) = y(S) = v(S) = x(8) — ;%41 = es(z) — Ejar < es(x),

so our claim holds in these cases with S’ = S.
If S = {1} we take S’ = N \ {1}, because eq13(y) = v({1}) —y: = 0, and

emi}(@) =v(N\{1}) —z(N\ {1}) =v(N) —x(N) + 21 = 2; > 0.

Finally, for coalitions S which in addition to player 1 also contain another
player and have the form S =T U {1} with T # (), we have

es(y) = (T U{1}) = y(T U{1}) = (1) = y(T) = o(T) = (T) - L,

=ep(x) — %xl < er(z),
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which means that our claim (t) is valid with 8" =T = 5\ {1}.
This completes the proof statement (1) and the proposition. ]

EXAMPLE 10.6.4 Let us compute the nucleolus {z} for the production
model in Example 10.3.2, that is the game consisting of a factory owner,
player 0, and n workers, players 1,2,...,n, and with value function v de-
fined by v(S) = 01if 0 ¢ S, and v(S) = f(|S| — 1) if 0 € S, where [ is an
increasing, concave function and f(0) = 0. The core of the game was found
in Example 10.4.3.

The workers are obviously interchangeable, so we conclude from Proposi-
tion 10.6.4 that z; = z; for ¢« > 2. Hence, it suffices to consider imputations
of the form = = (zg, x1, ..., x,) with z; = z; for i > 2. The excesses of such
an imputation is given by the expressions

ea(z) =—mx; and  equa(z) = f(m) — zo — may,

if A consists of m workers. The problem of minimizing the maximum of all
excesses is therefore equivalent to the following linear programming problem:

Minimize t as
—Axy <t, 1</i<n
fim)—xzg—mz; <t, 0<m<n-—1
xo +nx; = f(n)
o, T1 > 0.

By eliminating the variable zo = f(n) — nx; we get the following equiva-
lent problem:

Minimize ¢ as
—dxy <t, 1<i<n
fm)—fn)+(n—m)xy <t, 0<m<n-1
0<z < f(n)/n.

By adding the first constraint inequality with £ = 1 and the second constraint
inequality with m = n — 1, we obtain the inequality f(n — 1) — f(n) < 2t,
and conclude that t > (f(n — 1) — f(n))/2.

Let to = (f(n—1)— f(n))/2. We claim that ¢, is the problem’s minimum
value. To prove this, we have to find an z;-value that satisfies all constraints
when t =ty and does so with equality for at least one of the constraints.

Therefore, take 1 = —ty = (f(n) — f(n — 1))/2. Then z; > 0 and
—lx; < ty for 1 < £ < n with equality for £ = 1. Since the function f is
concave and increasing,

n—m

fm)—=f(n) == _"(f(m+j)—f(m+j—1)) < —(n—m)(f(n) - f(n—1)),

J=1
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and it follows that

f(m) = f(n) + (n —m)xy < (n—m)ry — (n—m)(f(n) — f(n—1))
=—(—=m)(f(n) = f(n=1))/2 = (n—m)ty <t
for 0 < m < n — 1. Moreover, when m = 0 we get the following inequality
since f(0) = 0:
—f(n) +nxy < nty = —na;y.

Hence, z1 < f(n)/2n.

We have solved the minimization problem. The nucleolus solution gives
each worker (f(n) — f(n — 1))/2 value units, that is one half of the worker’s

marginal product. The owner of the factory gets f(n) —n(f(n)— f(n—1))/2
value units, and this amount is at least f(n)/2. O

Exercises

10.17 Find the nucleolus solution of the game in Example 10.3.1.
10.18 Find the nucleolus solution of the game in Excercise 10.7.

10.19 Find the nucleolus solution of the game in Example 10.4.1.
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10.20 Find for each a > 5 the nucleolus solution of game ({1,2,3},v) in which

v({1}) = 1, v({2}) = 2, v({3}) = 0, v({1,2}) = 4, v({L,3}) = v({2,3}) = 3
and v({1,2,3}) = a.

10.21 Find the nucleolus solution of the game (N, v) where

o(8) = |S] %fleS,
0 ifl1é¢s.

10.22 (The bankruptcy problem) A person goes bankrupt leaving debts to three
persons and the the total debt exceeds the assets. How should the assets be
divided among the creditors.

The problem is discussed already in Babylonian Talmud, a collection of Jewish
laws and traditions from the first five centuries AD, in the following form. A
man has three wives with a marriage contract stipulating that they will receive
100, 200 and 300 respectively in the event of the man’s death. Talmud recom-
mends that they receive the same amount each, i.e. 33%, if the man leaves 100
at his death. Proportional distribution is recommended if the remaining wealth
is 300, i.e. 50, 100, 150. However, if the inheritance amounts to 200, Talmud’s
recommendation is 50, 75, 75, which may appear as a complete mystery.

Show that Talmud’s recommendations coincide with the nucleolus solution of
the coalitional game (N, v) obtained by letting N be the three wives and the
coalition value v(S) be the amount that the S coalition can get without having
to take any legal actions, i.e. v(S) is equal to what remains of the assets when
players outside the coalition S have all their claims credited if the assets are
sufficient for this, whereas v(S) = 0 if the assets are not enough for this.

Thus, if the man leaves 300, v({1}) = v({2}) = v({3}) = v({1,2}) = 0,
v({1,3}) = 100, v({2,3}) = 200 and v({1,2,3}) = 300.

The problem is taken from an article by R.J. Aumann and M. Maschler.
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Chapter 11

The Shapley Value

The main challenge in a coalitional game (NN,v) is to allocate the payoff
v(N) of the grand coalition among the players in some fair way. Shapley
has described an elegant solution with intuitively appealing features, which
is also relatively easy to calculate.

11.1 The Shapley solution

Let G be a class of n-player coalitional games, such as all coalitional games,
or all cohesive games, or all superadditive games for n players. A function
¢: G — R™ that assigns each game (N, v) in the class a unique collectively
rational payoff vector ¢(N,v) will be called a solution function, and the
vector ¢(N,v) is called the solution of the game (N,v) with respect to the
current method (function).

The solution concept is undeniably very general, the only requirement
being that the vector ¢(N,v) can be used to distribute the grand coalition’s
value among the players. For a solution to be regarded as fair and relevant, it
should of course also have other properties. We have actually already studied
such a solution for the class of all games (N, v) with nonempty set of imputa-
tions, namely the nucleolus which is the solution we get by defining ¢(N, v)
to be the game’s unique nucleolus vector. The nucleolus solution is a collec-
tively and individually rational vector which (in a precise sense) minimizes
the potential objections of the coalitions. In addition, it has the appealing
property of treating interchangeable players equally and of allocating zero
payoff to null players.

The Shapley solution is based on the latter property, but unlike the nu-
cleolus definition, that refers to a fixed game, Shapley’s definition requires
that we consider a whole class of games. Hence the need for the concept of

Download free eBooks at bookboon.com



solution function.

We begin by noting that the set of all coalitional games with a given set
N of players forms a vector space. We will then determine a special basis for
this vector space.

Definition 11.1.1 The sum (V,v) + (N, w) of two coalitional games with
the same set of players is the game (N, v + w), and the product ¢(N,v) of a
real number ¢ and the game (N, v) is the game (N, cv).

Note that the sum of two cohesive games is cohesive and that the product
of a positive real number and a cohesive game is cohesive. Moreover, the sum
of two superadditive games is superadditive, and the product of a positive
real number and a superadditive game is superadditive.

The definition of sum and multiplication with scalars makes the set of all
coalitional games with IV as set of players to a vector space that is isomorphic
to the vector space of all functions v: C — R. By numbering the 2" — 1 coali-
tions in the set C of all coalitions in an arbitrary manner as S, Ss, ..., Son_1
and setting v; = v(S;), we may further identify each function v with the vec-
tor (vy,va,...,ven_1) in R?"71. The vector space of all coalitional games is
apparently isomorphic to R*"~!, and its dimension is equal to 2" — 1. There-
fore, it has a vector basis consisting of 2" — 1 games. We will now construct
an explicit such basis that is indexed by the coalitions which are also 2" — 1
in number.

Lemma 11.1.1 Let, for each coalition S, xs: C — R be the value function
defined by

xs(T) = {1 yoct,

0 otherwise.

The games ({N, xs))sec form a basis for the vector space of all coalitional
games with N as set of players.
In other words, for each value function v there exist uniquely determined
real numbers cs such that
V= Z CsXs-

SecC

The numbers cg are the coordinates of the game (N, v) with respect to the
specified basis.

Proof. Since the number of value functions of the form yg is equal to the
dimension of the vector space, it is sufficient to show that the games (N, ys)
span the space, i.e. that for each value function v there are constants cg so
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that the equality of the lemma holds. To this end, we set ¢y = 0 and define
cp recursively for T' € C using the equation

(1) Cr = U(T) — Z Cs.

SCT
Then
D esxs(T) =Y coxs(T) + Y coxs(T) = ) cs
sec scT sgT scT
:cT—I—ZcS =cr+v(T)—cr =v(T)
SCT
for all coalitions 7', and this proves our claim that v = > csxs. O

EXAMPLE 11.1.1 The coalitional game ({1,2,3},v), with value function v

defined by v({1}) = 3, v({2}) = v({3}) = 2, v({1,2}) = v({1,3}) = 4,
v({2,3}) =5 and v({1,2,3}) = 8, has the following coordinates with respect
to the canonical basis of Lemma 11.1.1:

cy =3, ¢y =2, ¢z =2, cuy =4-3-2=-1,
6{1’3}:4_3_2:_17 6{2,3}:5—2—2:1’
clios =8-3-2-2—(-1)—(-1)—-1=2. 0
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Lemma 11.1.2 Let (N, v) be a coalitional game with value function
V= Z CsXs-
sec

(i) Player i is a null player if and only if cs = 0 for all coalitions S that
contain 1.

(ii) Players i and j are exchangeable if and only if csupy = csugjy for all
subsets S of N that do not contain any of the players i and j.

Proof. Let T be a subset of N that does not contain player ¢. Then

crugy = v(T U {i}) — Z cs =v(TU{i}) — chu{i}—ZcS

SCTU{i} SCT scT
T U {Z Z Csu{i} — U
SCT
that is
(2) v(T'U{i}) = o(T) = erogy + Z CSu{i}-
SCT

The sum in equation (2) is empty if 7' = () and v(@)) = 0, which means that
v({i}) = gy

(i) If ¢g = 0 for all coalitions containing player i, then it follows at once

from equation (2) that v(T"U{i}) = v(T) for all subsets 7" of N that do not

contain ¢, and player ¢ is accordingly a null player.

The converse is shown by induction. Suppose that player ¢ is a null
player. Then, first, ¢ = v({i}) = 0. Write coalitions containing ¢ with
more than one player as T'U{i}, where T is a coalition that does not contain
i, and assume inductively that cgyg;p = 0 for all proper subsets S of T'. Since
v(T'U{i}) = v(T), we now conclude from equation (2) that cpygy = 0. This
completes the induction step.

(ii) Let T be a subset of N containing neither i nor j. Then

v(TU{jH) —v(T) = crugy + Y csulsys
ScT

according to equation (2) with ¢ replaced by j, and by subtracting this from
equation (2), we get

(3)  o(TU{i}) —v(TU{G}) = crum — crugy + D (esu — csugy)-
SCT
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We conclude from equation (3) that v(T'U{i}) = v(T'U{j}), i.e. that the
players ¢ and j are interchangeable, if cgugy = csuyyy for all subsets S of N
that do not contain 7 or j.

Conversely, if i and j are interchangeable and 7T is a subset of N containing
neither ¢ nor j so that v(7°U {i}) = v(T' U {j}), and csuqy = csugyy for all
proper subsets S of T, then equation (3) implies that crupy = crugjy. So it
follows by induction that cryug)y = crugyy for all subsets T' of N that do not
contain ¢ or j. O

Proposition 11.1.3  There is a unique solution function ¢ = (¢1, ¢a, ..., dn)
that is defined for all coalitional games (N, v) and has the following proper-
ties:

(i) If i is a null player, then ¢;(N,v) = 0.

(i1) If i and j are exchangeable players, then

¢1(N, /U) = ¢](N,U)
(11i) For all value functions v and w,

(N, v+ w) = ¢(N,v) + ¢(N, w).
The payoff ¢;(N,v) to player i is for v =73 ¢ . csxs given by the equality

(4) 6i(Nv) = E

S3i

The summation symbol ) .. in formula (4) stands for summation over the
set C(7), that is over all coalitions S containing player 1.

The three properties (i), (ii) and (iii) in Proposition 11.1.3 are called the
null player, symmetry and additivity properties.

Proof. Uniqueness: We first prove that if there exists a solution function
¢ with the three stated properties, then it has to be given by formula (4),
which implies, of course, that the function is unique.

Suppose therefore that ¢ is a solution function with the three desired
properties. We begin by computing ¢(N, v) for functions of the type v = cxsg,
where ¢ is a constant and yg is one of the basis functions in Lemma 11.1.1.

First suppose i ¢ S. Then, S C T if and only if S C T U {i}, and
hence xs(T) = xs(T U {i}) for all coalitions 7. Moreover, ys({i}) = 0.
Player i is thus a null player in the game (IV, cys). Hence, by property (i),
®i(N,cxs) = 0 for all players ¢ that do not belong to S.

Next suppose that i,7 € S. Then, S € TU{i} and S € T U {j} for each
coalition T' that does not contain ¢ or j, which means that

xs(T'U{i}) = xs(TU{j}) =0.
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So the two players i and j are exchangeable in the game (N, cys), and it
follows from the symmetry property (ii) that ¢;(N, cxs) = ¢;(N,cxs). The
value ¢;(N, cxs) is thus the same for all players i belonging to coalition S.

Finally, since xs(N) = 1 and ¢(V, cxs) is a collectively rational vector,
we get the equality

c=cxs(N) =Y (N,exs) = Y dr(N,cxs) = |S] (N, exs)

keN kes
for all 7 € S. Consequently,

¢/|S| ifies,

(N, exs) = {o itids.

This determines the values of ¢ for all value functions of the type cxs.
But each value function v has according to Lemma 11.1.1 a unique expansion
of the form v = ) ¢ csxs, and the additivity property (iii) therefore implies
that

$i(N,v) = > 6i(N,csxs) = > (N, esxs) + > G N, coxs) Z 5k

Sec Si S%i S3i

which proves formula (4) and the uniqueness.
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FEzxistence: To prove the existence of a solution function with the properties
(1), (ii) and (iii), we define ¢ by formula (4) and show that ¢ has the desired
properties.

We begin by showing that ¢(N,v) is a collectively rational vector. It
follows from the definition of ¢;(N,v) that

S e =YY

ieEN €N S531i

The term cg/|S| appears in the double sum once for each player i that belongs
to the coalition S, i.e. as many times as there are members of S, and it does
so for every coalition S. Therefore,

DX g = ISl = e =

iEN S3i SeC SeC

where the last equality follows from the recursive definition of ¢y in equa-
tion (1). This proves that ) ..\ &(IN,v) = v(N).

The null player property follows directly from formula (4) and Lemma
11.1.2.

Suppose that ¢ and j are interchangeable players in the game (N, v). The
coalitions that contain ¢ can be partitioned into coalitions that also contain
j and coalitions that do not contain j, and the last mentioned coalitions are
of the form 7"U {i}, where T does not contain j. Using this partition, the
definition of ¢ and part (ii) of Lemma 11.1.2, we obtain

v) = Cs CTu{i}
EOVEEOW N 2 o

S3i,j

CTu{j} . v
-2 H RPNt erw ?(N.v)

SSZ]

This shows that the function ¢ satisfies the symmetry condition.

The additivity property follows at once from the definition of ¢, and this
concludes the existence proof. O

Definition 11.1.2 The unique function ¢ in Proposition 11.1.3 is called
the Shapley function, the vector ¢(N,v) is the Shapley solution of the game
(N,v) and the number ¢;(N,v) is player i’s Shapley value.

To simplify the notation, we willl from now on omit the reference to the
set N of players by writing ¢(v) and ¢;(v) instead of ¢p(N,v) and ¢;(N,v).
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ExXAMPLE 11.1.2 Let us compute the Shapley values of the cohesive, non-
superadditive three-person game in Exempel 11.1.1. We use the formula in
Proposition 11.1.3 to compute ¢;(v) and get

¢1<U) = C{l} + %(C{LQ} -+ C{173}) —+ %0{17273} = 3 + %(—1 — 1) + % . 2 =

wloo

The players 2 and 3 are interchangeable. Hence ¢o(v) = ¢3(v), and since the
Shapley solution is collectively rational, it now follows that

202(v) = v(N) — ¢1(v) =8 — § = L.

Thus ¢1(v) = ¢a(v) = ¢3(v) = %-

Note that the Shapley solution (%, g, %) is not individually rational be-
cause of the inequality ¢, (v) < 3 = v({1}).

The game’s core consists of all imputations of the form (3,¢,5 — ¢) with
2 < t < 3, as is easily verified. The imputation (3,%,%) is the game’s
nucleolus solution, because the nucleolus is a subset of the core and gives the

two interchangeable players 2 and 3 the same payoff. O]

Example 11.1.2 teaches us that the Shapley solution does not have to be
an imputation and that it is generally different from the nucleolus solution.
However, the Shapley solution of a superadditive game is an imputation, as
we will show in the next section when we acquired an alternative formula for
the Shapley values.

Since the nucleolus solution has the dummy and the symmetry properties
but does not coincide with the Shapley solution, we can also conclude that
the nucleolus solution lacks the additivity property.

Exercises

11.1 Determine the Shapley solution of the game ”Who will have the painting?”
in Example 10.3.1, i.e. the three-person game with value function v({1}) = 1,

v({2}) =v({3}) = v({2,3}) =0, v({1,2}) = 2 and v({1,3}) = v({1,2,3}) = 3.

11.2 Consider an n-person game (N, v) in which
v(S)=Fk if{1,2,...,k} CS but k+1¢S.

For exanple, v({2,4,5}) =0, v({1,4,5}) = 1 and v({1,2,3,5}) = 3. Compute
the game’s Shapley solution.
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11.2 Alternative characterization of the Shap-
ley value

We now give an alternative characterization of the Shapley solution in terms
of the players’ marginal contributions to the various coalitions.

We recall that player ¢’s marginal contribution to the coalition S in the
game (N, v) is defined as

Ai(S) = v(8) — (S \ {i}),

where v(()) = 0.

Note that in a superadditive game, A;(S) > v({i}) for each coalition S
that player i takes part in, i.e. the player’s marginal contribution is greater
than or equal to the value he can achieve on his own.

Let m denote an arbitrary permutation of the numbers 1,2,..., n, and
denote by S;(m) the coalition that consists of player i and the players that
precede 7 in the ordering given by the permutation 7.

ExaMPLE 11.2.1 If n = 4 and 7 = (3,4,1,2), then Si(7) = {1,3,4},
So(m) ={1,2,3,4}, S3(m) = {3} and Sy(m) = {3,4}. O
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Proposition 11.2.1 Player i’s Shapley value in the coalitional game (N, v)
is given by the formula

b0 = L As ) = L3 2O

" s (|S|—1) ’

where the first summation is to be taken over all the n! permutations of the
numbers 1,2,...,n, and the second summation is over all coalitions S that
contain the player i.

Proof. Let ¢ = (1,%s,...,1%,) be the function defined for the value func-
tions v of the coalitional games (N, v) by setting

(5) U(v) = - 3 A5 ()

for each 7. In order to prove that 1;(v) is player i’s Shapley value, it suf-
fices to show that ¢ is a solution function, i.e. that ¥ (v) is a collectively
rational vector, and that ¢ has the null player, symmetry and additivity
properties, because the Shapley solution is the unique solution function with
these properties.

Let m = (iy,43,...,4,) be an arbitrary permutation of the numbers in
N. Then A;, (S;, (7)) = v({i1, .., ik—1,9%}) —v({i1, ..., 9k—1}), and it follows
that

Z Ai(Si(m)) = Ni (S, (7))
=> (0(ir, e, in}) = o({in, ik }))
=v({i1,. . in_1,in}) — v(0) = v(N).

Hence,

Sue) = - ST Asim)

1EN iEN

= S ASI) = 1 S () = u(N),

T €N

and this shows that v (v) is a collectively rational vector.

The null player property is obvious since A;(.S) = 0 for all coalitions S if
¢ is a null player.
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Suppose that the two players ¢ and j are interchangeable. For each permu-

tation m = (i1,...,%,...,7,...,i,), we denote by 7" = (i1,...,7,. .. 0, ...,0p)
the permutation obtained by interchanging the numbers ¢ and j. Then

Ai(Si(m)) = Aj(S; (7)),

because of the interchangeability of ¢ and j, regardless of whether ¢ precedes
j in the permutation 7 (as above) or j precedes i. Consequently,

i) = 25 30 M) = - 37 A8 () = (o),

which proves the symmetry property.

The additivity property is obvious, because a player’s marginal contribu-
tion to a coalition in the sum of two games is equal to the sum of the player’s
marginal contributions to the two games.

Thus we have proved that the Shapley value is also given by formula (5),
and it only remains to show how to rewrite the formula so as to get the
second of the sums in Proposition 11.2.1.

S;(m) is, by definition, a coalition that contains player i for each permu-
tation 7, but for any given coalition S containing ¢, there are of course many
different permutations 7 for which S;(w) = S, and to start with, we will
compute the number of such permutations.

Let k = |S| and T = S\ {i}. Then S;(w) = S if and only if 7 is a
permutation of the form

™= (Zla ey =150 015 - - - ajn—k>7

where (i1,...,ix_1) and (ji, ..., jn_k) are arbitrary permutations of the ele-

ments in T and N \ S, respectively. The number of such permutations 7 is
equal to (k —1)! (n — k)!.

Thus
1 1 1
p} > A(Si(m) = p YD ASi(m) = } D (k=1 (n = k) A(S),
T S3¢ 7 such that 531
Si(m)=S
and since
n! (" y o " 1
k—D!'n—Fk)! \k—-1) “\Us|-1)’

the proof is now complete. ]
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The first half of the formula in Proposition 11.2.1 gives us an intuitively
appealing interpretation of the Shapley value.

Let m = (iy,19,...,1,) be a permutation of N, and suppose that the
grand coalition N is formed by the players joining it one after another in the
order given by the permutation, i.e. it starts with player 7; and then player
iy joins forming the coalition {i1,is}, and then i3 joins to this coalition, etc.
until all players have joined. In this case, it seems natural to distribute
the value v(NV) of the grand coalition in such a way that each player i gets
its marginal contribution to the coalition that is formed at the moment the
player enters the game, i.e. A;(7), which is also possible since the sum of
these contributions is equal to v(N).

However, the coalition game concept does not contain any assumption of
how the grand coalition is put together, so the Shapley value regards all the
n! ways to form the grand coalition as equivalent and assigns players i the
average of all his marginal contributions according to the above description.

Proposition 11.2.1 has the followin corollary.

Corollary 11.2.2 The Shapley solution ¢(v) of a superadditive game (N, v)
1S an imputation.
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Proof. Since A;(S;(m)) = v(Si(m)) — v(S;(7) \ {i}) > v({i}) for all permuta-
tions 7 and all players i, it follow from the first equality in Proposition 11.2.1
that

6i(0) 2 = 37 o({i}) = v({i)

for all + € N. The Shapley solution ¢(v) is, in other words, individually
rational and thus an imputation. O

EXAMPLE 11.2.2 Let us compute the Shapley solution of the three-person
game ({1,2,3},v), where v({1}) = v({2}) = 1, v({3}) = 2, v({1,2}) = 4,
v({1,3}) =6, v({2,3}) = 5, v({1,2,3}) = 8, using Proposition 11.2.1. The
players’ marginal contributions to the coalitions that they take part in, are
as follows:

AR = 1, A ({1,2)) = 3, A ({1,3)) = 4, Ay({1,2,3}) = 3
A2} = 1, A({1,2}) = 3, As({2,3)) = 3, As({1,2,3}) = 2
As({3}) = 2, As({1,3}) = 5, Ag({2,3}) =4, Ay({1,2,3}) =4

The players’ Shapley values are therefore

pr(v) =31+35B+4)+3)=3

da(v) = 3(1+3(3+3)+2) =2

d3(v) =32+ 3(6+4)+4)=1.
As a control, we note that the sum of the Shapley values is equal to the 8,
the value of the grand coalition. O

ExaMPLE 11.2.3 Let us compute the Shapley solution of the production
model in Example 10.3.2: one factory owner (player 0), n workers (players
1,2,..., n), and value function v(S) =01if 0 ¢ S and v(S) = f((|S| — 1) if
0 € S. The function f is increasing and concave, and f(0) = 0.

It suffices to compute the factory owner’s Shapley value ¢y (v), because the
workers are interchangeable, and we use the formula in Proposition 11.2.1.
We have Ag(S) = f(]S| — 1) for coalitions all S containing player 0. Thus

1 S| —1 1 S| —1
bo() = Zf((IL)):nHZ f(SI=1)

n-+1
155 (s=

k=1 S30 (|Sr—1)
|S|=k

1 &k
=i () Me

k=1 k—1
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where My is the number of subsets S of {0,1,2,...,n} that consist of k
numbers and contain the number 0. This number is M, = (kﬁl), and by
substituting this in the expression above, we obtain

do(v) = —— 3 f(h).

n+1 —

The workers will share the remaining amount f(n) — ¢o(v) equally, which
means that each worker’s Shapley value is

n%l—lkz_of(kw

It may be interesting to compare the Shapley solution with the nucleolus
solution, which we computed in Example 10.6.4. The nucleolus solution gives
each worker £(f(n) — f(n — 1)) value units. Because of the concavity,

6i(w) = (fn) -

n

f)=fk) =) (FG+k) = fG+E=1) = (n—k)(f(n) = f(n—-1)),

1 n—1 1 n—1
6i0) = oy (0 ) - > I®) = oD > (F() = S0
1 - 1
> oy Do M) = = 1)) = 5(F() = = 1))

k=0

Thus, the Shapley solution is better than the nucleolus solution for the work-
ers.

The Shapley solution belongs to the core of the game if the workers’
marginal product f(k)— f(k— 1) is moderately decreasing when k increases.
However, the Shapley solution does not belong to the core if the marginal
product decreases rapidly, because the solution gives the workers to much in
this case. Compare with Exercise 11.5. O

Exercises

11.3 Determine the Shapley solution of the game ({1,2,3},v) with v({1}) = 1,

’U({2}) = 2, U({S}) = —1, 1)({1,2}) = 4, ’U({l,?)}) =1, U({273}) = 2,
v({1,2,3}) = 4.
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11.4 (A market with one seller and two buyers) Player 1 owns an object that has
no value to him and which he therefore wishes to sell. The object is worth «a
for player 2 and b for player 3, where b > a. Formulate this as a coalitional
game and determine the Shapley solution. Does the Shapley solution belong
to the core?

11.5 Calculate the Shapley solution of the production model in Example 11.2.3
when n =4, f(0) =0, f(1) =8, f(2) =12, f(3) = 14 and f(4) = 15, and
prove that it does not belong to the core.

11.6 Calculate the Shapley solution of the n-person game (N, v) when
S| if1es,

0 otherwise.

S| if1,2€ 8,

0 otherwise.

a) v(S) = { b) v(S) = {

11.7 Consider the production model in Example 11.2.3 in the case f(k) = k°,
where 0 < a < 1. Suppose that the number n of workers is very large. Prove
that the Shapley solution is in the core and that the factory owner gets ap-
proximately a+_1na while the workers will share the remaining aiﬂna equally.
Compare with the nucleolus solution, which gives the factory owner approxi-
mately (1 — §)n® and the workers a total of §n®.

[Hint: Approximate the Riemann sum 1 377, (£)e with the integral fol x®dx.]
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11.3 The Shapley—Shubiks power index

The Shapley solution can be used to describe the voting power of different
groups or individuals in voting situations, and this application was developed
by Shapley and Shubik.

Consider a vote in, for example, a political assembly, or a union, or at
an annual meeting of shareholders with n participants (parties, members or
shareholders), where a particular proposal can either be accepted or rejected,
and where the outcome depends on the coalition of participants who support
the proposal. A coalition is a winning coalition if it can vote through the
proposal, otherwise it is a losing coalition. Obviously, we assume that each
subset of a losing coalition is losing and that any coalition that includes a
winning coalition is also winning.

By defining

v(S) =

1 if S is a winning coalition,
0 if S is a losing coalition

we can model the vote as a simple coalitional game (IV,v), and the concepts
of winning and losing coalitions get exactly the meanings we gave them in
Definition 10.3.1. The Shapley—Shubik power index of a voting participant is
now simply defined as the Shapley value of the voter in this game.

The formula in Proposition 11.2.1 for the Shapley value is simplified when
the game is simple, because a player’s marginal contribution A;(S) can only
assume the values 0 and 1. The marginal contribution is 1 if and only if
v(S) =1 and v(S\ {i}) =0, i.e. if S is a winning coalition and S\ {i} is
a losing coalition, so the formula for player i’s Shapley—Shubik power index
simplifies to

() 8iv) = n;%ing(|g|j )

S\ {i} losing

The most common types of voting games are described in the following
definition.

Definition 11.3.1 Let wy, wy, ..., w, be non-negative numbers and let ¢ be
a positive number. The simple coalitional game (NN, v) obtained by defining

o(S) = {1 if Y s wi > q,

0 Y ewi < g

is called a weighted voting game with the numbers w; as weights.
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The game is called a weighted majority game if ¢ = %ZieN w;.

ExAMPLE 11.3.1 Decisions by simple majority are obtained by selecting all
the weights equal to 1 and ¢ = n/2, qualified majority decisions by selecting
all the weights equal to 1 and ¢ = 2n/3, if two-thirds majority is required
for a proposal to be adopted. For decisions requiring unanimity, w; = 1 for
all players ¢, and ¢ = n — % Player 1 is a dictator if w; =1, w; =0 for ¢ > 2
and ¢ = %

In decisions requiring a simple majority, qualified majority or unanimity,
all players have Shapley—Shubik power index 1/n, because the players are
pairwise interchangeable. In dictatorial decisions, the dictator has Shapley—
Shubik power index 1 and the other players have index 0, because they are
null players.

In the above cases, the particular values of the Shapley—Shubik power
index are immediate consequences of the definition of the Shapley solution
as the unique solution to the conditions given in Proposition 11.1.3, but let
us still calculate the Shapley—Shubik power index using formula (6) in the
case of simple majority.

Let n = 2k or n = 2k + 1. A coalition S that contains player ¢ is winning
while the coalition S\ {i}is losing, if and only i |S| = k + 1, and the number
of such coalitions is (" '). It follows therefore from formula (6) that

: n—1\" n—1\"
o)=Y (o) = X (5
S winning ’S‘ -1 |S|=k+1 |S| -1

S\ {i} losing

 yfn—=1\(n-1 _1_ _1

At shareholders’ meetings in a limited liability company that has only
issued shares with equal voting rights, each shareholder has as many votes
as the number of shares owned, and for a proposal to be approved, it must
be supported by a majority of the shares. A general meeting can therefore
be regarded as a weighted majority game.

EXAMPLE 11.3.2 The four owners of a company, players 1, 2, 3 and 4, own
10, 20, 30, and 40 shares, respectively. This means that the winning coalitions
are {1,2,3}, {1,2,4}, {1,2,3,4}, {1,3,4}, {2,3,4}, {2,4} and {3,4}.

There is only one winning coalition that contains player 1 and is losing
without him, namely S = {1,2,3}, and this means that

= 8) =1,
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The corresponding coalitions for player 2 are {1,2,3}, {1,2,4} and {2,4},

and therefore . .
1 3\ 3\ 1
=60 ()

The coalitions {1, 2, 3}, {1, 3,4} and {3,4} are winning for player 3 and losing
without him. This means that ¢3(v) = ¢2(v) = 3.

All winning coalitions with player 4 as a member, except the grand coali-
tion, are losing if player 4 leaves. Hence,

w0=30(0) +2G) )5

The share holders’ Shapley—Shubik power indexes are thus 35, 7, 7 and
%. It is noteworthy that owners 2 and 2 have the same index despite the
fact that owner 3 has more shares. O]
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Exercises

11.8 Use formula (6) to verify that all players have the same Shapley—Shubik power
index in voting games where unanimity is required.

11.9 Calculate the Shapley—Shubiks power indexes in a company with four share-
holders who own 1, 3, 3 and 4 shares.

11.10 Calculate the Shapley—Shubik power index of the players of a weighted ma-
jority game with n > 3 players, when w; = 2n — 3 and w; = 2 for the other
players 3.

11.11 The United Nation Security Council consists of 15 member nations, of which
5 are permanent members with veto rights. In order for a resolution to pass,
9 out of 15 votes are needed, but each of the 5 permanent members has veto
power. This situation can be considered as a weighted voting game, in which
each of the five permanent member nations gets weight 7 and eath of the other
10 member nations gets weight 1, and a total of 39 weights are required to
pass a resolution. Determine the Shapley—Shubik power index for a permanent
member and for a non-permanent member.
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Chapter 12

Coalitional Games without
Transferable Utility

In a coalitional game with transferable utility, each coalition S is character-
ized by a number v(S) representing the worth available to the coalition, and
the main problem is to distribute the worth v(N) of the grand coalition N
among the players.

In this chapter we will briefly treat coalitional games with non-trans-
ferable utility. In such a game, players must agree on an action from a given
set X. Each player has its preferences that can be described by preference
relations or utility functions. The players can not compensate each other by
transferring utility, and one reason why this is not possible may be that they
do not measure their utility of a certain action in comparable units. However,
the players can form coalitions, and each coalition S controls a subset V'(.59)
of X. This makes it possible for a coalition S to block a proposed action
x € V(N) if there is an action y € V() that all members of S prefer to x.
This way of thinking leads to a generalization of the concept of core.

12.1 Coalitional games without transferable
utility

Definition 12.1.1 A coalitional game (N, X,V (>=;)) without transferable
utility consists of
e a finite set N (of players);
e aset X (of actions);
e for each coalition S (i.e. nonempty subset of N) a subset V(S) of X;
e for each player i € N a preference relation >; on X.

Download free eBooks at bookboon.com



In the following three definitions, (N, X,V,(>;)) is an arbitrary coali-
tional game without transferable utiility.

Definition 12.1.2 The coalition S has a strong objection against the action
x € X if there exists an action y € V/(S) such that y >; « for all i € S.

It is, of course, not rational for a coalition to accept a proposed action, if
there is an action that the coalition itself controls and that all its members
like better. This leads to the concept of core.

Definition 12.1.3 The core of the game (N, X, V,(>;)) consists of all ac-
tions in V(IV) against which there are no strong objections from any coalition.

Thus, an action z € V(N) belongs to the core if and only if there exists,
for each coalition S and each action y € V(5), at least one coalition member
i € S who likes = at least as much as y (i.e. z =; y).

There is a weaker type of objections that leads to the concept of Pareto
optimality.

Definition 12.1.4 The coalition S has a weak objection against the action
x € X if there is an action y € V(S) such that y >; = for all coalition
members ¢ € S and y >; x for at least one coalition member 1.

An action x € V(N) is Pareto optimal if the grand coalition N has no
weak objection against x.

In other words, an action in V(N) is Pareto optimal if and only if there
is no other action available to the grand coalition that all the players think
is at least as good and some player thinks is better.

An action in the core does not have to be Pareto optimal, because the fact
that the grand coalition has no strong objection against the action does not
exclude that there exists a weak objection. See Exercise 10.1 for an example.

EXAMPLE 12.1.1 Let (N, X, V,(>;)) be the coalitional game without trans-
ferable utility in which

N ={1,2}, X =RZ,

V{1}) = {(21,0) |0 < a1 < 3}, V({2}) = {(0,22) | 0 <2z < 5)},
V(N)=A(z1,29) |0 <29 <1 —121, 0< 27 <1}

(z1,22) =1 (Y1,92) & 1>

(z1,22) =2 (Y1,92) & T2 > Yo

See Figure 12.1.
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Coalition {1} has a strong objection against all actions (x1,2z5) with
z1 < 3, namely the obJectlon y = (3,0), but it lacks strong objections against
actions with z; 2 =

Coalition {2} has a similar strong objection against all actions (z1,x2)
with 25 < %, but it has no strong objection against actions with xo > %

The grand coalition N has strong objections against actions (x,z3) in
the triangle V(N) with x; + x5 < 1, since there exist points (y1,y2) in the
triangle such that x1 < y; and x5 < ys, but it has no strong or weak objection
if 1 + 29 =1, because y; + yo > 1 if y; > x1 and yo > x5 or if y; > 27 and
Y2 > Tg .

The core of the game is therefore equal to the set

{(@1,22) | 21 + 22 = 1, % <z < % ,
and an action (z1,x9) is Pareto optimal if and only if it lies on the side
{(z1,22) |21+ 22 =1,0< 21 < 1}

of the triangle V(IV). O
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Figure 12.1. The action set V(N) and the core K of the game in Example 12.1.1.

EXAMPLE 12.1.2 Every coalitional game (N, v) with transferable utility can
be translated into a coalitional game (N, X,V (>=;)) without transferable
utility in the following way:

X =R",

V(S)={z e R"| sz =v(S) and z; =0 forall j ¢S},
i€S

x =; y if and only if x; > v;.

Coalitional games with transferable utility can therefore be considered as
special cases of coalitional games without transferable utility. The core is the
same whether we use the core definition for games with transferable utility
or the core definition for games without transferable utility. ]

Exercise

12.1 Determine the Pareto optimal actions and the core of the game (N, X, V| (>=;))
in which N = {1,2}, X = R?, V({1}) = V({2}) = {(0,0)},

(r1,22) = (Y1,92) & i > i,
and
a) V(N)
c) V(N)

(wr,@0) |2 +ag <1} D) V(N) ={(21,22) | max|a;| < 1}
(1, 22) | [21] + 22| <1}

={
={

12.2 Exchange economies

ExaAMPLE 12.2.1 Consider a society without money where all trade takes
place through exchange. For simplicity, we assume that the society consists
of only two people and that there are only two goods — raspberry jam and
strawberry jam. Person 1 initially has 8 kg of raspberry jam and 2 kg of
strawberry jam, which we indicate by saying that his basket of goods is
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given by the vector a = (8,2). Person 2 has 2 kg of raspberry jam and 5 kg
of strawberry jam, so his initial basket of goods is described by the vector
b=(2,5).

The two people’s preferences for jam differ and are described by two
utility functions; the utility for person 1 of a basket consisting of x; kg of
raspberry jam and xo kg of strawberry jam is uy (21, z9) = 122, and person
2’s utility of the same basket is uy(x1, £9) = min(zq, x2). It may therefore be
beneficial for both to exchange some quantities of jams with each other.

We can model the situation as a two-player coalitional game with action
set X = R2 x RY (= RY) and the following interpretation of an element
(z,y) = (x1,22,%1,y2) in X; the first half (z1,x2) is a basket of goods for
player 1 and the second half (y1,¥2) is a basket of goods for player 2.

Of course, not all elements (z,y) of X can be achieved by trading, be-
cause together the two players have only 10 kg of raspberry jam and 7 kg of
strawberry jam. Therefore, we put

V(N) = {(21,22,y1,12) € Ri | 21+ 91 =10, 2o+ y, =T}

The elements of V' (V) describe the results of all possible exchanges.
If the two players do not cooperate nothing happens; the players only
have the amounts of jams they had from the beginning. Therefore,

V{1}) =V({2}) = {(a,0)} = {(8,2,2,5)}.

The players’ preferences for a given outcome are given by the above func-
tions, but we must modify the definitions so that the functions are defined
on X. We assume that the players only care about their own holdings, that
is

ui(z,y) = 129 and  ws(x,y) = min(yy, yo).

The game can be illustrated graphically using the Edgeworth box. Let
R be a rectangle of length a; + by = 10 and width as + by = 7, and choose
two opposite corners O and O’ as origins of two coordinate systems Oz
and O'y,y» with coordinate axes along the sides of the rectangle as in Fig-
ure 12.2. The connection between the coordinates (z1,x2) and (y1,y2) in the
two coordinate systems of a point is given by the equations x; +y; = 10 and
Tg + yo = 7. This means that the quadruple (x,y) lies in V(N) if and only
if (x1,22) and (y1,y2) are coordinates of the same point in the rectangle R.
In particular, (ai,as) and (b1, by) are coordinates of the same point.

We can thus identify V(N) with the rectangle R. We can also draw the
two players’ indifference curves in the rectangle — the hyperbolas zix9 = k;
and the ”L-square curves” min(y;y,) = ko for various values of k; and k. The
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Figure 12.2. The Edgeworth box in Example 12.2.1. The points on the broken
line OPO’ correspond to the Pareto optimal baskets of goods, and the core K
consists of all Pareto optimal baskets between the hyperbola x1x2 = 16 and the
"L-square curve” min(y;,y2) = 2. The dashed line x; + 2z9 = 12 is the budget
limit for the players when the goods are priced at the equilibrium price. Player 1
can finance all baskets that are below the line and player 2 all baskets that are
above the line. The line’s intersection with the core, (6, 3,4,4), is the competitive
equilibrium solution.

two indifference curves that pass throug the initial point with x-coordinates
(8,2) and y-coordinates (2,5), are 122 = 16 and min(y, y2) = 2. These are
depicted in Figure 12.2.

The points on the broken line OPO’ with the equation

0 if 0<z <3,
To =
2T a3 if 3<ay <10

correspond to the Pareto optimal baskets of goods. To see this, we first note
that the utility of player 1 and player 2 at points (z,y) € V(N) with 25 =0
and 0 < z; < 3 are 0 and 7, respectively. It is impossible for player 1 to
obtain a positive utility without decreasing player 2’s utility, because x5 > 0
implies yo = 7 — x5 < 7. And player 2 can not increase his utility either,
because 7 is his maximum utility.

At points (x,y) on the broken line, where zo = 21 — 3 and 3 < z; < 10,
we have y; = 10 —x; = 7 — x5 = yo. To improve player 2’s utility we have to
decrease x1; and xo, which decreases player 1’s utility z;25. And to improve
player 1’s utility, we have to increase x; or x5, which in both cases leads to
a utility decrease for player 2.

This proves that all points on the broken line O PO’ are Pareto optimal.
No point outside the broken line is Pareto optimal, because for each such
point there are points that are better for both players. If a point with -
coordinates (Z1,Z5) lies above the broken line, then player 2 has a greater
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utility at all points inside the rectangle R’ bounded by the lines z; = 0, 25 =
T9, 1 = To+3 and x5 = 0 (see Figure 12.2), while player 1’s utility is greater
at all points above the indifference curve xix5, = 125, that passes through
the point (Z, ). Since the intersection of these two regions is nonempty (see
the dotted area in the figure), there exist points which give both players a
greater utility than the point (Z1,Z2). The corresponding applies if (&1, Z2)
lies below the broken line.

In the present case, the set of Pareto optimal actions coincides with the
set of actions against which the grand coalition has no strong objections, so
the core is a subset of the set if Pareto optimal actions. The original holding
(a,b) = (8,2,2,5) is a strong objection for player 1 against any basket (z,y)
with 2129 < 16 and for player 2 against any basket with min(y;,y2) < 2. The
core IC of the game is therefore equal to the intersection of the broken line
OPQO'’ and the region between the hyperbola z125 = 16 and the ”L-square
curve” min(y;,y2) = 2. The hyperbola intersects the line at a point with
x1-ccordinate (3 + +/73)/2 ~ 5.77. Thus, the core K consists of all baskets
(1’1,331 — 3, 10 — Zy, 10 — %1) with 5.77 < 1 < 8.

Let us see what happens if we introduce money in the exchange economy
and price the jam so that the kilo price for raspberry jam is $ 1, and the kilo
price for strawberry jam is $p. This means that player 1’s jam fortune is
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$ (8 4+ 2p) and player 2’s jam fortune is $ (2 + 5p). When they trade from
each other, each player wants to choose the amounts of jam that are most
desirable according to his preferences among all those that are affordable.
This means that they should solve the maximization problems

Maximize 72 as and Maximize min(y;,ys) as
T+ pra < 8+ 2p Y1+ py2 < 2+ 5p
1,222 0 Yy1,y2=> 0

The solutions to the two problems are

op + 2
p+1°

+4
$1_4+P71’2_pT and Yy =y =

This looks good, but is there enough jam for the exchange, or will there
be jam left over. The problem is that they exchange jams with each other,
and then the pricing must be such that the above optimal solutions can be
implemented. In other words, the price p must be set so that

op + 2
=4
1+ U +p+ b1

4 5 2
pt4 Sp+2 .

=10 d =
an T2 + Yo b1

The equations have a unique positive solution, p = 2. The corresponding
price vector (1,2) for raspberry and strawberry jam is called the competitive
equiltbrium price. Of course, the solution is not affected by a change of
currency, so (A, 2)) is also a competitive equilibrium price for each A > 0.

For p = 2, the optimal solutions are 1 =6, x5 =3, y1 = 4, yo = 4. At
equilibrium, player 1 must sell 2 kg of raspberry jam to player 2 and buy 1
kg of strawberry jam from him.

Note that the competitive equilibrium solution (6,3,4,4) belongs to the
core. This is, as we will soon show, no coincidence. O

The reasoning in Example 12.2.1 can be generalized to exchange mar-
kets with more than two agents and two goods. This leads to the following
definitions.

Definition 12.2.1 An exchange economy consists of
a finite set N;

e a postive integer m;
e for each : € N a vector a; € RT;
e for each © € N a preference relation =; on R

The interpretation of the various ingredients of the exchange economy is
as follows:
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N is a set of n agents, and m is the number of goods. An agent i’s holding
of the different goods is described by vectors z; = (@1, iz, ..., Zim) € R,
where z;; is the amount of item k.

The vector a;, the endowment of ¢, is the basket of goods initially owned
by .

x; =; y; means that the basket of goods x; is perceived by i to be at least
as good as y;.

An allocation is a distribution of the total number of goods in the ex-
change economy among the agents. We describe allocations using n-tuples

r = (x1,29,...,2,), where z; € R is agent i’s basket of goods and
n n
S-S
i=1 i=1

It is understood that the goods can be transferred freely between the
agents, but they have no way of compensating each other except by exchang-
ing goods.

A price vector is a vector p = (p1,p2,...,Pm) € R with p # 0. The
value of agent i’s basket x; = (1, T2, ..., Tiym) of goods at the price vector
p is given by the scalar product p - z; = Y - | Prik.

Definition 12.2.2 A competitive equilibrium in the exchange economy is a
pair (p*, x*) consisting of a price vector p* = (pi, p5, ..., p:,) and an allocation

*

x* = (x}, 25, ..., x}) such that
pa; <pta; and ptox; <ptoap = ) =g

for each agent ¢ € N. In other words, for each agent ¢, z} is the basket of
goods that gives him the greatest satisfaction among all baskets that he can
afford at price p* using the initial endowment a;.

The following proposition is a special case of a more general theorem due
to Arrow and Debreu about competitive equilibria in markets with consump-
tion and production.

Proposition 12.2.1 There exists a competitive equilibrium (p*,x*) in an

exchange economy that satisfies the follwing five conditions for each i € N:
(i) a; > 0, that is all agents initially have a positive quantity of all goods.
(ii) »=; is a continuous preference relation.

(iii) =; is increasing, which means that z; =; y; if x; > vy;, i.e. “more is

better”.

() Az;+ (1 — Ny =i yi if & = y; and 0 < X < 1.

(v) for each x; € R} there is a y; € R™ such that y; >=; ;.
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Remark. The competitive allocation is not necessarily unique.

Exchange economies can be perceived as coalitional games without trans-
ferable utility. To the exchange economy in Definition 12.2.1 we associate
the coalitional game (N, X, V, (=})), where

e X =R7 xR} x--- xR (nfactors);
o V(S)={r e X | ,cs®i=D cq and x; =a; forall j € N\ S};
Ld (xlax27"'7$n) E'IL (ylvaa"'vyn) = X tzyz

The second condition means that each coalition can distribute the goods
initially available to the coalition freely between its members, and the third
condition means that each player only cares about his own consumption.

Definition 12.2.3 The core of an exchange economy is the core of the as-
sociated coalitional game.

Proposition 12.2.2 [f an exchange economy has a competitive equilibrium
(p*,x*), then the equilibrium allocation x* belongs to the core of the exchange
economy.

Proof. Suppose that x* is not included in the core. Then there is a coalition
S and for each player i € S a basket of goods y; so that Y . oy = > . .qa
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*

and y; >=; 7. According to the competitive equilibrium definition, the bas-
kets of goods y; therefore do not meet the players’ budget restrictions. Hence,
p*-y; > p*-a; for all i € S. This implies that p* - >, vy > p* - >, cq i,
which violates the fact that Y . oy = >, ¢ ai. O

It follows, of course, as a corollary of Proposition 12.2.2 that an exchange
economy that has a competitive equillibrium has a nonempty core.

Exercise

12.2 Consider an exchange economy with two agents and two goods. Agent 1’s
endowment is (1,1) and agent 2’s endowment is (2,1). The preferences for a
basket (x1,x2) of goods are given by the utility functions wu;(x1,x2) = 21 + 2
and ug(x122) = w1x9. Find the core and the competitive equilibrium of the
economy.

12.3 The Nash bargaining solution

Consider a negotiation between two parties, and let X denote the set of
options negotiated by the parties. A possible outcome is that the parties do
not agree and negotiations break down. This outcome will be called D. We
assume that the parties’ preferences for the different bargaining options can
be described by two utility functions u; and us, and that there is at least one
option in X, which both prefer strictly to the disagreement outcome D.

The negotiation can be described as a coalitional game without transfer-
able utility with N = {1,2}, V({1}) = V({2}) = {D} and V(N) = XU{D}.

We are looking for reasonable and fair bargaining solutions, but in order
to arrive at such a solution we must of course specify what should be meant
by reasonable and fair.

As a first step, we begin by transforming the problem of finding an option
that both parties can agree on to the problem of choosing a suitable point in
a subset of R? by defining

S =A{ui(x),uz(x)) |z € X} and d= (ui(D),us(D)).
Both parties are indifferent between two options z and 2’ that are mapped

on the same point in S, so we can concentrate on finding a ”fair” point in S.
Our negotiation has now been transformed into a coalitional game

<{17 2}7 R27 V? (il»
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without transferable utility with coalition sets V' ({1}) = V({2}) = {d} and
V({1,2}) = S, and with the two players’ preferences given by

(x1,22) = (y1,y2) if and only if z; > y;.

The assumption that there is an agreement that both players prefer
strictly to the disagreement option DD means that there is a point x € S
with z > d. Here, x = (z1,22) > d = (dy,ds) means that z; > d; and
To > dg.

A bargaining solution is a function f that to each set S and each point
d € S with the above properties associates a unique point f(S,d) in S.

A reasonable requirement for a bargaining solution f to be fair is that
f(S,d) is a Pareto optimal point in the core of the bargaining game. The
problem is, of course, that the core generally consists of more than one point.
Coalition {i} has strong objections against bargain proposals x with z; < d;,
so the core is a subset of the set S*(d) = {x € S |z > d}.

The Nash axioms

Nash’s idea consisted in defining a solution f to the bargaining game as being
"fair and reasonable” if it has four desirable properties, which determine
f(S,d) unambiguously for compact, convex sets S.

So from now on, we assume that S is a compact, convex subset of R?,
that d is a point in S, and that S contains some point x such that = > d.
Writing f1(S,d) and f5(S,d) for the coordinates of the bargaining function
f(S,d), Nash’s four axioms are as follows:

Axiom 1 (Pareto optimality) The point f(S,d) is Pareto optimal, i.e. there
is no point x € S such that z; > f;(S,d) fori = 1,2 with strict inequality for
at least one i.

Axiom 2 (Symmmetry) If the set S is symmetric around the line 1 = x9
and dl = dg, then fl(S, d) = fQ(S, d)

Axiom 3 (Independence of irrelevant alternatives) If T is a closed, convex
subset of S, d € T and f(S,d) € T, then f(T,d) = f(S,d).

A mapping ¢: R? — R? is called a scaling if
¢(z1,12) = (1(21), P2(22)) = (ux1 + b1, Aoz + P2),

where o, g are positive real numbers and 3y, §5 are arbitrary real numbers.
Scalings map compact, convex sets onto compact, convex sets, and Nash’s
fourth axiom gives the relation between the bargaining solutions f(.5,d) and

f(¢(5), ¢(d)).
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Axiom 4 (Scaling invariance) f(¢(95), o(d)) = o(f(S,d)) for all scalings ¢.

Pareto optimality is a reasonable requirement, because if a bargaining
solution fails to be Pareto optimal, there is room for renegotiations which
lead to a better result for either party without making it worse for the other.

The set S is symmetric if

(x1,29) € S & (x9,21) € S.

For symmetric sets S and breakdown threats d, the negotiation situation is
the same if the two parties change places with each other, and it is a fairness
requirement that the outcome of the negotiations should not depend on how
the two parties are numbered.

Assume that a negotiation, with bargaining set .S and breakdown point d
in a subset T of S, leads to the outcome f(S,d) belonging to T'. This suggests
that the options in S\ T" are unattractive to the parties and irrelevant in the
context. Therefore, by restricting the bargaining set to 7', one should obtain
the same outcome of the negotiation as before, i.e. f(T',d) = f(S,d), which
is the gist of axiom 3.

Against this, one may object that the options outside 7" may have affected
the first negotiation in so far as they served as threats or hopes, and that the

Download free eBooks at bookboon.com

Click on the ad to read more

74


http://s.bookboon.com/accentureCZintl

outcome of the last negotiation may be affected by the loss of these threats
or hopes.

Axiom 4 is uncontroversial as it only means that the outcome of the ne-
gotiations should be independent of the choice of equivalent utility functions.

The Nash bargaining solution

Proposition 12.3.1 There is a unique function f that satisfies Nash’s four
azioms. The bargaining solution f(S,d) is the unique mazximum point in the
problem of mazximizing the product (x1 — dy)(x2 — dg) over all (xq,x2) in the
set S*(d) ={x € S|x>d}.

The function f in Proposition 12.3.1 is called the Nash bargaining solu-
tion.

We begin by proving that the maximization problem has a unique solution
and that it is invariant under scaling.

Lemma 12.3.2 Let M = max{(z; — dy)(x2 — dg) | z € S*(d)}.
(i) The mazimum value M is attained at a unique point & = (&1,Z2) in
S*(d).
(1) The set S is a subset of the halfplane
H= {ZE S R2 | ([i’g - dg)(l‘l - dl) + (i?l - dl)(l'g - dg) < 2M}
which is bounded by the tangent of the curve (x1 —dy)(xy —dy) = M at
the point .
(1i1) Let ¢ be an arbitrary scaling, and set S" = ¢(S) and d' = ¢(d). Then,
o(z) is the unique solution to the mazimization problem

max {(y1 — dy)(y2 — dy) | y € S (d)}.

(1‘1 — dl)(.rg — dz) =M

Figure 12.3. Illustration to Lemma 12.3.2.
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Proof. (i) and (ii) The maximization problem has a solution & > d, because
the set S*(d) is compact (and contains points > d). To prove that the solution
is unique and that S is a subset of H, we transform the general case to the
special case d = (0,0) using the translation ] = x; — dy, =5 = x9 — ds.

So we may assume that d = (0,0). Since the function z; — M/x; is
strictly convex when z; > 0, the curve xo = M/x; lies above its tangent
Tow1 + T1x9 = 2M everywhere except the point of tangency z. The convex
set {z € R% | 2120 > M}, with the exception of the point of tangencey Z, is
therefore a subset of the open halfplane U = {z € R? | Zyxy + Z179 > 2M }.
If we prove that the set S is a subset of the opposite closed halfplane
H = {x € R? | &yx1 + T129 < 2M}, i.e. assertion (ii), it therefore follows that
x129 < M for all points z in S*(0) = S NR2 except &, which proves asser-
tion (i).

Suppose that there is a point x = (x1,23) in S N U; we will prove that
this leads to a contradiction. Because £ € S, £ > 0 and S is convex, the
points

tr 4+ (1 —8)& = (toy + (1 — O)d, tag + (1 — t)d)

are in S*(0) for all sufficiently small positive numbers ¢, and consequently
(1) (tz1 + (1= 8)@1) (tza + (1 — t)2) < M

for all sufficiently small ¢ > 0, due to the definition of M as maximum value.
Since x lies in the open halfplane U, Zox1 + Z129 = 2M + ¢ for some
number € > 0. Therefore,

(tzy + (1 — )21) (twg + (1 — t)2)
= Pxmy + t(1 — ) (Z122 + Boxy) + (1 — 1)%2129
=t?zx0 +t(1 —t)(2M +¢) + (1 —t)’M
=M+et—t*(M+e—x29) > M

for all sufficiently small numbers ¢ > 0, which contradics inequality (1).
Hence, SNU = (), and S is thus a subset of the halfplane H.

(ili) Let y1 = ¢1(z1) = aqx1 + B, Y2 = ¢a(x2) = asxy + B2. Then
araz(zy — dy)(xg — do) = (qz1 + f1 — ardy — Br)(aexs + 2 — aady — [52)
= (yl - dﬁ)(yz - d/z)

Maximizing the product (x1 —d;)(xe —ds) as x varies over S*(d) is equivalent
to maximizing the product (y; — d})(ys — db) as y varies over S™(d’), and the
relationship between the two maximum points (21, Z2) and (g1, J2) is given
by g1 = ¢1(21), J2 = ¢2(22), or more briefly § = ¢(z). O
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Proof of Proposition 12.3.1. Define ¢(S,d) as the unique solution & of the
optimization problem

max{(xl — dl)($2 — dg) | T e S*(d)}

We first show that ¢(S, d) satisfies the four axioms and then show that there
is no other solution.

Pareto optimality follows from (ii) in Lemma 12.3.2, because the point x
does not belong to the closed halfplane H, and afortiori not to the set S, if
x; > &; for i = 1,2 with strict inequality for at least one .

Suppose that the set S is symmetric and that d; = dy. To prove that the
symmetry axiom is fulfilled, we have to prove that z; = 5.

The symmetry condition implies that the point (Z9,Z;) lies in S*(d), and
since S is convex,

2= (81, @0) + 5(22,31) = (5(&1 + 22), 5(21 + 32))
is also a point in S*(d). The inequality of arithmetic and geometric means
implies that

(T —di) + (T2 — dy)
2

(21 —di)(22 — d1) = ( )22 (1 —di)(22 —dy) = M

-
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with equality if and only if £; —dy = T3 —dy, i.e. if and only if ; = Z5. Since
strict inequality is impossible, due to the definition of M as the maximum
value, it follows that z; = Z».

Axiom 3 is trivially fulfilled, because if z is a solution to the problem
max {(z1—dy)(z2—ds) | x € S*(d)} and 2 is a point in T, then & is obviously
also the solution to the problem of maximizing the product over the smaller
set T*(d).

Finally, Axiom 4 is fulfilled according to Lemma 12.3.2 (iii).

Thus, the existence of a bargaining solution that meets the Nash axioms
is shown. To show the uniqueness, we first investigate what f(S,d) has to
be for certain special sets S.

If the set S is symmetric around the line x; = x4, then f(5,(0,0)) is the
point in S on the line x; = x5 that is furthest from the origin (and in the
first quadrant) because of the Pareto and symmetry axioms.

Let now T be an arbitrary compact, convex subset of the halfplane H; =
{(z1,22) | 1 + zo < 2}, and suppose that T' contains the point (1,1). Each
such set T is obviously a subset of some compact, convex, symmetric set S
that is also a subset of H; as S we may for example choose a sufficiently big
rectangle with one side along the line x; 4+ x5 = 2 and symmetric around the
line x; = x9. Since f(S,(0,0)) = (1,1), it now follows from Axiom 3 that
F(T,(0,0)) = (1,1).

Finally, suppose that S is an arbitrary compact, convex set and define &
as the maximum point of Proposition 12.3.1. Let ¢ be the scaling that maps
& onto the point (1,1) and d onto (0,0); the coefficients of the scaling are
determined by the systems

arty + B =1 Qo+ Fr =1
ardy + 51 =0 ady + B2 =0.

According to Lemma 12.3.2 (iii), (1,1) is the optimal solution to the maxi-
mization problem max {z1z5 | * € ¢(S)}, and according to (ii) in the same
lemma, S" = ¢(95) is a convex, compact subset of the halfplane

H ={zcR*|x +a2, <2}
Therefore, it follows from the above special case and scaling invariance that

o(f(5,d)) = f(¢(5), 6(d)) = f(5',(0,0)) = (1,1) = (),

and since the mapping ¢ is invertible, this implies that f(S,d) = &. The
uniqueness is proven O
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Exercise

12.3 Determine the Nash bargaining solution when
S ={(x1,22) | 0 <2y <4 — 27}

and the disagreement point d is the point
a) (0,0)  Db) (0,1).

12.4 Charlie and Lisa intend to buy shares for one million dollars. They are in-
terested in three companies, A, B and C, and the choice is between investing
the entire sum in one company or distributing it between the companies ap-
propriately. However, Charlie and Lisa have different expectations regarding
the future earnings trend in the various companies, and the benefit they see
of investing the entire amount in a single company is shown in the following
table, where the utility is stated on an individual utility scale.

‘ Charlie’s utility | Lisa’s utility ‘

Company A 1 4
Company B 2 4
Company C 4 2

It is now up to Charlie and Lisa to agree on which combination to choose,
when both want the greatest utility. If they do not agree, the entire amount is
deposited into a bank account, giving each one utility 1. Determine the Nash
bargaining solution.
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Appendix 1

Convexity

Convexity plays an important role in game theory, and for those who are not
so familiar with this area, we describe some important concepts and results
here.

A linear combination x = 7" | A\;x; of vectors x1, xa, ..., Ty, is & conver
combination of the vectors if 3.7} Aj =1 och A; > 0 for alla j.

The line segment between to (distinct) points z; and x9 in R™ is the set
of all convex combinations of x; and zs.

A subset X of R"™ is convex if it contains the line segment between any
two of its points, i.e. if

21,22 € X, 0<A<1 = A+ (1= N)xp € X.

A convex set also contains any convex combination of any number of its
points, which is easily proved by induction on the number of points
The set of solutions to a system of finitely many inequalities, i.e. a system
of the type
a11ry + @192 + -+ - + A1pnTy > b1
A91X1 + A29T2 + + + - + Aop Ty Z b2

11 + Am2X2 + -+ AmnTn Z bm7

is a convex set, called a polyhedron.

G

Figure 1. A convex set, a non-convex set and a polyhedron in R?.

Many results in game theory and in mathematical economics regarding
utility functions assume that they are concave, or more generally quasicon-
cave.
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A function f: X — R is concave if its domain X is convex and

Geometrically, the above condition means that all points on the chord be-
tween any two points on the function graph are below the graph.
The function f is strictly concave if condition (1) holds with > replaced
with strict inequality > for all distinct points x; and x5 in X.
It is easily seen that a function f: X — R is concave if and only if the
set
{(z,1) e X xR [t < f(x)}

of all points below the graph of the function is a convex set.

The set {z € X | f(x) > a} is a convex set if f: X — R is a concave
function and a is an arbitrary real number. But the set may be convex for any
a without f having to be concave. This observation motivates the following
definition:

A function f: X — R with a convex domain X is called quasiconcave if
the sets {x € X | f(x) > a} are convex for all constants a.

It is easy to verify that a function f is quasiconcave if and only if

(2) fAzy + (1 = Nag) > min(f(xy), f(z2))

for all points x1, x5 € X and all real numbers A such that 0 < A < 1.

The function f is called strictly quasiconcave if (2) holds with strict in-
equality except in the case x1 = xs.

Figure 2 shows the graph of a concave function and the graph of a non-
concave but quasiconcave function.

The set of all maximum points of a quasiconcave function f: X — R that
assumes a maximum value m, is a convex set, because the set of maximum
points is equal to the set {x € X | f(z) > m}. The maximum point is unique
if f is strictly quasiconcave.

Figure 2. To the left a strictly concave function and to the left a quasiconcave
(non-concave) function

Download free eBooks at bookboon.com



An example of a (non-concave) strictly quasiconcave function of two vari-
ables is given by the function g(z,y) = xy with the open first quadrant as
domain of definition. If X is a compact convex subset of the first quadrant
and X contains a point with positive coordinates, then the restriction of g to
X attains a maximum value in a unique point. In Section 10.3, we used this
fact in the proof of the Nash bargaining solution, but quasiconcavity was not
explicitly utilized there.
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Appendix 2

Kakutani’s fixed point theorem

The proof in Section 2.3 of Nash’s theorem on the existence of equilibrium
solutions was based on Kakutani’s fixed point theorem for set-valued maps.
Here we derive Kakutani’s thereom from another classic fixed point theorem,
Brouwer’s fixed point theorem. We start by formulating the two fixed-point
theorems.

Theorem 1 (Brouwer's fixed point theorem) FEuvery continuous function f
from a convex compact subset X of R™ to X itself has a fized point, i.e. there
is a point T € X such that f(z) = T.

Theorem 2 (Kakutani's fixed point theorem) Let X be a nonempty, compact
and convex subset of R™, and let ¢p: X — P(X) be a set-valued function on
X with a closed graph and the property that ¢(x) is nonempty and convez for
all z € X. Then there is a point T € X such that T € ¢(T).

The proof of Brouwer’s fixed point theorem is too complicated and long
to be given here. We must content ourselves with the observation that it
is enough to prove the theorem in the case when X is the unit ball in R",
because each compact convex subset of R™ is homeomorphic to the unit ball
in R™ for some value of m.

We will deduce Kakutani’s theorem from Brouwer’s theorem using a tech-
nique called partition of unity. We start by writing R™ as a union of small
open hypercubes in the following way. Fix a positive integer p and put

U={(x1,29,...,2,) € R" | max|z;| < 1/p},

i.e. U is the open hypercube centered at the origin with side length 2/p.
Consider the family F of all hypercubes obtained by translating U so that
the centers of the new hypercubes are located in points whose coordinates
are integer multiples of 1/p. The union of all these hypercubes covers R",
and each point in R” lies in at most 2" such hypercubes. (Points on the
boundary of a hypercube are covered by fewer hypercubes.)

Of course, only finitely many of the hypercubes in the family F intersect
the given compact convex set X. Let us assume that there are N intersecting
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Figure 1. The figure shows a small part of the covering of R? with open squares.
The shaded square represents the original square U with center at the origin and
side length 2/p. In the figure there are another 12 squares of the same size obtained
through translation of U and whose centers have coordinates (m/p,n/p), where m
and n are integers. The point marked x is covered by exactly 4 such squares.

hypercubes; call these hypercubes Uy, U, ..., Uy, and set ) = U;VZI U;. We
then have the inclusion X C .

Now choose for each j a continuous function g;: R" — R with the prop-
erty that g;(z) > 0 for all x € U, and g;(x) = 0 for all x ¢ U;. The functions
g; can be formed as translates of a single continuous function g which is
positive in the original hypercube U and zero outside the hypercube, for
example

g(x) _ H?:l(l _p"%j’) lf.’E eU,
0 ifx ¢ U,

by defining g;(x) = g(z — a;), where a; is the center of the hypercube Uj.

The sum s(z) = Ejvzl gj(x) is positive for all x € Q, so we get well-defined
functions f;: Q@ — R by setting f;(z) = g;(x)/s(z) for all z € Q.

The functions f;: 2 — R are continuous, f;(z) > 0 for z € U;, f;(x) =0
for x ¢ U;, and Zjvzl fi(xz) =1 for all x € Q. In other words, we have split 1
into a finite sum of non-negative continuous functions, where each function
is zero outside an open hypercube (which is small if the number p is large).
This is the so called partition of unity.

Now choose, for each j =1, 2, ..., N, a point b; € X NU; and then a
point y; € ¢(b;), and define a function F': X — R" by

The function F' is continuous on X since the functions f; are continuous.
Moreover, F(x) is for each x € X a convex combination of the points
Y1,Y2,---,Yn, and since these points all lie in the convex set X, it follows
that F(x) is also a point in X. The function F thus fulfills the conditions
of Brouwer’s fixed point theorem and therefore has a fixed point z, which
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means that
N
=) fi(@)y;
j=1

Since f;(%) = 0 for all indices j except at most 2", due to the fact that &
lies in at most 2" hypercubes, we can, by renumbering the hypercubes and
then setting A\; = f;(Z), express the fixed point & as a convex combination

Ajljs

2>
Il

I
—

J

of M points y;, where M < 2" y; € ¢(b;), b; lies in X, and Z and b; lie in
a common hypercube U; for j =1, 2, ..., M. The latter claim means that
the distance ||b; — Z|| between b; and 2 for each index j =1, 2, ..., M is less
than an absolute constant C' times half the side length 1/p. We may further
assume that M = 2", because if M < 2" we just put A\; = 0 and choose
bj =by and y; = y; for M < j <2™.

The number p has been fixed in the above construction, but we can of
course carry out the construction for each positive integer p. The fixed points
and the obtained coefficients \; and points b; and y; will depend on p, and if
we express this dependence explicitely, we get fixed points &, 1 X, coefficients
and other points that meet the relationships

M
(1) Tp = Z AjpYjp
j=1

M
(2) Nip =0 and D A, =1
j=1
(3) Yip € O(bjp), bjp € X and |[[bj, — [ < C/p.

Since the set X is compact, there is due to the Bolzano—Weierstrass theo-
rem a subsequence (p, )22, of the positive integers such that lim, ., p, = 00
and the following limits exist:

Z=lim Z A= lim \; and ¢; = lim vy, .
vso0 V) J vosoo  IPY Yi V—>ooy]’pu

The limits z and g; lie in X, of course, and by passing to the limit in (2) we
conclude that \; > 0 and Z]Ai1 Aj = 1. The inequality in (3) implies that

lim b;, = lim z, =2
oo TPV voseo  PY
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for every j. Since y;,, € ¢(b;,,) and the map ¢ has a closed graph, we can
conclude that g; € ¢(z) for every j.

It now only remains to consider the equality (1) for p = p, and to pass
to the limit when v — oo; this results in the equality

M —
T = Z )‘jgju
7j=1

which expresses Z as a convex combination of the points ¢;, all of which
belong to the convex set ¢(z). Hence, T € ¢(Z), and this concludes the proof
of Kakutani’s fixed point theorem. O

Remark. We have deduced Kakutani’s fixed point theorem from Brouwer’s
theorem. Conversely, Brouwer’s fixed point theorem is a special case of
Kakutani’s theorem, because we get Brouwer’s theorem by choosing ¢(x) =

{f(2)}.
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Brief historical notes

The first documented examples of game theory issues can be found in Baby-
lonian Talmud from the centuries AD. The scriptures address the problem of
allocating a fortune when there are several people claiming it and the sum
of the claims exceeds the wealth. R. Aumann and M. Maschler [1985] have
shown that the ingenious solutions suggested in Talmud can be explained by
modern game theory concepts.

Several game theoretic concepts occur in embryonic form in some 19th-
century economists work on economic equilibrium. Augustin Cournot [183§]
treated competition between producers and used in the case of a duopoly
a solution concept that is a special case of the Nash equilibrium. Francis
Edgeworth [1881] published a work where he, among other things, studied
trade and proposed the so-called contract curve as a solution to the problem
of determining the outcome of trade. The core is a late generalization of
Edgeworth’s contract curve.

The first real theorem in game theory was published by Ernst Zermelo
[1913] who observed that in chess either White has a strategy that wins
against each defense, or Black has a strategy that wins against each defense,
or both players can ensure at least a draw.

The concepts of strategic game and mixed strategies were introduced by
Emile Borel [1921], who during the years 1921-27 published four short notes
on strategic games. Borel proved a special case of the maxminimizing theo-
rem for two-person zero-sum games, but he left the question of the validity
of the result in the general case open.

John von Neumann [1928] proved the maxminimizing theorem for general
two-person zero-sum games in his paper Zur Theorie der Gesellschaftsspiele.
The proof uses topological methods. In the article, von Neumann also intro-
duced the extensive form of a game.

In 1944 John von Neumann and Oskar Morgenstern published the book
Theory of Games and Economic Behavior, which was instrumental in the
continued development of game theory. The book presents, among other
things, the theory of two-person zero-sum games, introduces the concept of
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cooperative games with transferable utility, defines the coalitional form and
studies so-called von Neumann—Morgenstern-stable sets in coalition games.
In addition, an axiomatic presentation of utility theory is given. Our pre-
sentation of the proof of von Neumann—-Morgenstern’s theorem (Proposition
1.5.2) is based on an article by I. N. Herstein and John Milnor [1953].

Game theory has much in common with linear programming which was
developed in the years following World War II, and several well-known names
in optimization theory have also made contributions to game theory. The
book Contributions to the Theory of Games I with Harold Kuhn and Albert
Tucker as editors was published in 1950.

John Nash published three groundbreaking essays on game theory in the
years 1950-1951. The existence of a strategic equilibrium solution, now called
the Nash equilibrium, is shown for strategic n-person games in Nash [1950a]
and Nash [1951], and the bargaining problem is studied in Nash [1950b].

The extensive form of games had already been introduced by von Neu-
mann, but the formulation using information sets that is now used, was
introduced in a paper by Harold Kuhn [1953]. Kuhn’s paper also contains
the basic theorems for such games.

The core concept was developed by Lloyd Shapley in 1952 and by Donald
Gillies in the latter’s doctoral thesis Some Theorems on N-Person Games
from Princeton University, later published in Gillies [1959].

Shapley introduced the value function for coalitional games that now
bears his name in a paper in 1953, and the Shapley value was then used as
a measure of the strength of different groups in voting contexts by him an
Martin Shubik in 1954.

The fact that coalitional games have a non-empty core if and only if they
are balanced was first shown by Olga Bondareva in 1963 with methods from
linear programming and then independently of her by Shapley [1967].

The nucleus was introduced and studied by David Schmeidler [1969].

There are many textbooks in game theory. An introduction to Game
Theory by M. Osborne [2004] is a relatively elementary textbook with many
nice examples. A course in Game Theory by M. Osborne and A. Rubinstein
[1994] is a textbook at graduate level.
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Answers and hints for the
exercises

Chapter 10
10.1 No, v({1}) = v({2}) = v({3}) = v({1,2}) = v({1,3}) = v({2,3}) = 1,

v({1,2,3}) = 3 is a counterexample.
10.2 T ZO, i) 22, l'1+$2§37 ZE3:5—J}1—ZL‘2.
10.3 I ZO, i) ZO, ZL‘1—|—I‘2 §3, 1‘3:3—1'1—1L'2.
104 2120, 2920, 21 +22 <1, 23=1— 21 — 9.
10.6 v({1}) = v({2}) = 2,v({3}) = 1, v({1,2}) = 6, v({1,3}) = v({2,3}) =
5, v({1,2,3}) =09.
10.7 1§l‘1 S2,4—I1 SJ]QSS, $3:4—I1—ZE2.
10.8 The core is defined by the inequalities 0 < 21 <1—a,0 <29 <1 —a,
a<x1+m1e <1, 23=1—21—20. (%, %, %) belongs to the core if a < %
10.11 a)The core is empty (if n > 3).
b){r e R} |z1 + 20+ -+, =1}
c) With player 1 as dictator the core is equal to {(1,0,...,0)}.
10.12 The following three assertions are equivalent for simple games:
(i) Player 1 is a veto player.
(ii) (1,0,...,0) belongs to the core
(iii) The core contains an element = with z; > 0.
The core consists of all z € R’} such that xy + x5 +---+x, = 1 and
x; = 0 for all non-veto players .
10.13 a) a < 2 b)a<2 b<3.
c) flk)<kfork=1,2,...,n—1.
10.14 a) {(t,t,1—t,1—¢) | 0<t< 1} if P ={1,2} and Q = {3,4}.
b) {(1,1,0,0,0)} if P = {1,2} and Q = {3,4,5}.
c¢) Suppose P ={1,2,...,m}. If |P| = |Q|, the core is equal to the set
{(t,t,...; 6,1 —t,1—t,...,1—1t)| 0 <t <1}, where the m players
belonging to P get t units each. If |P| < |Q| the core consists of just
one element (1,1,...,1,0,0,...,0) which assigns 1 unit to each player
in P.
10.15 Consider the collection of weights obtained by defining Ay; 2y = Af1 3y =
A4y = %, A234) = % and A\g = 0 for the remaining coalitions S.
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10.16 Note that S;, = T U S; 1 and T\ {ix} = T'N S;,—1. By convexity,
v(S;,) +v(T\ {ir}) > v(T) + v(S;,-1), and the required inequality

xi, = 0(S;,) —v(Si—1) > v(T) —v(T \ {ix}) now follows.
10.17 (2,0,%)
101 (20
10.19 (é,%, 5)
1020 f(a+3,2a—2,a—1)if5<a <9, and 3(a,a+3,a—3) ifa > 9.
1021 (%4, 4.5,....3)
Chapter 11
11.1 o= (2,4, 9)
11.2 gbk = Z" k% (Use induction to show that cpy = ¢y = cpuos =
= c{12,,.n} = 1 and that cg = 0 for all other coalitions S.)
13 o= (35 ]
114 N = {1,2,3}, v({1}) = v({2}) = v({3}) = v({2,3}) = 0, v({1,2}) =
a, v({1, 3}) =v({1,2,3}) =0.
¢ = ¢(a+ 3b,a,3b — 2a).
The Shapley solution does not belong to the core (if a > 0).
11.5 ¢ =(9.8,1.3,1.3,1.3,1.3)
11.6 a)gb:(%,%,%,...,Q) b) ¢ = (2,2 2, h)
11.9 gb:(,%g,%,i) ; )
11.10 ¢ = (”T,n(n T nns 1) s e 1))

11.11 The power index is —= ( ) (84) '~ 0.00186 for non-permanent mem-
21

bers, and 115 1104 (10) . (k+4) ~ 0.19627 for permanent members of
the security council.

Chapter 12

12.1 a) The core coincides with the set of Pareto optimal actions and is
equal to {z € R% | 2] + 23 = 1}.
b) The core is the set {(t,1) | 0 <¢ < 1} U{(1,¢) | 0 <t < 1}, and
(1,1) is the unique Pareto optimal action.
c¢) The core coincides with the set of Pareto optimal actions and is equal
to the set {(t,1—1%) |0 <t <1}

12.2 The core consists of the baskets (t,t—1) and (3 —1t,3—t) for the agents
1 and 2, where 3 <t <3 —+/2. The equilibrium price is (1,1) and the

agents equ1hbr1um baskets are equal to (2, 2) and (2, 2) respectively.

12.4 $0.5 million in company B and $ 0.5 million in company C.
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additivity property, 47 Nash bargaining solution, 75
allocation, 70 nucleolus, 31
null player, 4

balanced coalitional game, 19
property, 47

bargaining solution, 73

coalition, 1 objection, 63

coalitional game, 1, 62 Pareto optimal, 63
with transferable utility, 1 price vector, 70
without transferable utility, 62

cohesive game, 2

collectively rational, 5

competitive equilibrium, 70

quasiconcave functon, 81

rational
collectively —, 5
individually —, 5

price, 69 i
convex. 80 reordering, 31
coalitional game, 4 scaling, 73
core, 13, 63 Shapley
of an exchange economy, 71 solution, 49

value, 49
Shapley—Shubiks power index, 58
simple game, 9
solution, 43

bargaining —, 73

descending reordering, 31

Edgeworth box, 66
excess, 28
exchange economy, 69

game function, 43
cohesive —, 2 strong objection, 63
convex —, 4 sum of coalitional games, 44
simple —, 9 superadditive, 2
superadditive —, 2 symmetry property, 47

glove market, 18 transferable utility, 1

imputation, 5
individually rational, 5
interchangeable players, 4

value, 1
voting game, 58

‘ _ weighed
lexicographic order, 31 majority game, 59
marginal contribution, 3 voting game, 58
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