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ITIPEJANCJIOBUAE PEOJAKTOPA

B 1973 rogy na dakysibrere IpUKIagHO# MareMaTHKH MocKoBCKOro
roCyAapCTBEHHOTO aBUAIMOHHOIO MHCTHUTYTa (TeXHHYECKOI0 yHHBEPCHTE-
ta) akagemukoM B.C. ITyrauesniM Gbl1a co3nana Kadeapa TeopUH BeposiT-
HOCTell ¥ MAaTEeMAaTHYECKO# CTATHCTHKH. 3a Ipoleinee BpeMst Ha Kadrenpe
1o Hay4uHo-MeToguueckuM pykoBojcTBoM B.C. ITyrayesa 6buiu co3nanbl
1 MPOYHMTAHLI OPUI'HHAJIbHLIE y4eOHble KYpChl MO TAaKHM JUCLMILIMHAM,
kakK «Teopust BepOATHOCTEH ¥ MaTeMaTHYECKas CTATHCTUKA», «Cuydaii-
Hble Ipolecchl», «Maremarnyeckuii aHauus» u gp. Ha cyn durarens
BBIHOCHTCSI cepHus y4eOHBIX mocOOM MO TPeM Ha3BaHHBIM JUCHUILIAHAM,
KOTOPBIE OTPAXKAIOT HAKOIJIEHHBIH ONBIT IIPEIOAABAHUST YTUX AHCIIMILINH
CTYJeHTaM TeXHU4eckKoro yHmBepcuTera MAW, cnenuanusupymomumcs
B OBJIACTH IPHKIAIHON MAaTEMATHKH, PAIUONIEKTPOHUKH, MAIIMHOCTPOE-
HHSA 1 cUCTeM yupasieHus. OTIUYHTeIbHON 4ePTOH JaHHBIX nocobuil sB-
JISIeTCST MAKCHUMAJILHO JIAKOHMYHOE U3JIOKEHHE MaTepHasa lpH JOCTaTOq-
HO IIOJIHOM OTHMCAHHHM COBPEMEHHOTO COCTOSTHUSI H3y4aeMBIX IPEIMETOB.
Kpome Toro, 3HauuTeNbHYI0 4acTh MOCObUI 3aHMMAIOT MHOTOYMCIICHHEIE
IPHMEPLI ¥ 33341 ¢ PEHIEHUAMM, YTO MO3BOJISET KCIONB30BATEL ITH IO~
cobMs He TOJILKO JJI YTEHHst JIEKIIMOHHLIX KyPCOB, HO H IJid IpOBeIeHus
IPaKTUYECKUX U J1abopaTOpHbIX 3ausaTuil. CTPYKTYpa U3JI0XKeHHsT KyDPCOB
TaKOBa, 4TO 3TH NOCOOUS MOLYT OJHOBDEMEHHO UIPATh POJL ydYeOHUKA,
33JaYHUKa U cipaBouHuKa. [IoaTomy mocobust MOTYT OBITH MOJE3HBI KaK
IPENOJABATENSIM H CTY/IEHTAM, TaK U HHXKEHEePaM.

Mpo., 0.p.-m.1. A.H. Kubsyn



INPEJMACJIOBHIE

Buumanuio uurareneii npegmaraercs y4ebruoe nmocobue no kypey «Teo-
DHsI BEPOSITHOCTeH B MaTeMaTHdeckas cratucTuka» (TB u MC), xoropsiit
YMTAJICS B T€UEHHE MHOTHX JIeT Ha Pa3yIniHbiX (pakyiabretax MocKoBCKOro
rocyJapcTBeHHOro asmaumorHoro nHcturyTa (MAU) ¢ menonszoBaHneM
y4ueDHBIX MPOrpaMM, COOTBETCTBYIOUINX DONBUIMHCTBY CTaHJAPTOB JJIS
TeXHUYECKHX U SKOHOMHYECKUX cllenuanbHocTelt. XapakTepHoii ocobeHHO-
CTBIO JAHHOTO IT0COOUSI SABISETCS €r0 MHOTOlLeIeBoe HazHadenue. [Ipu ero
HaIUCAHUU ObLIA CIIEJIaHa MONBITKA BBIIOJHUTE CJIEIYyIONne TpeboBaHusI:

1) TaKOHUYHOCTE U3NOKEHWsI, CBONCTBEHHYIO KOHCIIEKTY JEeKIUi;

2) JeTanbHOE OKA3ATENLCTBO BCEX yTBEPIKIECHWI, XapaxTepHOe JJIs
V4eOHUKOB;

3) Hasn4Me THUIOBBIX 33Ja9 C PEUICHUAMY, a TaKXKe 3aJad JUls
CAMOCTOSITEILHOIO PEIIeHHs, YTO OTJIMIAET 33Ja HUKHY,;

4) CHCTEMATH3MPOBAHHBIN 1 aBTOHOMHO 3aMKHYTHIfl MaTepuall, MpH-
CyIIMii CIIPABOYHUKAM;

5) nanuune (HOPMAIU30BAHHBIX CCHUIOK HAa YCTAHOBJICHHBIC paHee
CBOMCTBA M BBEJCHHBbIE TOHATHUS, YTO XAPAKTEPHO JUIS KOMIbIOTEPHBIX
y4eOHUKOB.

Hackonbko 3Ta HOIBITKA yJadach aBTOPaM — CYJUTh YHTATEINIO.

Heckonbko cinoB bomee noppobHo 06 3THX OTJIMUUATENBHBIX YEpPTaX.
Becw kypc paspesien na 18 tem (naparpadoB), KOTOpPbIE COOTBETCTBY-
0T UpHMepHO 18 sekuusM M 18 NPaKTHYECKUM 3aHATHSIM IIPOJOJIZKH-
TEJLHOCTHIO M0 [JIBa aKAJEMHYECKHX 4aca. IDTO COOTBETCTBYET oObeMy
crangapraoro kypca TB u MC ansg TexHHYCCKHX ¥ IKOHOMUYECKHX
crrenuagbrocTeil. Kpome Toro, KHUTa COEP>KUT JIONIOHATENbHBIN Pa3iel,
MOCBSIUICHHBIH TPHIOKEHUAM MATEMATHIECKOH CTATUCTUKH, KOTOPBIE siB-
JSIOTCH aKTYAJIbHBIME IIDU PELIEHHH [IPAKTUYECKHUX 33/a4. Bech MaTepu-
all YAAJIOCh Pa3sMeCTUTh Ha 14 nevyarHbix JucrTax (I.J.). 3ameruM, 4TO
obbeM u3BeCTHBIX y4ueOHUKOB U 3a0a4HUKOB no TB u MC mocturaer 20
m.Ji. 1 6onee. Tak Kak 3T y4eOHUKU COMIEPXKAT MHMDOPMALUIO, BLIXOAA-
LIy 3a PAMKH CTAHAAPTHOH y4eOHOH mporpaMmbl, TO CTYIEHTaM, Kak
MpPaBUWJIO, TPYAHO CAMOCTOSITEJIBHO HAWTH HHTEPECYIOIHil HX MaTepual
win pa3obparscs B HeM. Ilo MHEHUIO aBTOPOB, B JIAKOHHYHO U3JIOXKEH-
HOM IOCODHH, UMEIONIEM YeTKYIO MePAPXHIECKYIO CTPYKTYDY, CTyAEHTaM
3HAYHUTEJLHO TIPOLIE OPHUEHTHPOBATHCE. KpoMe Toro, eciid Kypc YUTAETCS
0 JAHHOMY MOCODUIO, TO CTYHAEHTAM He TpeOyeTCsi 3aIUChIBATh «XKUBBIE»
JIEKIMM, U Ha JIEKIUSIX OCTAETCS JIULIb [POSICHATH HEIOHSIThIE BOIIPOCHI.
Bonsmuucrso yyebuukos o TB u MC ornuyaercs: 0T npeajiaraeéMoro eme
U TEM, YTO HAYMHAIOIIEMY IIPEMOJABATENIO, JaXKe C XOPOLIeH MaTeMaTH-
4eCKOR MOATOTOBKON, OYEHb CJIOXKHO IIPOYUTATH MO0 HUM PEaJIbHBIH Kypc
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JleKupii. DTO CBA3AHO € TeM, YTO B y4eOHUKaX HeT ApobieHus] MaTepuasa
Ha nocjenoBaTebHble JeKIMH M CEMHHAaPCKHE 3aHATHA, M IIOITOMY NIPH
OrpaHHYEHHOM HX YHUCJIE TIPENOJaBaTenio ObIBaeT TPYAHO PENIMTHL, KaKue
pasgenst TB u MC creayer npouuTath, a KaKue HET, He HAPYUIAsi NPU
ITOM CTPOHHOCTH UBJIOKEHUS.

Jlannast KHUra COJEPXKHUT HECKOJNBKO Oosibine MaTepuasa, dyem Heob-
xoguMo Juist mpoureHus 18 jekuuit u mposemeHus 18 IpaKTHYECKUX
3auaTHil. B 4acTHOCTH, BCe yTBepXK/EHHUsI AKKYPATHO LOKA3BLIBAIOTCS, HO
B PEAJIbHBIX JEKIHUSIX HEKOTOPHIE M3 3THX JIOKA3aTEJIbCTB MOTYT ObITh
OIyIEeHBl IO YCMOTPEHMIO JIEKTOPa. B kowie Kaxoro maparpada (Temsr)
MMEIOTCS THIIOBLIE 3alaY¥ € DPEHIEHHSIMH, KOTODBIE MOTYT HOCIYXUTh
OCHOBO#M JIUISl IPOBEICHHUSI NPAKTAYECKUX 3ausiTuil. B konie Kkaxxoit rians
MPUBOJATCH 3aJa9H, IPEIHASHAYEHHBIE JJIA CAaMOCTOATEBHOT'O PELIEHNS,
a TakKKe 3a/aMH NOBLUIEHHON CIOKHOCTH (OTMEYEHHbBIE 3BE3NOUKOI).
OTBeTHl K 33a4aM JJIsT CAMOCTOSITEILHOTO PEMIEHH JJaHbl B KOHIIE KHUIH.
JleTabHOCTDb AOKA3ATENLCTB H HAJIHYHE TOTNOIHUTENHHBIX 32,129 O3B0~
0T CTYAEHTY CAMOCTOATENBHO H3YUNTh MaTepHaJT, He PACCMATPUBABIIMI-
Cs1 Ha JIEKIUSX WM CEMUHADaX.

B 06b1HOM yueBHMKE DU OKA3ATEIHCTBE TEOPEM YACTO OTCY TCTBYIOT
CCBUIKM Ha IOHSITHSI MJIH CBOMCTBA, BBEJEHHBIE WM YCTAHOBJICHHLIE B
MpeIBbIAYIINX Pa3ienax u riasax. I1pu sToM npejnonaraercs, 9T0 CTYIEHT
YCBOMJI BeCh IPeABIAYIIMNA MaTepHajl U BCe MOMHHT. K coXaneHuio,
3TO NPEANIONIOMNKEHMEe Ha [pPaKTHKe He Bcerga sbinognsercs. M rorma
CTYAEHTY, BCTPETHBIIEMY CCBLIKY Ha MaTePHaj, KOTOPLIi OH HE IOMHUT,
OCTAETCs EPEYHTATE BECh y4eOHUK 3aHOBO INO0 OTIIOKHUTH ETO B CTOPOHY.
B npejsaraeMoMm mocoBuUM BBIBOZ, KaskIO# (POPMYJIBI CONPOBOKIACTCS
He abCTPaKTHBIMM  <«OTCBUIKAMHU» K NPEAbLAYIMM pasjenam, a
YETKUMM CCBIIKAMH Ha W3YYCHHBIE CBOMCTBA M BBC/EHHBIE [IOHSTHUSL.
B mnocobum 1pucyrcrByeT CpaBHUTENBHO HEMHOIO CHUMBOJMYECKUX
OOBbEKTHO-OPHEHTUPOBAHHBIX COKpAIUEHUIl, TEeM He MeHee C HHMH
Jlyquie TIO3HAKOMUTBHCH 3apaHee, JO Hadajia drendst nocobusi. s
y206CTBa YHTATES] BCE COKPANIEHUS, CHMBOINYECKHE 3AIIUCH U OCHOBHbIE
obo3Hadenust cobpanbl BMECTE B OTHEALHBIH CIIHCOK.

Caenyer orMeTuTb, 4TO OonpmmuHcTBO yuebuwmkos mo TB un MC,
onyOIMKOBAaHHBIX B Hamme#l cTpaHe, qubo Booblie mHe colepKaT mnpu-
KJIaJHBIX [IPUMePOB, mubo 3TH UPUMEDPH! UMelT oAHo00KYyw (Haupumep,
BOeHHY10) oKpacky. Ho, oueBuano, 4To st 3¢hpeKTUBHOIO UCIOIb30Ba-
HUS Ha NPaKTHKe TOJIYUYEHHBIX TEOPETUYECKUX 3HAHUI CTYIEHT [OJIKEH
YMETh CaMOCTOSITEILHO CTPOUTh MATEMATHYECKHE MOIENH AJIsT KOHKDeT-
HbIX NPHUKJIANHBIX 334a4. 1o oToit mpyuynHe B JaHHOE 1ToCODNE BCTABJIEHLI
pa3HooOpasHble HPUMEDPHl TEXHUYECKOr0 M IKOHOMHMYECKOTO XapaKrepa,
TIO3BOJISTIOLIHE CTYNEHTY DIyOrke MOHATL HU3NIECKUN U IKOHOMHUUYECKHUH
CMBIC M3yYaeMOT0 HM Kypca.

Ilocobue uMeeT 4ETKYIO HMepapXHUeCKYI0 CTPYKTYDPY, POILHSILYIO €ro
€O clipaBo4YHMKaMH. B wacTHOCTH, HMeeTcs noapobHbI IpeaMETHBIH yKa-
3atesb. Bea nHQOpPManus, COHEplKalasics B KHHUre, IOJApa3/ieieHa Ha
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6JI0K1, Ha3blBAEMble 3aMeYaHUAMH, OPHMEPAMH, TEODEMAMH HJIH CBOi-
crBamu. OTMETHM, YTO «BOJBLHBLIR» TEKCT, OTPAXKAIOUIHIX MHEHUE ABTOPOB,
BCTPEYAIOTCH TONLKO B 3aMeyaHusAX. TakuMm oOpa3oM, Kaxapii naparpad
(Tema) cocTOMT M3 MyHKTOB (pas/elioB), Ha3BaHHsl KOTOPBIX BBLINECEHBI
B OIJIaBJIEHHE, & KaXKIbllil pa3fies COCTOMT M3 3THX OiokoB. B xaskmom
naparpade HyMmepauus 6J0KOB sBjsgeTca aBToHoMHO#. Ilosromy merko
OPraHU3YIOTCHA CCHUIKH U3 HOCICAYIONMX [YHKTOB Ha [PEIbILy IIHE.

Ha ocHoBanuu nannoro nocobust paspaboTal KOMILIOTEPHBIR y4eOHHK,
KOTOPBIH MO3BOJIsIET MCHOBEHHO HAXOJKTh OTMEYEHHbIE BbIUIE CCHUIKH H
NOJIy4YaTh MHOIOMMCIEHHbIE KOMMEHTapHM M IosicHeHus. KoMmmeHTapuu
MOKHO TIOJYYHTb KaK M3 OIJaBJC€HUS W TIPEJMETHOTO YKA3aTess, TaK M
U3 CaMOTO TeKCTa. Bojee JIETAJIbHO C BO3MOXKHOCTSIME KOMUBIOTEPHOIO
yuebHMKa MOXKHO o3HakoMuThca B [13].

ITpu Hanucanny KHUTH aBTOPH OPHEHTHPOBAJIUCH HA U3BECTHBIE yueh-
wuky o TB u MC. B yactHOCTH, MHOI'ME TeXHUYeCKHe [IPUMEPH B3SAThI
u3 [23], sxoHoMuueckue mpumepsl u3 [31], a mapazoxcaibHbIE NPHMEPSHI
u3 |26]. Jlakonu4nOCTH H3NOkKEHNA B kHUrax (27, [20] conyxnaa obpasuom
Jaist apropoB. Bojnnias 4acTh COpPaBOYHOIO MaTEPHAJA 3aMMCTROBAHA
u3 [18]. Crpykrypa mocobus Bo MHOroM nosTOpsteT ydcbuuku [23], [12].
Crepyer OTMETHTDB, YTO HACTOsIINEE MOCObUe ABJIAETCS 1€ TIEPBOIT MONBIT-
koit uzsoxkuth kypc TB u MC B TakoM Buzpe. Aprops! B cBoeii pabore
B 3HAYUTEJBLHOU Mepe ONMPAJUCh Ha NMPEAIIECTBYIONME BEPCHH NocobHi
no npegyaraemoMy kypey [15], [8]. Ho mannoe mocobue Gnuto manmcano
MPaKTUYECKH 3AHOBO, B HETO OLUIM BKJIIOYEHB! JOTOJHATENLHLIE IPHMEDHI
H YCHJIEHa CTPOrOCTh H3JIOXKEHHA MaTePHAJA.

Apropul 6narogapar B.A. Edpemosa 3a 1oMomp B HOAIOTORKE
PYKOIIUCH.



CIIICOK OCHOBHBIX COKPAIITEHUN
M OBO3SHAYEHUMN

1. MareMaTu4yecKnue CUMBOJILI.

A\B — pa3noctb cobmituit A u B
A+ B — cymma cobuitnit A u B
AB — npoussegenne cobmitnit A n B

exp(z) L0

col(zy,... ,Zn) — BEKTOP—CTOIGEL C KOMIIOHEHTAMH Z1,... ,Tn
W € A — a/leMeHT w NPUHAMJIEXKAT MHOXKECTBY A

¢ A — 97eMeHT w He IIPHHAIJIEXKUT MHOXKECTBY A

C B — cobriTue A Bieder nosienue cobuitus B

=1,n — MHOXecTBO HAaTyPaNbHBIX wucen oT 1 g0 n

> & i &

— PABEHCTBO 10 OUPEEHEHIID
= — TOXJECTBO

3

3" @r — cymma BenuuuH Tk, k= 1,n
k=1

" —_—
ST A — cymma cobbituit Ag, k=1,n
=1

kol

n
]I zx — npoussenenue sennuun zx, k=1,n
et

2

n

H Ai — npousseaenue cobbiThii Ap, k= T.n
k=1

[X] — maremarnyeckoe oxupaune CB X
D[X] — mucnepcus CB X

P(A) — BeposaTHOCTS cobbITHs A

g

R! — peiicTBUTENLHAS OCh

det K — onpenenmurens marpuns K
AT — rpaHcnoHMpoBaHHAS MATPHIA
I — epunu4Has MaTpHIa

2. O6Go3nadyeHus.

A, B,C — cayuaiinble cobnITHs

A — 1pOTHBONOIOKHOE COBBITHE

-— 3JIEMEHTapHOe COOLITHE

— IIPOCTPAHCTBO 3JIEMEHTAPHBIX COOBITHIL, JOCTOBEPHOE COOLITHE
—— HEBO3MOXKHoe cOoBbITHE

W, (A) — wacrora nosenenus cobbirust A B 1 ONmbITax

qOE
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P(A) — BeposTHOCTb cobbiTus A

P(A}|B) — ycnoBHast BeposiTHOCTB coOblTust A oTHOcUTeNbHO B
H; — k—s runoresa

Cy' — 4MCIIO COYeTaHHH M3 1 IO M

X,Y,Z — cny4ajiiible BeJHYNHBI

z,Y,z — peanu3sanun CB

{w: X(w) < 2} — MuoxecTBo w, s KoTophix X (w) <

F(z) 2 Fx (z) — dbynxuns pacupenenenns CB X

f(z) 2 fx (z) — mnornocts pacnpenenenus CB X

P{X € z} — sepositHocTd cobprrua {w: X (w) € z}

pi 2 P{X = z;} — BeposiTHOCTB CObbITUs {X = z;}

mx 2 M[X] — maTtemarnyeckoe oxuaanre (MO) CB X
Vp, {r — HaYaJbHbIH M LEHTPAJIbHEI MOMEHTBI NIOPAAKa T
dx & D{X] — aucnepcua CB X

ox — cpenHee KBaJapaTuyeckoe oTkiaoHenne CB X
o

X — nenrpuposannas CB

«

X — nopmuposannas CB

X ~ Bi(n;p) — CB X umeer GuHOMHAJLHOE PACIpEICIEHHE
C mapamerpaMH n U p

X ~II(a) — CB X mmeer pacnpencienne [Iyaccona
C MapaMeTpoM a

X ~ R(a;b) — CB X umeer paBHOMEpPHOE paclpeleeHne
Ha otTpeske |[a, b

X ~E(A) — CB X uMeeT 3KCIOHEHIMANBLHOE PaCupesiesenne
C 11apaMeTpoM A

X ~ N(m;o?) — CB X umeer HOPMATHHOC PACIPEICTEHHC
C mapaMerpaMu m ¥ o

Do(z) — Ppynkuus Jlannaca

I'(z) — ramma-bysxnus Ditnepa

To — KBaHTHJIb YpoBHA « (yHkumun pacupegenenust F(z) CB X

F(z,y) — dbyukuna pacnpegenenns asymepuoit CB Z 4 col(X,Y)

f(z,y) — naornocTs pacupeaenenus asymepuoit CB 7 2 col(X,Y)
kxy — xosapunanna CB X n Y
rxy — kKo3ddunment koppensumy CB X n YV

MIY|X] — ycnoBHOe MaTeMaTHYeCKOe OXHijaHue Y OTHOCHTENhHO X
Zn 2 col(Xi,...,Xn) — Bekrop—cronben us snementos Xi,...,X,
F(z1,... ,zn) — bynkuua pacnpenenenns CB Z £ col(Xy,...,Xx)
flz1,... ,za) — nnotrocTb pacupeaesnieuns CB Z 2 col(Xi,...,X5)

K — KoBapuanuOHHasl MaTpHULa C meMeHTaMu k;;, i=1,n, j=1,m
R — KOppeJsinuoHHAs MATpulia
A
Dij = P{X = xi,Y = yj}
{Xn}, n=1,2,..., — ciyuaiinas nocienosarensHocts (CIT)
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Xn —F——> X — cxomumocts CIT {X,n} k CB X mno pacnpenenennio

Xn ——E——> X — cxopumocts CIT {X,} x CB X mno BepositHOCTH

X, SX, x — cxogumocts CII {X,} k¥ CB X B cpeaneM KBaJpaTHY€CKOM
X, 225 X — cxomumocts CIT {X.} x CB X nouru Hasepnoe

D,-, er — Bbl60p0‘{HbIC HavYaJIbHbI€ H IEHTPaJbHble MOMEHTHI IIOPAAKaA 7T
o~ A~
mx =v1 — BbI60pO‘{HO€ cpegHee

~ A
dx = Ji2 — BbIGOpOYHAS ANCIIEPCHST

~ A n =
3x = dx — HecMelieHHasi BbIGOpOYHAsA AMCIIEPCHs
A
Zn = col(Xy,...,Xn) — Boifopka 0Obema n
a
zn = col(z1, ... ,Tn) — peayzanus BEIGOPKY o6beMa n

X ~ x*(n) — CB X uMeer pacrnpesieleHie XU—KBaJIPaT
¢ M cTeneHAMH CBOBOILI

X ~8S(n) — CB X nmeer pacupejiesienne CTbiogeHTa
¢ 1 cTeneHsMMu CBOGOIBI

X ~F (n;m) — CB X umeer pacnpenesnenue Puinepa
C T M M CTeneHsAMH CBOGObI

a(Zn) — BuIGOpOYHAd OlleHKA TlapaMeTpa

L{zpn,0) — dyuxuus npasjononobust

3. Cokparnrenus.

MMII — MeToj; MAKCHMAJILHOrO NPaBAONOA00Us
MHK — meTo[ 1HanMEHbIINX KBaJAPAaTOB

MO — maremaTuyeckoe oXujanue

CB — ciyvaiinas BeJnMuuHa

CIl — cayyaiinas nocief0BATENbHOCTD

M.H. — MIOYTH HaBepHoe

C.K. — CpejiHee KBaJJpaTHYecKoe

3bY — 3akoH GOJBIINX YHCEN

IITT — uenrpanbHas NpefebHAS TEOPEMA



FrTABA 1

CJIVUAMHBIE COBBITUSA

§ 1. OcHoBHBIE NOHATHS

1.1. IIpocTpancTBO 3neMeHTapHBIX cobbiTuii. Teopus eeposam-
HOCMET — Pa3fesl MATEMATHKH, U3y Y011l 3aKOHOMEPHOCTH Ly YaHHbIX
siBreHuit, HabIOJAeMbIX IPH MHOTOKPATHOM IIOBTOPEHUH OIbITA.

ITox onvimom G MOHEMAETCS BOCIPOU3BEAECHNE KAKOTO-TUG0 KOMILIEK-
ca yCJIOBHH Jisl HaBaroAeHns uccieyeMoro sjenns {cobwmusn). Obbruso
CYHTACTCS, 4TO coOvmue cayualino B ONbITe, eCJId IIPH HEOAHOKPATHOM
BOCIIPOU3BEJICHAH 3TOTO OINBITA OHO MHOTJA TPOUCXOJUT, a HHOTJ@ — HET,
IpHYEM HeJb3s 3apanee MpPeJICKa3aTh BO3MOXKHBIN uexoq, (cobprThe) 3TO-
ro onbita. [Ipu 3ToM Habmojaercs ceolicmeo ycmotuueocmu “acmomot
CIY4aHHOIrO COOBITHS: C YBEJUYEHHEM YHUC/4 [OBTOPEHHIH ONLITA 3HAYE-
HUE YaCTOTHI MOSIBJIEHUA CIYYaiHOTO COOLITHS CTAOMIU3HPYETCS OKOJIO
HCKOTOPOTO HECJHy4aiflioro 4Hcaa.

IIpumep 1.1. Ilycrs ounir G cocTOUT B nOAGPACHIBAHMN HI'PAJIBHON
KOCTH M HabuofeHuu yncjia Bhinabiiux o4koB X . Toraa MoKHO BBecTH
crepyome cayvafiupie cobeitnst: {X = 1}, {X = 2}, ..., {X =
=6}, {X €2}, {2< X <6}, {X —yerno}, {X — uewerno} u t. A

Boamorkable uexonp!l w onbita (G HA3BIBAIOTCH IAEMEHTNAPHOLMYU CO-
OBUMUAMY, €CITH OHU SIBJISIIOTCH B3aMMHO HCKJIIOYAIOIUME U B PE3YyJILTATe
onbiTa G ofHO U3 HuX obs3arenpHO upoucxoaut. CoBokynHocTs {1 BCex
IEMEHTAPHBIX COOBITHIL w B ombiTe G HA3BIBAETCS NPOCMPAHCINEOM
IAEMEHMAPHBLE COObImUT.

ITpocTpaHCcTBO JIEMEHTAPHLIX COOBITHH — ITO MaTeMaTHYecKas MO-
JleJIb OIbITa, B KOTOPOH JIOOOMY co0bimuio CTaBUTCS B COOTBETCTBHE
HEKOTOpOE MOAMHOXECTBO IIpocTpaHcTBa ). B 0obmeM ciydae KaxioMy
onblTy (G MOXKHO COTIOCTABATH HECKOJILKO MaTEMATHYECKUX MOJENeH, T. €.
IPOCTPAHCTE IJIEMEHTAPHBIX COOBLITHIA.

IIpumep 1.2. B npumepe 1.1 npocTpancTBO 3J€MEHTAPHBIX COOBI-
il @ = {wy,...,ws}, & TEeMeHTAPHOE COBBLITHE wW; COCTOUT B TOM,
uro {X =1}, i =1,6. Cobuitie {X — derno} = {wa,wy,we} sBAACTCH
MOJMHOXKECTBOM ITPOCTPaHCTBa (1.

Onpegenenue 1.1. CobhITHE HA3LIBAETCA HEGO3MONCHBIM B OIbI-
Te G, eCIi UPHU NOBTOPEHHHU OIBITA OHO HUKOTAA HE OPOUCXOAUT. Emy
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COOTBETCTBYET ILyCTOE IOAMHOXKECTBO B ), KoTopoe 0bo3HavaoT O .

Onpepnenenue 1.2. CoboiTHe Ha3bIBaeTC JOCMOGEPHBIM B OMbI-
Te (G, ec/iy IPHU IOBTOPEHMM OMBLITA OHO IPOUCXOAMT BCerga. EMy coOT-
BETCTBYET IIPOCTPAHCTBO §).

CobuiTus 6ygeM obozHagarn GonpiuMu JaTuHckumu 6yksamu A, B, C
T g

Onpegexnenne 1.3. Topopsrt, uro B onbite G cobpiTie A eaeuem
noseaenue cobbitus B, ecian us ocyuwecTsieHust cobbitus A cienyer
HACTYIUIEHUE CODLITUA B, T.e. KaXKIplil 5JIeMeHT MHOXKeCTBa A npuHajl-
JIEXKUT MHOXecTBy B. 9To obosnavaercs tak: A C B.

1.2. Anre6pa coGoITHIL.

Onpenenenne 1.4. Coboitusa A u B uasslBaloTcs pagHoimu, A =
=B,ewm ACBu BCA.

Onpenenenne 1.5. Cymmot cobmmuli A u B Ha3biBaeTcs cobbI-
tue A+ B, cocrosiiee B TOM, YTO B OIIBITE IPOU30HIET XOTst 6LI OHO U3
srux cobwiTuit. Cobbitnioc A + B COOTBETCTBYeT MHOMKECTBO, JIEMEHTHI
KOTOPOI'0 NPUHAJIEKAT XOTS OBl ofHOMYy u3 mHoxects A wmun B, T.e.
obLeguuenue MHoxkects A u B

Onpenenenue 1.6. Ilpoussedernuem cobomuti A u B ua3wiBaeTca
cobeitue AB, cocTosliee B OAHOBPEMEHHOM IOSABJIEHHUM ITHX COOBITHIH.
Cobuitnio AB COOTBETCTBYET MHOXKECTBO C 3JIEMEHTAMH, NPHHAJJIEXKA-
LIMH OJHOBPEeMEHHO MHOXecTBaM A u B, T.e. nepecedyeHre MHOXXeCTB
Aun B.

Onpenenenne 1.7. Pasnocmwio cobuwmuti A u B wuHaspiBaercs
cobrirue A\B, cocrosmee B ToM, 4TO cobblte A mpousoiijer, a cobbl-
tue B — Her, T.e. cobbituio A\ B COOTBETCTBYeT MHOMECTBO, COCTOSILIIEE
U3 3JIEMEHTOB MHOXKeCTBa A, He NPHHAJIEXKANUX MHOXKeCTBY B.

Onpegenenne 1.8. CobblTre A HA3BIBAETCH NPOMUEONOLOHCHBLM
cobbiTh0O A, ecnu oHO 3aKJOYaeTCa B HemogsixeHuu cobbitust A. Cobpl-
THIO A COOTBETCTBYET MHOXKECTBO BCEX SJIEMEHTOB IIPOCTPaHCTBa (1, He
NPHHAIIEXKAIUX MHOXKeCTBY A, T.e. A= Q\A.

IIpumep 1.3. Ilycrs onnit G 3aKkio4Yaercs B IPOBEAEHAN CTPEILOB
Hayraj Io KBaapaTry «§l», TOYKH KOTODPOIO SIBJSIOTCS 3NIEMEHTAPHBIMHU
cobuiTusiMu w. IlycTs monaxanue B KBajpar «§l» eCcrb JOCTOBEPHOE
cobpiTHe §2, a nonaganue B obmactd « A» u « B» — cobeituss A u B.
Torma coberrust A, A+ B, AB, A\B npepcraBrenst Ha puc. 1.1.

I'padpuueckue u300parKeHHST Ha ILIOCKOCTH COOTHOUIGHHH MEXIY
MHOXKECTBAMH Ha3bIBAOTCH duazpammamu Berna.

Onpenenenme 1.9. Coborrus A u B Ha3bIBAIOTCH HECOBMECT-
HBIMU, €CJTH OHH HE MOI'YT NPOU30ATH OJHOBPEMEHHO B OXHOM OIbITE, T. €.

AB=0.
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PaccMoTpuM oCHOBHBIE CBOUICTBa onepauuit Halx cobulTuaMu (CBOHCTBA
cobpITHIL).

CsoficTBa COOBITHI

1) Q+A4A=Q; 7) (A\B)(B\A) =
2) QA= A4; 8) A+ B=B+4;
3) AA= A (mome A%); 9) AB = BA;
4) A+ A=A (mone 24); 10) C(A+ B)=CA+ CB;
5) A+ @ =A4; 11) A+ B=A-B, AB=A+B;
6) A = &; 12) A+A=Q, A=4A.
Q Q Q Q
4 A+B AB A\B
Puc. 1.1

Onpemenenue 1.10. Kuacc F nommuOXKecTB npoctpaHcTBa 2
HasbIBaeTca aazebpott cobwmudl, ecnu Q € F uecn ABe F, A+ Be F,
A\B € F npu mobrix A€ F, Be F.

3amcuanue 1.1. Aurebpy coBbITHH UHOIZA HA3LIBAIOT TAKIKE GA-
2eb6poti Byas.

1.3. BeposarHocTs cobbrrns.

Onpepenenune 1.11. HycTs nmpu n-KpaTHOM NOBTOpEHUH onbiTa G
cobertne A 1npomsomuo mga pa3. Yacmomotd W,(A4) coberna A
Ha3biBaerca otnoumenue W, (A) =ma/n.

CsoiicrBa yacTtorn W,(A4)
1) Wo(4) 20, 1ak kak ma 20 n n > 0;
2) W,(A4) €1, 1ak kaK my < n;
3) eciiu pU M -KPATHOM MOBTOPEHHM OIBITA HECOBMECTHbLIE COOBITHS
A u B nogBunMch COOTBETCTBEHHO M4 M Tp Pa3, TO

Wa(A+B) & DAL = DATTE = DA 4 T8 = W, (A) + Wa(B).

n n n

Anpuopu (3apanee, mo onbrra) yactora W, (A) siBasiercs cnydaiinoi,
T.€. HEJb3S TIPEJCKA3aTh TOYHOE € 3IHAYEHHE N0 TPOBECHHS NAHHOMN
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cepuu u3 n onbiroB. OgHAKO HPHPOJA CIIy4YaliHBIX COOBLITHI TaKOBa,
4TO Ha npakTHke Habionaercs addekT yerofiunpoctu yacror. Ero cyts
3aKJIIOMAETCH B TOM, YTO IIPH YBEJIMYEHHH YHUCJa ONbITOB 3HAYEHUE 4Ya-
CTOTBI IPAKTHYECKH N1€PECTACT ObITh CIIyYalHBIM U CTASHJIM3UPYETCS OKO-
JIO HEKOTOpOro HeciywaitHoro 4ucia P(A), cooTseTcTByIomero qanHOMY
KOHKpeTHOMY cobbitnio A B onbite G (TouHbIE (DOPMYAUPOBKH IPHBEE-
ubl B § 13, Teopema 13.6).

Bameuanue 1.2. Yncno P(A) neppoHayatnbHO NPH CTAHOBJICHUH
TEOPHH BEPOSITHOCTEN HA3BIBANOCH GEpoAmMMOCMbI0 COObITHSI A B OmbI-
re (. BBeueHHOe NOHATHE YKa3bIBA€T Ha TO, 4TO BepoATHOCTL P({A)
XapaKTEPH3yeT YaCTOTY IIOSBJICHUA COOBITHS A IPH MHOTOKPATHOM IIO-
BTOpeHun onbita G .

Ho wuactoTHOe omnpefiesieHne BeposiTHOCTH Obio HeylobHO 1o AByM
IpH4KHaM: 1) cTpeMileHHe YacTOTHL COOBITHA A K BEPOATHOCTH COOBITHS
IIPOUCKOZUT He B OBIIEIPHHATOM CMBICIE, & B BEPOSTHOCTHOM; 2) BbIMHC-
JeHye IpenenbHoro sHadenust P(A), K XOTOpoMy cTpeMHUTCs 4acToTa,
MOKeT OBITh HEBO3MOXKHBIM BCJICACTBHE 3HAUYMTENbHBIX TPYAHOCTEH NpH
nposefieHHH GoJbloro 4ucia onbiTob. IloaToMy paccMOTpHM TaK Ha3bl-
BaeMOe aKCHOMATHYECKOE ONpeJe/IeHIe BePOsSiTHOCTH.

Onpexenenne 1.12. Kumacc F moaMuoxecTs mpocTpancTsa 2,
BKJIOYAOUUA B cebsl pPe3ysbTATHl CJIOXKEHUS U YMHOXKEHHUS CHETNHO20
YHCJIa CBONX 3€MEHTOB (T. €. 3aMKHYTbI OTHOCHTEJILHO 3THX GIIEPAIHii),
Ha3bIBACTCH 0 -aa2efpotl. DiemeHThl o -anrebpnl F (T.e. IIOAMHOKECTBA
npocrpascTsa §)) HA3LIBAIOTCS caywatinsimu cobomuamy (WM IPOCTO
cobBMUAMUY).

HanoMauM, 4TO MHOXKECTBO A HAa3BIBAETCH CHETNHLIM, €CIIH MCEXKIY
BCEMH 3JeMeHTaMHM A W MHOXXECTBOM HATYPaJJLHBIX YHCEJ MOXHO
YCTAHOBUTDH B3aHMHO OJHO3HAYHOE COOTBeTcTBHE. Hanpumep, MHOXKeCTBO
{1,1/2,...,1/n,...} ABIAeTCA CHUETHBIM.

Onpenenenune 1.13. Bepoamnocmvio cobwmus A HasbiBaeTcs
uyncnosas bynkuua P(A), onpenenennast Ha o-anrebpe F u ynosie-
TBOPAIOIIAS CIIEAYIOUIMM YEThIPEM QKCUOMAM MEopuL eeposmmHocmet.

AXCcHOMBI TEODHUHN BEPOSATHOCTEHR

A1l. (Heompuuyameavrocmos eepoamnocmu) Kaxpomy cobortuio A €
€ F craBuTCS B COOTBETCTBUE HeoTpHI@aTeanHoe yucio P(A), 1. e.
P(A) 2 0 pna moboro A€ F.

A2. (Hopmuposxa eepoammnocmu) BeposiTHOCTh JOCTOBEPHOro COOBITHS
paBHa efuHHuEe, T.€. P(Q) = 1.
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A3. (Koneunan addumuenocmo eepoammuocmu) s mobbix HECOBMECT-
HEIX coObiTuit A 1 B cupaBeijiMBo paBEeHCTBO

P(A+ B) = P(4) + P(B).

A4. (Henpepusrocmo sepoamnocmu) Hnst moboit ybrisatomedi mocneno-
BaTesbHOCTH A; D A D...D A, D ... coburtuil u3 F, Takoii, 9ro
AyAs-... A, ... =@, UMeeT MECTO PABEHCTBO

lim P(4,)=0.

n—oo

AxcuoMbl A1-A3 Tecno cBsi3aHbl CO CBOWCTBAMHM 4acTOTHl. B manbHeii-
nieM akcuoma A4 B OpeAnioIOKeHHe O 3aMKHYTOCTH ajiredpsl cobbITHI
F OTHOCHTEJBHO CYETHOrO YHCHa OICPAlHil MOYTH He HCIOIb3YeTCs.
OrMmeTnM Takike, 4To akcuoMmbl A3, A4 0 KOHEYHOH ANTATHBHOCTH M
HEIPEPBIBHOCTH BEPOSTHOCTH MOTYT ObITh 3aMCHEHLI Ha SKBHBAJEHTHYIO
AKCHOMY O CYETHOH ajuTHBIOCTH BeposttHocTd (cMm. 1. 3.2).

§ 2. OcHoBHBIE CBOIiCTBa BEPOATHOCTH

2.1. AKcuoMaTHYecKne cBOMCTBaA.

Ounpenenenne 2.1. Ewm P(A) = 1, no A ue pasno 2, To
roBopsiT, 4To cobpitue A B onbite G HPOUCXOIUT nowmu nageproe (TLA.).

Onpenenenune 2.2. Eaum P(A4) =0, To roopar, 4ro cobuitne A
nowmu nuxo2da ne npoucrodum 8 onvime G .

Croticra P(A)

1) IIycrs P(A) = 1. Ilo akcuome A2 P(Q)) = 1, no us sroro ne
crenyer, uro A = (r.e. 410 A SBISETCH JOCTOBEPHBIM CODLITHEM).

2) P(@) =0, T. e. BEPOATHOCTb HEBO3MOYKHOTO COOBITHS PaBHA HYJIO.
Bo-nepBbix, @ € F, nockoibky o-ajrebpe F UpHHAMIEKHT CAMO

cobriTue Q u ero gononHeHue §) 2 O\Q = &. Bo-propnix, Q + @ =
= 1. ITosTomy, ¢ osHOlt cTOpoHEI, 0 akcuoMe A2 nomyyaem P(Q+ 2) =
=P(Q) =1, ¢ gpyroit croponsl, 0 akcuomam A3 u A2 umeem

- & =, Tak Kax coObI-
T Q¥ D HECOBMECTHBL

PQ+o2)=

|=P@ +P(@) =1+ ().

Orciona cnenyer, yro P(@) = 0.
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3) IIycrs P(A) = 0. Ilo croifctBy 2)P umeem P(@) = 0, HO u3
3TOro He ciellyet, 4T0 A = &, T.e. cobritre A He 0BA3aTENILHO SABJISIETCS
HEBO3MOKHBIM.

4) Eciu A C B, to P(A) € P(B), T e. BEpoATHOCTL MOHOTOHHA.
IIpencraBum muoxectso B xax B = A+ B\A (puc. 2.1). ITo nocTpoeruo
A(B\A) = @, cnemosaTenbHo, cobuituss A u B\A HecoBMECTHBI
Hosromy mo akcnomam A3 u Al umeem P(B) =P(A)+P(B\A) = P(4).

5) P(A) < 1 gns moboro A € F. Tak kak A C Q, To u3 cpoiicTsa
4)P u akcuomer A2 ciegyer P(A) < P(Q) =1.

|| KT

Puc. 2.1 Puc. 2.2

6) P(A+ B) = P(A) + P(B) — P(AB) pna mwobrix A,B € F.
Mpexcrasum A B Buge A = A\B + AB. Ouesuguo, uro (A\B)(AB) =
= @ . Torga no akcuome A3 umeem P(A) = P(A\B) + P(AB), otkyza

P(A\B) = P(A) — P(AB).

AnanoruyssM 06pazoM moctynnm ¢ cobsituem A + B. Umeem A+ B =
= B + A\B, npuuem B(A\B) = @ . Torpa us akcuomnt A3 crenyer

P(A + B) = P(B) + P(A\B).

Moncrasnsisi B ganHoe BbIpaxkeHue opmyny janst P(A\B), momyuaem

TpebyeMoe.
7) P(A+ B) < P(A) + P(B) anst mobuix A, B € F. U3z axcuomsl
A1l cnepyer P(AB) 2 0, mostomy 1o coiictBy 6)P nomywaem

P(A+ B) = P(A) + P(B) — P(AB) < P(A) + P(B).

HO UHAY KUY MOXKHO IIOJIYYHTH HEPaABEHCTBO
n n
P(> 4) < ) P(4).
i=1 =1

8) Ha ocuHoBe akcuoMbl A3 10 MHIYKIMU MOXKHO NOKA3aTh, YTO €CJIH
cobpitua Aj,..., A, IOMapHO HECOBMECTHBI, TO

P(S A = 3 P(A)).
i=1 =1
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9) Ilycte cobwitmst A u B HecoBmectHwl, T.e. AB = @&. Torma
BepHo P(C(A + B)) = P(CA) + P(CB). Ilo npeanonoxKenuo AMeeM
(CA)(CB) = @, tak xax AB = @ . VI kpoMe Toro, 110 CBOHCTBY COOBITHI
10) A umeem C(A 4 B) = CA + CB. Cnenosatenbro, no akcuome A3
nony4aeM (puc. 2.2)

P(C(A+ B)) =P(CA+CB) = P(CA) +P(CB).

2.2. CgBoiicTBa BEpPOATHOCTH AJISI HOJHOMN I'PyIHIbl cOOBITHIL.

Onpenenenue 2.3. Cobwmrust Hy,...,H, B onnite G obpazyior
TOAHYIO 2PYNNY HECOBMECTNHVT COObMUl, CIM OHU MOTIADHO HECOBMECT-
el (H;H; = @ mpu ¢ # j) 1 B Pe3yJbTaTe ONbITa NMPOU3ONJET XOTsI
661 onHO M3 cobbrTuit H;, i = 1,n, T.e. Hy + ...+ H, = . Cobprrus
Hy, ..., H, Ha3spBawTCA 2unomesamu, eCJIU OHU 00Pa3yIoT HOJHYIO IPYII-
Iy HECOBMeCTHBIX cobuitmit u P(H;) >0, i=1,n.

Onpepnenenne 2.4. Paccmorpum onelT G ¢ KOHEYHBIM YHCIOM
BO3MOXKHBIX nexoioB (4 = {w1,... ,w,}, IJle w; — 3JIeMeHTapHbLIe COBBI-
THs, 00pa3ylomue MONHYI0 I'PYIHY HECOBMECTHBIX COOBLITHM, IMOABICHME
KOTODPBIX paBHOBEpoATHO, T.e. P(w;) = p, i = 1,n. Takne cobwrrus
Wi, - .. ,Wn HA3BIBAIOTCA CAYHQAMU, & OpO onnlT G TOBOPSAT, YTO OH
ceodumes K cTemMe caynaes.

Onpepecunenne 2.5. Paccmorpum B onbite G, CBOAAIIEMCS K CXEME
ClIyvaeB, IPOU3BOJILHOE COObITHE A, KOTOPOE MOXHO IPEACTABUTH B BUIE
CYMMBI M CiHydaeB, T.e. A =wj; + ...+ w;, npu m < n. Torna rakue
CJIaTaeMble Wi, , ... ,w;  HA3bIBAIOT CAYHAAMU, OACZONPUATCMEYIOUUMU
cobumuo A (MM 64020NPUAMMHBMY CAYHAAML).

Onpenenenne 2.6. Yceaosnot, eepoammnocmouio P(A|B) cobsr-
i A orHOCHTeNbHO coGbitHs B, ecim P(B) > 0, nasbisaercs Bepo-
SITHOCTH OCYIIECTBIEHUs COBbiTUsl A IPU YCIOBHH, 4TO cobbiTHe B yxe
[IPOM30LLI0. YCJIOBHAs BEPOATHOCTH ONPENENACTC s (hopMyJIOon

A P(AB)

P(AIB) = 575"

CeoificrBa P(A) (uponomxenue)

10) Ecnu cobeitus Hy, ... , H, 06pa3yoT NOMHYIO IPyIIy HECOBMECT-
HBIX COOBITHI, TO

P(Hy) +...+P(H,) =P(Hy +...+ H,) = 1.

JlaHHOE CBOMCTBO HEMOCPEACTBEHHO BHITEKAET U3 ONpelesieHus 2.3, akcu-
oMbl A2 u coiictea 8)P.
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11) P(A) =1-P(A). o onpexenennio A = Q\ A, nostomy AA=o.
o ceoitctsy 12) A umeem A+ A = Q, T.e. cobutus A u A obpasyior
MOJIHYIO TPYNILy HECOBMECTHbIX cobbrTHil. ClieoBaTesIbHO, IO CBOHCTBY
10)P: P(A+ A) = 1. Tak xkak A u A HECOBMECTHBI, TO IO AKCHOME
A3 umveem: 1 = P(4 + 4) = P(A) + P(4), orxyaa crienyer mckomas
d)opmyna.

12) P(A+ B) =1-—-P(A-B) .o croiictey 11) A umeem A + B = A x

x B . Tloaromy u3 croiicra 11)P creayer P(A+ B)=1—-P(A+ B) =
=1-P(A-B).

13) P(AB) =1 — P(A + B). Dro ciexyer n3 croiicrpa 12)P, ecim
BMeCTO cobbiTHit A 1 B PaccMOTPeTh COOTBETCTREHHO cobbiTHst A n B

¥ HCIIONb30BaTh CBONCTRO cobbitnit 12) A: A= A.

14) Ecnu onbir G cBOAMTCH K cxeMe cily4aes, 1o Plw;) = p = 1/n,
i = 1,n. JelicTBHTeNbHO, TAK KaK COBMTHS Wi, ... ,W, HECOBMECTHHI, TO
1o axcuome A2 u cBoiicTBy BepoarHocTH 8)P mMmeem

1=PQ)=Plw, +... +wp) =P(w) +... + P(w,) = np.

15) Ecnn cobbitine A mpejcTaBuMo B BHJE CyMMB 1 6J1aronpusitHbIX
CJTyvaeB U3 OOLIEro YNciia N CIIy4aes, TO BEPOATHOCTD TAKOTO COOBITHS Ha-
XOIUTCS 1O KAaaccuseckoli opmyae envucaenua eposmnocmu: P(A) =
= m/n. deitcrBurensHo,

P(A)=P(w;, +... 4w, ) =Pwy,)+...+Plw;, ) =

HDpumep 2.1. OnwiT coctout B NOAGPACHIBAIIUM UI'PAJBHOM KOCTH
(cm. nmpumep 1.1). Tpebyercst HAUTH BEPOATHOCTH BBIMAJCHHA YETHOTO
qucna oukoB (cobbiTusi A). B janHOM ciy4ae ONBIT CBOJUTCS K CXEME
CNTyYaer, eCM B KAadeCTBE MEMEHTAPHBIX cOBLITHH wi, i = 1,6, B3ATbL
mosoXKeHus BepxHel rpanu kKoctu. Torga n = 6, a m = 3, MOCKOIBKY
A = wy + wyg + we . Taknm obpazom, P(A) =1/2.

16) Paccmorpum onbir G, cBOAAWMIHCS K CXeMe CIIyYaeB, W IIPEIo-
JT0xKuM, 9TO cobbituam A, B, AB GJaronpuUsATCTBYIOT COOTBETCTBEHHO
my, mg > 0, muap cry4aeB U3 Bcex M BO3IMOXKHBLIX. JlomycTmM, 4To
cobuiTyie B yKe IPOM30NUIO. DTO O3HAYAET, YTO H3 BCEX BOIMOXKHBIX N
CIIy4aeB PealIbHO MOTJIO MOSIBUTHLCS TOJBKO Mg CIIy4aes, MPHYEM M3 HHX
TOJILKO MApR Ciyuaes GnaronpuarcTeyior coburuio A. Torma P(A|B) =
= map/mp . JeiictBuTensHo, noryvaem
A P(AB) __ mas _ll__ __ MAB

P(BY = n mg ms

P(A|B) =

17) P(AB) = P(A)P(B|A) = P(B)P(A|B). Haunas ¢opmysa
ciaenyer u3z onpefeneHus 2.6 H CBOHCTBA KOMMYTATHEHOCTH OICPAlLHH
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yMHOX«eHud cobuituii: AB = BA. HeficrBuTelibHO,
P(B)P(A|B) = P(AB) = P(BA) = P(A)P(B|A).

Opxoit 13 ocHOBHBIX (POPMYJT JJIA OJICUETA BEPOATHOCTH CIy4aifHOrO
coOBITHS SABAAETCA KiaccuuecKast ¢hopMylia, NpHUBEJeHHAsi B CBOIICTBe
15)P. B cxeme ciydvaes Tpelyiaraercs CICAYIOUMIT IOPANOK PeIIeHHA
33724 C HOMOILIBIO 3TOH POPMYIIBL.

1) Oupenennteb s/eMeHTapHbIE COOBITHS, CBOMA ONBIT K CXEME CIIYYaeB.

2) TlopcuuTaTh KONMYECTBO N BCEX CIYYAeB.

3) Ommcars cobbiTie A, BEPOSTHOCTH KOTOPOro Tpebyercst HalTH.

4) Tloncunrarh 4YUCIO M4 Cayvaes, GAATCNPHATCTBYIOIUX COODBI-
T™HIO A.

5) BocnosnbzoBaThest Kilaccnueckoil (hopMyJioit BEIMHCTEHNST BEPOSITHO-
ctn P(A) =ma/n.

3ameuanue 2.1. Tlpu sBeyienenun ciyvyaeB HCXOOAT, KaK MPaBUIIO,
U3 HHTYUTHBHBIX COOOparkeHHit 0 CHMMeTPHHI HCXOJ[OB M MX PABHOBO3MOXK-
HOCTH.

2.3. Tunosbie 3aga4u.

Samaua 2.1. B orjien TeXxHHYECKOro KOHTPOJS MOCTYINHIA HAPTHS
u3 15 usmesnuit, cpeau KOTOpbIX 5 6pakoBaHHbBIX. JIJIsA NpOBEPKHU KaveCcTRa
napruu Hayraj suibpano omuo usjenue. C Kakoil BepOATHOCTHIO OHO
okaxkercsi GpaKkoBaHHBIM?

Pemenue. [lepenymepyem Bce H3/IeNIHs H ONPEEINM dJieMEHTAPHbIE
cobprrust (ciryvau)

w; = {BBIGOp i-ro w3nenusi}, =1, 15.

Taxux a3nemeHTapibix cobpituii 15, T.e. n = 15. Onumem coboitne A,
BEPOATHOCTH KOTOpOro Tpebyercs: HajtTu:

A = {Bb160p GpaxkoBaHHOTO H3/ENHUs}.

Yuciao 3jeMeHTapHbiX CcoOBITHIl, OJaronpusaTcTByrOmux cobbiTHio A,
paBHO KoJIMyecTBY OpaKoBaHHBIX neradseif, T.e. m4 = 5. Torga coryaceo
KJTaCCHIECKOH (opMyJre BLIYHCIEHMS BEPOSITHOCTH

Otreetr. P(A)=1/3.

3agava 2.2. YCuoKHUM IpeAblLiyityio 3agady. IIpeatonoxum, 4To
JJIsi TPOBEPKM lIapTHH, cocrosiieit u3 15 wusmenuit, cpegsm KOTOPHIX
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HaxoIATCsA 5 OpakOBaHHBIX, Boibuparorcss 3 usgmenus. Ilaptus cunraerca
bpakoBanHoOM, ecsin Gpakyercst xoTa 661 ofHO u3nenue. Tpebyercsa HaiiTH
BEPOSATHOCTH TOTO, YTO napTusd OyxeT 3abpakoraHa.

Pemenne. Cnemyst npeasoskeHHOMY BBIUIE TIOPSIIKY PENICHMs 333~
Y{, ONPEIENUM JIEMEHTAPHOE COOBITHE B PACCMATPHBAEMOM OIIBITE CJIE-
AyomuM obpa3oM:

__ f mOCIIEROBATEILHOCTD M3 TPeX AeTaJel, }
- BuIOpaHHbIX U3 15 neraneit ’

Bce rakune snemenTapuble COOBITHS PABHOBEPOATHBI U 00PA3yIOT MOMHYIO
YTy HECOBMECTHBIX COOBITHIi, T.€. ONBIT CBEJEeH K CXEMe CIIydaeB.
st TOro 4Tobbl MOACYHTATH KOJIMYECTBO 7T BCEX BO3MOXKHBIX CIIy4YaeB,
UCIIONb3YEM TaX HA3LIBAEMYIO cxemy 6ubopa be3 sozspauwerus. Ileppyio
JleTajib JJIs IPOBEPKH MOXHO BhIOparth 15 cmocobamu (o KomuuecTBy
umerowinxcst B naprum gertanedt). [lpu nposepke jisi xaxuoro ciocoba
BBIGOPaA HepBoil AeTasu cyiecTsyer 14 crmocoboB BLIOPATH BTOPYIO AETalIb
(Tak xax opmHa [eTanab, BLIGpaHHAs NEPBOil, y»Ke OTCYTCTBYeT). TakuMm
0bpa3oM, IpK IpoBepKe 0b11iee KOMUYECTBO crrocoboB BeIOOpa 2-X meraseii
pasasiercs 15 - 14. Paccyknada masee aHaJJOTMYHLIM 006Da30M, ITOLYHaEM

n=15-14-13.
OnuweMm Tenepb cobpiTie A, BEPOSTHOCTH KOTOPOIO Tpebyercst HailTu:

A= { B [TOCJIEIOBATENLHOCTH U3 TPEX BBIOPAHHBIX }
JeTajeif okaxxerca xoTst Obl ogHa 6pakoBannad J |

Paccmorpum coberre A, IpOTUBONOIOXKHOE COOBITHIO A :

- { B MOCAEIOBATE]HLHOCTH U3 TPEX BBIOPAHHBIX }
Jeraneil He OKaXKeTcs HU OfHol Opaxosannoii f °

IMomgcunTaeM YHCIO 3IEMEHTAPHBLIX COOLITUMN, OIATOIPHATCTBYIOUIUX CO-

6niTiio A . C 3Toil 11eJIbI0 TIOBTOPUM PACCYKIEHHSI, HCIIOJb30BAHHBIE JIJIS
nopcyeTa 1. Boibupas geranu Toapko u3 10 nebpakoBaHHBIX, TTOIYYUM

my=10-9-8.
Torpma, uCIONBL3YsT KIACCHYECKYIO0 (DOPMYJTYy BBIYHCIEHHS BEPOSATHOCTH,
OKOHYATEJILHO OyJeM UMETD

— 10-9-8 24 67
PA)=1-P(A) =1~ g3 =15 = 5

Orset. P(4)=67/91.

Sagxaua 2.3. Hna 20 yyacTHUKOB KOH(EPEHIINH, CPEIA KOTOPHIX 12
POCCHMIiCKEX, B rocTuHuie 3abpouupoBano 20 HoMepos. VI3 atux Homepon
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12 — c suaom Ha Mope. [TopTee HayTan BbIAaeT yyacTHUKaM KORGMEPEHIIN
KJII0YM OoT HoMepoB. Haiitu BeposATHOCTH TOro, 4YTO HOMEpA C BHIOM HA
Mope JOoCTaHyTCd 12 POCCHUCKUM YYaCTHHKAM KOH(DEPEHUHH.

Pemexnue. [Ipouenypa BuiiesieHusi TOCTHHHYHBIX HOMEPOB y4aCTHH-
KaM KOHMEpeHIMU NpencTaBisgeT cobOH IPUCBOEHME KaxXIo# (aMuinu
B CIIMCKE YYaCTHMKOB HOMepa, BHIOpaHHOro Hayraj mnopthe. Oupeneium
3JIeMEeHTapPHOE COOLITHE

MOCJIEOBATENHHOCTD U3 HOMEPORB allapTaMeH-
w = { TOB, 0O6pa3oBaHHAas COIVIACHO YIIODSLOYECHHOMY
CHMCKY YYaCTHHMKOB KOH(epeHIu

Bce Taxue asemenTapHbie COOBITHS PABHOBEPOATHBI H 00Pa3yIOT MOJIHYIO
I'PYIIy HECOBMECTHBIX CODBITHI, T. €. OIBIT CBEJIEH K cxeMe cirydaeB. s
nozicdeTa YHCIIA 1 BCEX TAKMX ClIydaeB BOCIOIb3yeMcd CXeMoil Beibopa
6e3 BosBpaiuenns. [lonyyaem

n=20-19-18-...-2-1=20!.

3aMeTHM, YTO MBI IIOJIYYUIH H3BECTHYIO B KOMOMHATOPUKE BeJHUYUHY k!,
PaBHYIO KOJINYECTBY BCeX CIocoboB CPOPMUPOBATL PA3IM9IHBIE IIOCIE0-
BATEJbHOCTH M3 Kk 3JIEMEHTOB, T. €. “UCAY BCET B03MONCHBIT NEPECTAHO-
eox k aremenmos.

OnumeMm cobbiTie A, BEPOSTHOCTL KOTOPOTO Tpebyercsi HalTu:

IBEHaIUATH POCCHHCKUM YYACTHUKAM KOH(EPEHIINY I0CTa-
A= HYTCS HOMEpPa ¢ BUIOM HAa MOpeE, 4 OCTaJbHbie HOMEpPa
OynyT pacupesesieHbl MEXK/ILY OCTABIIUMUCHA yIaCTHUKAMH

HaitneM uuciio my4 cuydaes, 6JaronpusaTcTByiommux coboithio A. s
ITOro PACHPEENNM CHA4YaJa HOMEPA € BHUJOM Ha MOpPE CPeId poccuii-
CKHX YYaCTHHKOB KoudepeHuuu. DTO MOXHO cmenarh 12! cnocobamu,
COIVIACHO PACCYK/JEHUSIM, TMPUBEAECHHBIM Npu mojcudere 7. Ha Kaskablit
criocob pacupenesuTh yKa3aHHble HOMEPa CPEJH POCCHACKMX YUYACTHUKOB
KoH(epeHUu cymectByer 8! cnocobOB pacnpenesiuTh OCTaBLIKECS] HOME-
pa Cpellu OCTaJIbHBIX y4acTHHKOB. Takum obGpasoM, obujee KOJIHMYECTBO
ANEMEHTAPHBIX COOBITHIL, OJATONPUATCTBYIOIUX COObITHIO A DaBHSETCH

12! - 8!. CuegoBatesbHo,
my = 12! 8L

Hns naxoxgennst P(A) BocnonsayeMest Kiraccudeckoit popmyioit

_ ma _ 812
Pld)==7= %00
Oreet. P(A)=8!12!/20!.

3anmaua 2.4. IlombpacsiBaroTr K wurpanbusix xocreit. Haiitu Bepo-
SITHOCTH IIOJLyYeHMsl CyMMbl OYKOB, paBuoil: a) K; 6) K + 1.
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Pemenwue. a) Ilpennonoxxum, 4ro B JaHHO# 3aJaue BCE KOCTH
3anyMmepoBanbl ot 1 10 K. Bysem noHuMaTh 110J 31eMeHTapHBIM coObI-
THEM

w = {nocne,U,OBaTeanocrb uz K uudp, COOTBeTCTBy—}
IOTUX YHCITY BHIIABIONX OYKOB Ha KaXXAo# KocTH S ©

Bce Takue snemMeHTapHBIC COOBITHS PABHOBEPOATHH! H 00Pa3yroT HOMHYIO
T'PYIIy HECOBMECTHBIX CODBITHIA, T. €. ONBIT CBefleH K cxeMe cayyaes. Ilpu
HOMCYeTe YUCIa Tl BCeX CJIYUYAER BOCIIOIBb3YEMCs cXeMoil BBIOOpa ¢ BO3Bpa-
wenneM. Ha nepsoit urpajibHOi KOCTH YHCIO OYKOB MOXKET HOABUTHCA 6
criocobamu (mobas uudpa or 1 xo 6). Jjist Kaxzoro crnocoba nosieleHns
YUCJIa OYKOB Ha [EPBOM KOCTH cymiecTsByer 6 criocobOB MOsIBIEHUSA YHCIA
OYKOB Ha BTOPOW MrpajibHO# KoctH ¥ T.J. (cM. 3agmady 2.2). Takum
06pa3oM, 0bliee U0 BCEX BO3MOXKHBIX 3JIeMEHTAPHBIX COOBITHIH

n = 6¥.

Onuntem cobertite A, BEPOSITHOCTL KOTOPOTO HYKHO Haftru:
A = {cymma ouxos na K nogbpomensbix kocrsax pagua K }.

3aMeTHM, UTO HOSBIEHHE ITOr0 COOBITHS IKBHBAJIEHTHO TOMY, ¥TO Ha BCEX
HIPANTBHBIX KOCTSIX BBIIAJO 11O OfHOMY O4KYy. OueBHIHO, YTO 9TO MOXKeT
TIPOU30HTH €HHCTBEHHDLIM CHOCODOM, T. €. YHCJIO ITEMEHTAPHBIX COOBITHIT,
GaaronpusTcTByOMEX cobuiTnio A, pasuo egunune (ma = 1).
CrenoBatenblo, COrMacHO KJIacCHIecKoit (popMyJie BEIYMCHEHHST BEDPO-

ATHOCTH
ma 1

P(4)2 T4 = .

6) TTocKonbKy ONBIT He M3MEHMWJICH, IEMEHTAPHBIE COOBITHA U BEJH-
YHHA N OCTAlTCA UpexxuuMu. VsMensiercs jumb cobbITHe, BEPOSITHOCTD
xotroporo rpebyercs HaiTH:

B = {cymma oukos Ha K mnonfpomennsix xocrsx pasua K 4 1}.

CobriTie B 3xBHBaJIeHTHO TOMY, uTo Ha K — 1 urpaJjibHO# KOCTH BbINa-
JIET MO OAHOMY OYKY, a Ha OJHON HI'pajbHOM KOCTH BBLIIAJET JB3 OUYKA.
Ilogcuer uymcia 3MeMEHTAaPHBIX COOBITHI, OJAaronpUsATCTBYIOMUX COOBI-
Tuo B, cBogurcs, TakuM 00pa30M, K HAXOXKJIEHHIO KOITHYECTBa CrIocoboB
BLIOPATEL OIHY UI'PANLHYIO KOCTh H3 K | Ha KOTOpO# JIOM?KHO BBIIACTH ABA
ouka. OQueBnaHo, 4To ecth K Takux cnocobon. CnepoBarennho, mp = K .

Taxum obpazom,
K

Orser a) 1/65; 6) K/6K.
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Bagaua 2.5. Tpu crymenta MAU, apa crysenta MOW u gernipe
crymenta MI'Y Hayran paccaXMBaloTCH B TPH Barosa. s KaXoro
11aCCaXKNUPa BEPOSITHOCTb OKA3AThHCH B JIIOOOM M3 BaroHOB OJMHAKOBA.
Haiftu BeposiTHOCTH CJIeAYIOMUX COOBITHIL:

a) tpu cryaenta MAH oxaxXyTcsi B Pa3HBbIX BArOHAX;

6) nBa crynenta MOW okaxyTcst B pa3HbIX BaroHax.

Pemwenne. a) Onpenennm sneMeHTaApHOE COOBITHE JIJISL PACCMATPH-
BAE€MOTO B 33J[ade ONbITA CJIEYIONUM 06pa3oM:

{ HoCyIe IOBATEILHOCTL U3 HOMEDOB BaroHos, 06pa303an- }
Hay COrJIaCHO yNnopdaLO4Y€eHHOMY CIIMCKY IacCa*XHUpPOoB

Bce Takite asieMenrapubie COOLITHSI PABHOBEPOATHBI M 06pa3yior mos-
HYIO I'DYIILy HECOBMECTHEIX CODBITHIA, T. €. OIBIT CBEIEH K CXCME CIIYyYacB.
s mozncyeTa 4Hcia 1 BCeX CIY4YaeB BOCHOAL3YEeMCs MpOueAypoit, omH-
CaHHOHM B npenpiaymeit 3amade. B pesynbrare nosyyum

n = 3%
Hac unrepecyer BeposiTHOCTBL cobpiTHEH
A = {rpu crynenta MAU okaxyrcsi B pa3sHbIX BaroHax }.

PacupenmenuM cuadajia HMEIOIHECS Yy HaC TPH OWjIeTa ¢ HOMepaMu
Pa3iMUHBIX BaroHoB cpemu crygedroB MAW. Meiicteys aHaJloruvHo
npoueaype, ONHCAHHON B 3ajade 2.3, NONyYaeM, YTO 9TO MOXKHO CHEJIATh
3! cnocobamu. Ha xaskgwii Takoit cmocob cymecrsyer 3% cnocobos
NMPUITHCATh HOMEPA BaroHOB BCEM OCTABUIMMCS IIAcca)kupaMm. Takum
obpasom,

ma = 313

B pe3ynbrate IojryvaeM

ma _ 313° 31 2
PA=T =% =5 5

6) B 370l 331a4€ HAC UHTEPECYET BEPOATHOCTD CIAENYIOIET0 COOBLITHS:
B = {npa crysenta MU okaxyTcss B pasubIX BarOHAx}.

Yuciio Bcex CIy4vaes, CBA3aHHBIX C OIBITOM OCTAETCs O€3 M3MEHEeHUs: N =
= 39. Jlna nojcueTa YuCIa CIyYaes, GIAroNpHATCTBYOMMX cobrTHo B,
BOCHOJIb3YEMCH CHavaJdla MPOoueypoilt, ImpenjiokeHHO# B 3amave 2.2, a
HMeHHO, uepBbii crynert M3 mMoxkeT BoIOpaTh BaroH TpeMs crocobaMmi,
a BTOpoit — aByma. Takux crnocobon 3 - 2. Ocrapminecs MacCazkKupbl MOTYT
MOty IMTH HOMEPA cBouX BaroHoB 37 cmnocobamu. [TosTomy

m3=3~2-37.
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Taknm 06pazom,
3-2-37

|
Wit

OrBeT a)2/9; 6) 2/3.

Sagava 2.6. Ilpegmosoxkum, 4TO B KaXKJOM H3 TpeX BarOHOB €CTb
poBHO k MecT, ¥ KaxApiit u3 Tpex crygentoB MAW Moxet sapaTs moboe
u3 umetontuxcsa Mect. HaliTn BeposTHOCTh TOrO, YTO TpH cryaenta MAI
OKaXKyTCsl B pa3HbIX BATOHAX.

Pemenue. Onpeaenum snemMeHTapHOe COOBHITHE B PACCMAaTPHBAEMOM
OnBITE CIeAYIOmUM 06pa3oM:

_ { TIOCJIEIOBATENbHOCTL B3 HOMEPOB MeCT, 06pa3oBaHHAs }
COIJIACHO YHODSIZOYEHHOMY cnucKy cryaentoB MAW [~
Bce Takue ssemMenTapubie coObITHS PABHOBEDOSTHBL H 00Da3yIOT IIOJHYIO
TPYNOY HECOBMECTHLIX COOBLITHI, T. €. OULIT CBENEH K cxeMe ciy4aes. Jus
10JICYeTa BCEX BO3MOXKHBIX CJIYYaeB BOCHONL3YyeMCsl CxeMoil Bbibopa Ge3
Bo3Bpauenus. Torga YUCIo N BCeX CLyYaeB, CBA3aHHLIX C OIILITOM, PABHO
n=3k-(3k—1)-(3k—-2).
Hac no-npexu#eMy uiTepecyeT BepOATHOCTb COOLITHS

A = {rpu crysenra MAW okakyTCsi B Da3HBIX BATOHAX }.

OnHako 4HCIHO 3jIeMEHTAPHBIX COoDBITHI, GIAronpUATCTBYIOIUX CODBI-
THIO A, Tenepb PaBHO

ma =3k -2k -k = 6k>.
B pesysapraTe nonyyaem

ma 6k°® _ 2k?
n 3k-(Bk—1)-(3k-2) (Bk—1)-3k—2)"

P(A) =

3aMeTHM, YTO IIPH HEOIDAHMYEHHOM YBEJHYEHMH HMCJIa MECT B BaroHe,
1.6. ipy k — 00, uMeeM

N33 L]

2
li P(A)= 1 e
S P =l et 6o
CpaBHHTE NONYYeHHBIH PE3yJLTAT C OTBETOM B 3G0GHUL a) 3amayuu 2.5.
2k?

OTseT. m .
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3amaua 2.7. B posbirpoime soreped ydactByior 100 6uieros,
Cpeau KOTODBIX 25 BBIUIPHIMHBIX. KakoBa BepoOsTHOCTH OCTaThCA Oe3
BBINTDHINIA, IIPpHOGpeTs 3 Guiera Jorepen?

Pemenue. Paccmorpum Ba cnocoba pemienns 3Tol 3aJa4n, OTINYa-
JOIIHUECS ONPEJENIEHNEM JIEMEHTAPHOrO COOBITHS.

Crnoco6 I. Onpemenum snemenTapnoe cobbiTHE CleAyoIuM 00pa-
30M:

w = {moCneRoBaTENLHOCTD N3 HOMEPOB KYIUICHHBIX GHJIETOR}.

Bce Takue sneMentaphble cOOBITHS PABHOBEPOATHBI M 00PA3yIOT HOJHYIO
IPYIIYy HECOBMECTHBIX CODBLITHH, T.e. ONBIT CBEIEH K CXeMe CJydaes.
Paccyxxpas tak e, Kak B 3a7a4e 2.2, HOLyYUM, YTO YUCJIO BCEX CIYYAEB

n =100-99 - 98.
OmuineM cobbiTHe A, BEpOATHOCTH KOTOPOTO HY>KHO HalTH:
A = {Bce Tpu busera OKaXKyTCs 6€3 BHIUTPLILIA}.

Torma uucno ciiydaes, HAaATONPUATCTBYIONUX COOBITHIO A, BhIpa)kaeTcst
CIeLyIomuM 0Opa3om:

maq =75-74-73.
B peaynbraTe umeem
75-74-73
P(4) = 100-99-98

Crnoco6 II. Onpenenum B 910#l 3a7aye JEMEHTAPHOE COOLITHE IO~
apyromy. s 37010 BBEIEM ClEIyIOUIEe [OHATHE: 100 COSOKYNHOCTILLIO
6Y0em NOHUMATNL MHOJICECTNEO IAEMEHMOG, HA KOMOPOM He 66oUMCA
NopAdor cAEdOBANUA IACMENTILOB.

PaccMoTpumM B KadecTBe 3JIEMEHTAPHOrO COOBITHA CJIC/LyIoUIee

w = {COBOKYIIHOCTb M3 TpeX JOTepeiHbIX GrieToB}.

Takoii crocob BBIGOPa JIEMEHTAPHOTO COOBITHS B AaHHON 3ajadve BO3MO-
2KE€H, TaK KaK HAC He MHTEPeCyeT IOPSILOK, B KOTOPOM INPHOOPETAHCH
JIoTepeiHble GHIETH, & HHTEPECyeT TONLKO UX KadecTBeHHbIH coctas (ko-
JINYECTBO BBIMTPBINIHBIX Cpeay Hux). Bce Takue ajleMeHTapHbIE COBBITUS
PaBHOBEPOSITHLI U 06PA3y10T MOJHYIO IPYIIILY HECOBMECTHBIX CODBITHIA, T. €.
OIIBIT CBEJIEH K CXeMe CILy4aeB.

TTockonbKy 3 0fHO COBOKYNHOCTH TpeX 3JIEMEHTOB (COTTacHO pe-
3YJABTATY, HOJLYYEHHOMY B 3ajade 2.3) MOXKHO IIOJAYYuTDH 3! HoCIe10BaTEM-
HOCTelf, To obmee YMIO BCEX IMEMEHTAPHBIX COOBLITUI, ONpPEIeTeHHBIX
TakuM cnocobom, Gymer B 3! pa3 Menblne, 4eM ObLIO IIONYYEHO IIPH
HCTIO/Ib30BAHUM IEPBOTO crnocoba peureHnus 3a4ad4i, T. €.

100 -99- 98
3! )
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Ilonyuennass BesmuuHa w™MokeT OLITH NpeAcTaBlieHa B CJIELYIOMIEM

BH/IE:
100!

"= 3o 3y

Mb1 nogyunnn u3BeCTHYI0 B KOMOHHATOpHKE (POPMYAY 0ar nucaa cove-
manuti uz k saemenmos no 1:

. k!

Ce= mm—n

T.€. U YMCIa BCEX BO3MOKHBLIX CriocoboB BbiOparn [ asiemenTos us k
HMEIOIIUXCS, eCJIM HOPSAJOK BBIOOPA HECYIIECTBEH.

Anaoruynble pacCyKJEHHUA IIPUBOAAT K HAXOXKIEHUIO YUCIIA, CIIyYaes,
6IAronpPUSTCTBYIONINX ONPEEEHHOMY Bbime cobbITHIO A:

75!

— 3
ma =Cts = 35 ey

OkoHyaTeNbHO oIy 4aemM

Cly  75-74-73

P(4) = C0  100-99-98°

OTser. CX/Ciy0-

3anmada 2.8. VYcmoKHUM, IO CPaBHEHHIO C IpeaplaAyliel 3ajiadeit,
npaBuia Joteped. [lycTh B JioTepee OCyLECTBISIETCA PO3BITPLIim 6 HO-
mepoB 3 49. Tlopsagok BbLINaAEHHA BLIMIPLIIHLIX HOMEPOB HEBAYKEH.
YuacTHUK JloTepeu BoIbHpaeT 6 noMepos u3 49. Boiurpelin BumiadupaeTcs
yragasuuMm 4, 5 unu Bce 6 Homepor. OnpesesinTs BEPOATHOCTD yIa [biBa-
HHUsl POBHO YeThIPEX BBIUTPBIIIHLIX HOMEPOB.

Pemenne. Onpenesnm snementapHoe cobbiTue B fanHOH 3aznaue:
w = {coBokynHoCTh 6 HOMepOB u3 49}.

Bce Taxue aneMeHTapHBIe COOLITHA PABHOBEPOATHBI M 0OPA3yIOT MOJIHYIO
TPYIILy HECOBMECTHBLIX COBBITHIA, T. €. OIIBIT CBEJCH K cxeMe ciydaes. Toraa
ionyuuM (aHAJOrMYHO TOMY, KaK 3TO CAeJaHO B NpPEAbLAYINeil 3asate)
KOJIMYECTBO BCEX CJIy4aeB
— O
n = Cly.

OnumeM cobbiTHE, BEPOSITHOCTL KOTOPOro Tpebyercst HaiiTu:

A = {yrasano 4 BHIUTPLIIHBIX HOMepa}.

Iocne possirpeima jioTepen 49 y4acTBYIOMIMX B DO3BITPHIIIE HOMEPOB
AeJaATC Ha ABe Ipynnbl: 6 HOMEpOB -— BLIMTPLILHbLIE M 43 HOMepa — be3
BbLIMTpHUTTA,
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Hns Toro urobbt npousonuio cobpiTiie A, HeoOXOIUMO M JOCTATOYHO
BoI6parh 4 HOMepa u3 6 BLIUrpbLIMHBIX (3TO MOXKHO caenats Cg crio-
cobamu) u BeIGpaTh OCTaJbHBIe 2 HOoMepa M3 43, ocraBmuxcs 6e3 Bb-
urpbina. Taxim obpazoM, ofiiee uuco ciiydaesn, 6IaronpusTCTBYIONNX
cobbITHIO A, MOXKeT 6BITh HAllJIeHO CJIeLYIOIMUM 0OpasoM:

— 4 2
ma '—CG 'C43.

Bocnons3osaBiucek knaccuveckoit popMyIoit, moayaum

Orset. P(A) = Ci{C2,/CS,.

Banaua 2.9. Ilycrs P(A) = P(B) = 1/2. Bepuo au, uro P(A|B) =
=P(B|A4)?

Peurenue. INons3ysich onpejenenyeM ycIoBHONH BEPOSITHOCTH, IOJIY-
9uM
P(AB)
P(B) ’

P(BA) _ P(AB)
P(4)  P(4)

P(A|B) = P(B|A) =

Hockonbky B JaHHOM Cily4ae COBHAJAIOT M YUCITHTEIN, U 3HAMEHATeJH,
to P(A|B) = P(B|A).
Orser Bepno.

Samaua 2.10. Hycrs Hy, Hy, H3, Hy — paBHOBEPOSITHLIE THITOTE3BI.
Asnaorea mu runoresamu cobwitust Hy + Hy u Hs + Hy?

Pemenue. HeobxoquMo NPOBEPUTD, BBLIIIOJHAIOTCS JH AJisl COOBITHI
Hy + H, n Hs + H; cBoiicTBa, KOTOpPBbIM JIOJI’KHBI YAOBJIETBOPATEH
THnoTesnl. [IpoBepuM MoOnapHyo HECOBMECTHOCTD 3THX COOLITHIL:

(Hl + Hz)(H:g +H4) = H1H3 + H1H4 + H2H3 +H2H4 == Z,

Tak kak H,, Hs, H3, Hy — runore3si, H NO3ITOMY OHM HECOBMECTHLI.
IIpoBepum, 06pa3yoT U 3TH COOBITHS MOAHYIO IPYHILY:

(Hl+H2)+(H3+H4)=H1+H2+H3+H4=Q.

Taxum obpazom, (H, + Hy) u (Hs + H,) 06pa3yiorT IOJNHYIO IDYIILy

HecoBMecTHBIX cobbituit u P(Hy + Hz) > P(H,) > 0, P(Hs+ Hy) =

= P(H3) > 0. CnemoBaTenbHO, 3TH COOLITHA ABNSAIOTCA THIOTE3AMH.
Orser Ha, apraworcs.

3agaua 2.11. Iycrs P(B) > 0. Hoxazats, uto P(A|B) = 1 —
- P(A|B).
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Pemenue. ITo ceofictBam cobuiTuit 2) A, 12) A, 10) A u akcuome A3:

_P(B) _P@B)_P(A+A)B) _P(AB+AB) _

l_P(B) ~ P(B) P(B) P(B)

P(A|B)+P(A|B).

CrenoBaTtesbHO,

P(A|B) =1 - P(A|B).

Yro u TpeboBANOCh JOKA3ATh.

§ 3. OcHoBHbie (HOPMYJIBI BHIUYNCIECHUS] BEPOATHOCTEM

3.1. Popmysna ymHoO»KeHust BepositHocTe#d. OcHOBHOU 3amadeit
TEOPUM BEPOATHOCTEH SBJISIETCS BBIYHUCIEHHE BEPOATHOCTEH CIIOMXKHBIX
cOOBITHII C MCIONBL30BAHUEM BepOATHOCTE( Hosiee IMIPOCTHIX COOBITHIA.

Teopema 3.1. Bepoamnocmov 00HOBPEMEHH020 TOABAEHURA COOBL-
mut Aj,..., A, eupaercaemces GOpMYaot YMHOHCEHUA BEPOATMHO-
cmed:

P(A1As- ... An) = P(A)P(As]A1) ...  P(An|A1 ... An_y),

8 Komopot 6epoAMHOCMb KadCd020 CAedyI0ULe20 N0 NOPAIKY Ccobbmus
BHLUUCAAETCA NPU YCAOSUU, YN0 6 PACCMATNPUBLEMOM ONBLME NPOUIOULAU
sce npedvidyujue cobvimus.

Hoxazarensvcreo. [IpoBeneM H0Ka3aTenbCTBO 10 HHAYKIuU. Fc-
U 1 =2, TO YTBEPXKJEHUE BEPHO IO ONIPEIENEHUIO YCIOBHOM BepOsT-
wocru. [Ipepnonoxum, yro ¢opmysia cupaBeliuBa giast mobbix n < k.
Torpa, paccmarpuBas npousBesenue k + 1 cobbrTust, HoiyvaeM

P(AlAz taen AkAk+1) = P((AlAg Ceeet Ak)Ak+1) =
= P(AlAg et Ak)P(Ak+1|A1A2 LT Ak) = P(Al)P(A2|A1) X ...
oo X P(Ak]AlAg el Ak_l)P(A]H,lIAlAg R Ak)

Taxkum ob6paszoM, dopmyna oKasbiBaeTca BepHOHK u Jist k + 1 coMHOXU-
Tena. ITo mupykuuu 3akmovaeM, 9To HopMyiia YMHOKEHHST BEPOSITHOCTH
BepHa.

Ounpegenenue 3.1. Cobuitua A u B Ha3bIBAIOTCH HE3QEUCUMDbL-
mu, ecmu P(AB) = P(A)P(B). B npornBHOM Cllydae COOBLITHS Ha3bIBa-
JOTCS 3ABHCHMBIMH.

Onpegnenenne 3.2. Ecam mobble apa cobbitus us Ap,..., A,
HE3aBUCHUMBI, TO COObITUS Aq,... , A, HA3BIBAIOTCH NONAPHO HE3ABUCUMbL-
mu. Cobbitusa A, ..., A, Ha3LIBAIOTCH HE3AGUCUMbBMU 6 COBOKYNHOCTU,
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WJIM [POCTO HE3A8UCUMBLMU, ECIH JUIs JIoOBX kK = 1,n u 1 < 4 < ...
... < i £ . BEPHO PABEHCTBO

I’(x‘li1 et Aik) = P(A,l) teel P(A,k)

Hesapucumocts cobbITHIT He clejlyeT W3 UX MONapHOif HE3aBUCHMOCTH, HO
obpaTHOe YyTBepKIEHUE BEPHO.

Hpumep 3.1. Ilycrs umeercd Terpasip, y KOTOPOTO NepBasi IPaHb
BBLIKpallleHa B KPacHbI!l 1BeT, BTOpas -— B CHHHUIl, TPETHH — B JKeJTHIH,
a 4eTBepTas r'paHb BBIKpallleHa YaCTAMU B KPACHBIH, CHHMI M 2KeJITbIH.
Ilycts cayyam wy,ws,ws,wq COCTOSIT B BHINaJeHMHM B omblte GG omHOMN
u3 rpaHeit. CobObiTe A COCTOUT B NOSIBJIEHMM IpaHH KPACHOIO IBeTa,
cobbiTHe B — cunero, u cobuitne C — wenroro mnpera. Torga P(A) =
= P(w; + wy) = 1/2. Ananormuno, P(B) = P(C) = 1/2. [lanee,
P(AB) = P(ws) = 1/4. B 10 xe Bpems P(A)P(B) = 1/4, Te.
P(AB) = P(A)P(B). 970 3Haunt, yTo cobbitiist A u B He3aBHCHMBL
Amnasiornyno ycranapaupaercsi, 4T0 cobbitusi A n C, a rakxe cobuitusi B
u C nesaBucumbl. Takum o6pazom, cobuitua A, B,C siBrsiorcd HonapHo
He3aBUCHUMBbIMM. OJHAKO 3TH CODLITUS HE SABJLIOTCH HE3aBUCHMBLIMH B
copokynnoctu. HeficTBurensHo,

P(ABC) = P(wy) = 1/4,

HO

P(A)P(B)P(C) = 1/8.

Hpumep 3.2. Ecau cobuitist A 1 B He3aBUCHMBI, TO HE3aBHUCUMBI
TakKe cobnrtua A u B, Au B, A u B. Jlns cobbrruit A u B nmeeMm

P(A) = P(AQ) = P(A(B + B)) = P(AB + AB) = P(AB) + P(AB).

[Mosromy P(AB) = P(A) — P(AB). Tak kak A u B ue3aBucHMbI, TO
P(AB) = P(A) - P(A)P(B) = P(A)P(B),

T. €., COrJIacHO onpeaeyennto 3.1, cobrirusi A u B neszapucumbl. Hesasu-
CHMOCTh OCTAJIbHBIX COOBLITHH JOKA3BIBAETCA AHAJOTHYHO. Y TBEPIKIACHHE
CIIPABEJINBO U JJIS MPOM3BOJLHOIO KOJIMYECTBA HE3ABUCUMBIX COOBITHIA.

IIpumep 3.3. Ecnn necoBmecTHble cobbiTHa A 1 B uMewT HeHyJIe-
Bble BEPOSITHOCTH, TO OHH 3aBucHMbl. JelicrBuTennHo, no ycnoeuio AB =
=@&. Eciu 651 A u B 6biin HezaBucuMbIMH, Torga 6uuro b1 BepHO

P(A)P(B) = P(AB) = P(2) = 0,

HO JIeBasi 4YaCTh PABEHCTRA N0 YCJIOBMIO Hy0 He paBHa. ClenoBaTesbHO,
A u B 3aBHCHMEL
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3.2. GopmyJia CIIOXKEHNS BEPOSITHOCTEI.
Teopema 3.2. Bepoamuocms nossaenus 6 onvime roma 6u 001020

u3 cobwmutl A,,...,A, evipascaemcs POpMYaol caodcerHul aepo-
amuocmeti:
P(A1+---+An)=P1‘P2+ +( 1 Z( 1)l lpn
n n—-1 n
2de 1= Z P(A,), P2 = Z Z P(A,;Aj), ceey Pn= P(Al ta. An)
i=1 i=1 j=i+1

Hauunas dopmyna HoKa3bBIBAETCA MO UHAYKIUM HA OCHOBE CBOIHCTBA
6)P, u3 xoToporo ciesyer ¢opMyJia CILOKEHHA BEPOATHOCTEH Juist 1 = 2.
IIpu n = 3 sra popMysa NpUHEMaET BHJ,

P(A; + Az + A3) = P(A;) + P(Az) + P(43) -
_ P(A14s) — P(A24s) — P(A;1 A3) + P(A; A2 A).

Ecnn cobwirus Ay,..., A, HDONapHO HECOBMECTHBI, TO BEPOATHOCTb
npousBeeHus Juoboil KOMOMHAIMHE U3 STHX COOLITHH paBHSETCA HYIIO
u HOpMYyIIa CIICXKEHNS BePOsITHOCTEH NpHHEMaeT Buj, (cM. cBoiicTeo 8)P)

P(i 4) = }::1 P(A;

i=1

Ecnu cobmitnas  A; B OGeckowmewHoit mnociaemosatenbHocTH Ag, ...
,Ai,... TONapHO HECOBMECTHBI, TO BBINONHSETCS ClelyIoIee
PaBEHCTBO:

P(g Ai) = 2 P(4;)

o0
. A
Heficreurenbro, mycrs A = Y A;. Ilpencrasum cobuitie A B BHsie
1=1

n
A2 A;+B,, te B, Z A;.

i=1 t=n+1

n
Torma P(A) = ) P(A;) + P(B,). Tak kak no mocrpoenumio By D
=1
! oo
ODByD>...0B,D... u H B, = @, To mo akcuome A4 moaydaem
n=1
P(B,) — 0 npu n — oo. OTKysa n BbITeKaeT TpeGyeMoe PaBEeHCTBO,
KOTOPOE HA3bIBAETCA CEOTICEOM CHEMHOTE A0OUTMUCHOCTNY 6EPOAMHOCTIU.
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MoxHO 0Ka3aTh ¥ 06paTHOE YTBEPXKAEHUE, YTO IIPU BBIIOJHEHHH STOrO
CBOHCTBA BBIIIOJHSIIOTCH TakyKe akcuombl A3, A4.

TpeanonoxkuM, 4ro cobbiTust Aj, ..., A, COBMECTHBHl U HE3ABUCHMEI.
Tornoa

P(é Ai) =1- ﬁlp(z,.).

Heficrsurensro, nycth n = 2. [To coiterey 11)P umeem P(A+B) =1—
—P(A-B). Tak kak A u B HesaBucumsl, a 3uauuT A u B He3aBHCHMEI
takxe, 10 P(A+ B) = 1 — P(A)P(B). Obmas dopmyna H0Ka3bIBACTCS
110 METOAY MATEMATHICCKOH MHIYKIUH.

3.3. PopmyJia 1OJIHOM BEPOSATHOCTMH.

Teopema 3.3. Ilyemv ¢ onwmom G  c6a3aHb.  2unomesvt
Hy,...,H,. Tozda sepoammnocmo NoasAeHUA NPOU3BOABHO20 CObvmus A
6 onume G ewpasdicaemcs Gopmyaolt noaroti sepoamuocmu:

P(A) = S P(H;)P(A|H,),

i=1

zde P(H;) — eepoammnocmov zunomesw, P(A|H;) — ycaoenas eeposm-
nocmu cobwmua A npu ycaosuu, wmo cnpasedausa 2unomesa H;, i =
= —1—,_"",‘

HokasaTenscrso. Teopema JoKa3bIBAETCS ClIeYIONIAM 06pa3oM:

P(A) = P(AQ) = P(A(H, + ...+ H,))) = P(AH, +... + AH,) =
=P(AH,) + ...+ P(AH,) = P(H,)P(A|H,) + ...+ P(H,)P(A|H,).

3ameuanue 3.1. PopMmyna NOIHON BEPOATHOCTH IO3BOJIAET BhIPA-
3UTh BEPOATHOCTDL CJIOXKHOrO COOBLITHA A 4epe3 BEePOITHOCTH COCTABIIS-
jomux ero Gosee mpocteix cobbrruit AH;, i = 1,n. Jdannas dbopmyna
HCHOJb3YeTCH B ONbITaX, HE CBOJSIIMXCA K CXEMe CJIydaeB.

3.4. ®opmyna Baiieca.

Teopema 3.4. IIyemv ¢ onwmom G  ceaszams, 2zunomesv
Hy,... ,H,. IIpednoarosicum, “mo npu npoeedeHuts Onuma npousouo
cobumue A, eepoamnocmv xomopozo bGwaa P(A) > 0. ITyemw do
onvima G 6uau USEECTNHBL AUWD GTLPUOPHBLE BEPOAMHOCIIU 2UTOMES
P(H;), i = 1,n, u coomeemcmeyroujue um Ycao6HBE GEPOAMHOCTIU
P(A|H;), i = 1,n, cobwmus A. B smom cayuae ycaosnas
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(@anocmepuopnasn) sepoamnocme P(H;|A) sunomesw H; npu ycaosuu,
ymo cobwmue A npousowno, ewvucasemca no popmyae Batieca:

P(H,)P(AlH)

S~ P(HOP(A|Hy)
k=1

P(H;|A) =

HoxkazaTenbcrBo. Jannas dopMyna BbiTeKaeT U3 CBOHCTB
YCJIOBHO# BepoATHOCTH. [leficTBuTenbHo, 1o cpolictBy 17)P  ummeem
P(H;)P(A|H;) = P(A)P(H;|A), otkyza crexyer, 4To

P(H)P(A|H:)

P(HziA) = P(A)

Hanee ocraercs 3amennts P(A4) dbopmysioif monHONR BEPOATHOCTH.

Sameuvaune 3.2. Qopmysa Baiteca npenHasHaveHa IS BbIYHCIE-
HHUS alOCTEPUOPHBIX BEPOSTHOCTEH T'HIIOTE3 TIOCHE IPOBEJEHMS OIBITA C
yuerom 1onyderHoll undopmauun (cobbitue A yike IpOH30OLLIO).

3.5. ®opmyna Bepaynnu. PaccMorpum mocsie1oBaTeIbHOCTD U3 N
HE3aBUCHMBIX MCIBITaHuit (ONBITOB) ¢ ABYyMst ucxomamu (cobpirusmu) A
u A, KOTOpbIe HA3BIBAIOTCH COOTBETCTBEHHO «YCMETOM> U <HEYCTLETOMY,
nmpuuem P(A4) = p € (0,1), P(4) = ¢ 21— p. Iocrpoennas cxema
HCTIBITAHUE HasbiBaeTcs cremot Bepryaau, a caM OOBIT — ONLIMOM
Bepryaau.

Teopema 3.5. Ilyemv onum G npoussodumca no cxeme Beprya-
au. Tozda sepoamnocmv P,(m) cobwmua A,(m), cocmoauezo 6 mom,
wmo npu n noemopenuAr onvima G cobwmue A npousotdem posro m
pa3, evvucaiemca no opmyae Bepryaau:

Pa(m) 2 P(An(m)) = Cp™(1 —p)™™ ™.

IIponemMoHCTPUPYEM CHPABEIJIUBOCTE 3TOH (OpMYJBI I N = 3 U
m = 1. B atoMm ciiyuae

A
P3(1) = P(43(1)) = C3p' (1 —p)* = 3p(1 - p)*.
HNpencrasum cobbitue As(l) B Buze CyMMbl HECOBMECTHBIX COOBITHIA:
A3(1) = Alzzzg +21A223 —Jr:‘—ilZzAg,

roe cobertust A; m A; cocrosaT B TOM, YTO B i-M ommiTe, ¢ = 1,2,3,
HabmonaeTcsa win He Habmwomaercs «ycnexs. [lostomy nmonygaem

P3(1) é P(A3(1)) = P(Alzzz;;) + P(zlAz—A-s) + P(lezAg)
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Tak kak cobertus A, Ao, Az, a Takxe Ay, As, A3 He3aBHCHMBI, TO
P3(1) = P(A1)P(A2)P(43) + P(A1)P(A2)P(4;) + P(A1)P(4:)P(43).

IMostomy P3(1) = 3p(1 — p)? = Cip(1 — p)?. B obmem ciyiae bopmyna
Bepuynnu foxasbiBaeTcs aHATOTHYHO.

IIpumep 3.4. Monery nogbpacnisaroT 5 pa3. Haittu BeposTHOCTB
TOrO, YTO «repb» BHITALET POBHO TPU pa3a. B aToM ciydae n =5, m =

=3,p=1/2, qél-—pz 1/2. Torga no ¢dbopmyne Bepryiuu
a2 (D)(3)=2
P5(3)”C5(2) 2/ T 16

3.6. Tunossle 3aaaun.

3amada 3.1. U3 konoas! Kapt (52 KapThi) HAYTaJ BBIHEMAETCS OJHA.
Aasgiores v 3aBUCUMBIME COOBITHS

A = {31a kapra — Ty3} u B = {3Ta KapTa MMeeT UKOBYIO MacTb} 7

Pemenwue. Ilo onpenenennio onepauyy npon3seaennst COObITHI
AB = {9r1a xapra — TYy3 n#K}.
CrenoBaTenbHO, MO KAACCHYECKOH (pOpMyJIe TEOPHH BEPOSTHOCTEH

4
52°

13

P(B) = Zh

P(4B)= o, P(4)=

Tak KaK BBINOJIHACTCA PaBECHCTBO
P(AB) = P(A)P(B),

10 cobbiTuss A u B HezaBuCHMBIL.
OTseT CoboiTua A M B He3aBUCHUMEL

Samaua 3.2. Iycrs P(C) = 1/2. Cpapuurp BepOATHOCTH
P(A + B|C) u P(A|C) + P(B|C).

Pewenue. [lons3ysack onpesesienneM ycIoBHON BepOSTHOCTH U dHOp-
MyJIOlf CJIO2KEHHA BEpOATHOCTEN, mosydaem

P((A+ B)C) _ P(AC+BC) _
P(C) h P(C) -

_ P40 + P;ng; - P(ABC) _ P(A|C) + P(B|C) — P(4B|C).

P(A+ B|C) =




36 CAVYAUHBE COBBITUSA (DJI. T

Ho nockonsky BepositHocts P(AB|C) HeoTpnuarensua, TO
P(A+ B|C) < P(A|C) + P(B|C).

Orser. P(A+ B|C) < P(4|C)+ P(B|C).

Bagaua 3.3. Iycrs P(A4) = 1/7, P(B) = 4/21. Bepuo s, 4ro
P(A+ B) € 1/3. Otser o6ocHoBaTh.

Pemenne. CornacHo dpopMysie CJIOKEHHS BEPOSITHOCTEN MMeeM

4 7
P(A+ B) = P(4) + P(B) - P(AB) < P(4) + P(B)=z + oo = - = =
OrBeT Bepmno.
3agava 3.4. Ilycre Hy,Hy, H3 — DaBHOBEPOSTHBIE I'UIIOTEILI.

IIpousomno cobmitue A = H, + Hz. OOpa3ynoT AH CHUCTEMY THIIOTE3
cobbitus Hy + H; u H3? Eciu ma, To Halijiure HX anoCTEPHOPHBIE
BEPOSITHOCTH.

Pemenune. Heobxoimumo IpoBepUTH, BHIOJHSIIOTCS JIH JIJISL COOBITHIH
Hy, 4+ Hy u Hjz cBOWCTBa, KOTODPBIM JOJDKHLL YIOBICTBOPATD TMIIOTE3LI.
IIposepuM nomapHyo HECOBMECTHOCTDH 3TUX COOBITHIA:

(H1 + Hg)Hg = HH;+ HyHs = &,

TaK Kak Hi, Hy, H3 — runoresnl, ¥ MO3TOMY OHM HECOBMECTHDI.
IIposepum, 06pa3yIOT U 3TH COOLITHS IOJHYIO IPYIIY:

(H1+H2)+H3=H1+H2+H3=Q.

Taxum obpazom, (Hy + Hz) n H3 o6pa3yloT NoJHyIo TPYIILY HECOBMeCT-
ubix cobuiruit n P(Hy + Ha) > P(H;) > 0, P(H3) > 0. Cnenosareinsiuo,
3TH COOBITHSL SIBJISIOTCS. TUIOTE3AMH.

ATIOCTEPHOPHBIMA BEPOATHOCTAME ITHX THIOTe3 asjsworcst P(H;p +
+ Hy|A) u P(H3|A). Haitgem 9TH yc/IOBHBIE BEPOSTHOCTH.

P((Hi + Hi)A)

P(H, + Hy|A) = B(A) =
_ P((Hi+ Hy)(H:+ Hs)) _  P(H2)
- P(H; + Hs) "~ P(H:+ Hs)’
AHAJIOTHYHO MOTy4uM
P(Hl4) = pin)

P(H; + Hs)~
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B cuny pasHoBepositHocTH runore3 Hy, Hy, Hg
=1
=3

2

P(H) = P(H,) = P(Ha)

CreroBaTebHO,

1/3
P(H, + Hy|A) = P(H;|A) = §§—3 —0,5.

Orser Cobwitua H; + Hy u Hsz o00pa3yioT CcHCTEMY TI'HIIOTE3,

aIOCTEPHODHBIE BEPOSITHOCTH 3TuX TUnored pasubl P(H; + Hp|A) =
= P(H3|A) = 05.

Sanaga 3.5. CucreMa COCTOUT U3 JABYX IEMEHTOB C HAEKHOCTSIMU
P1 U P2 COOTBETCTBEHHO. DJIEMEHTH! COeTHHEHB! APAJIIENBLHO U BLIXOIAT
M3 CTPOs He3aBuCHMO JpyT oT apyra. Cucrema paboraer. HaliTi Beposit-
HOCTb TOTO, UTO HEMCIIPABEH IIEPBBIH 3JI€MEHT.

Pewmenne. Paccmorpum cnenyomue ciydaiinbie cobbITH:

A = {nepsoIit aemMenT paboTaeT HOPMAIBLHO} ,

B = {BTopoii 35emenT paGoTAET HOPMANLHO},

C = {cucrema paboraet} .

Cornacuo ycnosmio 3agauu P(A) = p;, P(B) = p.. Ucnonsays
CBOMCTBO mpoTHBOMOMOXKHOrO cobbrtust 11)P u dopmysny ymHOXKeHUsI
BEPOSITHOCTEH, NOJIYYHM BeposSTHOCThL cobbiths C':

P(C)=1-P(C)=1-P(A-B)=1-(1-p1)(1 —p2).

Tpebyerca naiitn P(A|C). CornacHo onpeleneHuio yCIoBHON Bepo-
SATHOCTH CJLy4aifHOro COOBITHS

P(AC) _ (I-p)pe

P(ZIC) = PC)  1-(1-p)A—p2)°

(1-p1)p2 .
1-(1-p1)(1—p2)

Sanmaua 3.6. HekTo Hamesl 4yXylo JILIAaCTHKOBYIO KapTO4YKy BaHKO-
marta. HailT BepOSITHOCTH TOrO, YTO JBYX NOIBITOK, MPEJOCTaBASEMBIX
6aHKOMATOM, XBATUT JJISL TOTO, YTOOBI OTrasaTh HEM3BECTHLIN eMy 4eThI-
PE€X3HAYHBIA KOX,.

O rBeT MckoMasi BepOATHOCTb PaBHA

Pemenue. Paccmorpum coberrne

A = {aByX NpesOCTABJICHHBIX MONMBITOK XBATUT, YTOOBl yTraaTh KOAL}.
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910 cobbiTHE MOXKeT ObITH NPEJCTABIECHO CIAeAYoIUM obpa3om:
A=A+ A4y,

rge A; = {kopn Buepsrie yrafau ¢ t¢-it momnwitku}, i = 1,2. Cobertuss A
m A; — HeCOBMECTHHI IIO0 ONpEJENEHHIO MPOTHBOTIONOXKHBIX COOBITHIE,
MMOCKOJBbKY COOTBETCTBYIOIIME MHOXKECTBA, 61arONPHATHBIX 3JIeMEHTAPHBIX
coOBITHIT HE TepeceKaTca. MHOXKECTBO 3JIeMEHTAPHBIX COObITHI, Onaro-
NPUATCTBYIOUMX COOBITHIO AjAg, COCTOMT U3 3TEMEHTAPHBIX COBBITHIL,
OJHOBPEMEHHO BJIArOIPHATCTBYIOMMX COBLITUAM A; 1 Ay . CliemoBaTels-
HO, 3TO MHOXKECTBO HE I1€PECEKAETC C MHOXKECTBOM JIEMEHTAPHBIX COOBI-
THii, 6raroupusarcreyomux cobbituio A; . Takum obpazom, cobpiTHs A
n A;A; HECOBMeCTHBL.

s naxoxgenus P(A) socromsayemcst popMynoif cioxkenusi Bepo-
SITHOCTEHR JIJisi HECOBMECTHBIX COBBITHIA:

P(A) = P(4;) + P(4,4,).

BeposTHOCTD cobbiTHsI A; HaXOMMM, HCIIONB3YS CXeMy BbIGOpa ¢ BO3Bpa-
meHneM (cM. 3agaqay 2.4):

1
P = —.
(A1) 10
ITo dopmysie yMHOXKEHUS BEPOSATHOCTEH

P(A1A;) = P(A))P(A5]4,),

- 1 - 1
rae P(Al)zl—P(Al)z 1-— Ve P(A2|Al): T 1
10 104 -1
Hucno n = 104 — 1 ecTh KOJIHUYECTBO BCEBO3MOXKHBIX YeTbIpEeX3HaIHbIX
KOIOOB, 3a HCKJ/IIOUYCHHEM OOHOI'0, IIPOBEPEHHOTO IIpH nepBoﬁ IIOIIBITKE.

Takum obpazom,

1 1 _ 2
P(A)_W+(1‘W> 104 —1  10*°

OTsetr P(4)=2/10%

3agava 3.7. Cpesnuil IPOLEHT HEBO3BPAIIEHHS B CPOK KPEIUTA,
BBIIaBaeMoro 6ankom, coctapasier 5%. Haiitu BepOATHOCTD TOTO, YTO NPH
Belmage 6ankoM 100 kpeauToB mpoGIEMBI C BO3BPATOM JEHET' BOSHUKHYT
He MeHee, YeM B JBYX CJIy4asiX.

Pemenne. Bocnonbayemes cxemoit Bepuymu. Ilon onpiroMm morumMa-
eTcH moJlyveHue KpeauTa, KoTophli 66w Began bankoM. B xax oM ombire
cobbrTUE

A = {xpeauT He BO3BpaIAETCS B CPOK }
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npoucxoguT ¢ BepoaTHocThio p = 0,05 . Hazosem nacrymienue cobbitust A
«yenexroms. YKasaHHBIM ObIT npoBogurcs 1 = 100 pa3 B OJHEX U TEX 2Ke
ycnoBuax. Tpebyercs onpeneauTs BEPOITHOCTb COGBITHA

B = {kpenuT He 6yeT BO3BpAIlEH B CPOK XOTA Obl B IBYX CIydasX}.
B sToit 3amaue
B = {xpeaur ne Gyzer BO3BPAIEH B CPOK MEHEe, UeM B JBYX CIyYasdX}.

CobeiTne B Moxker OBITH IPEJNCTABIEHO B BHIE CJIELYIOWIEN CYMMBI
cOOBITHIA:

B = A100(0) + A100(1),

poBHO B m ciy4asx u3 100 er,zmT} 0 1.
He OyJeT BO3BpAILEH B CPOK !

vie Aoo(m) = {

Coboitust A199(0) m Ajoo(1) HecoBmecTHBI. Bocmonsayemcs dhopmy-
JIOH CJIOYKEHMs BepOSTHOCTEH

P(B) = P(A100(0)) + P(A100(1)),

rje BepoATHOCTH cobbrtuit A1gp(0) m Ajgo(1) BRIMMCHsIOTCH MO BOpPMYyTE
Bepuynim

P(A100(m)) = Cf3(0,05)™(0,95)'"™, m =10, 1. (3.1)
Takum obpazom,
P(B)=C?%,,(0,05)°(0,95)1%%4 C1y0(0,05)1(0,95)%°= (0,95)*%°4 5 - (0,95)%°
CrenoBaTennbHO,
P(B)=1-P(B)=1-(0,95)'% —5.(0,95)° ~0,96.

OrBetr. P(B)~0,96.

3axava 3.8. B Toprosyro ¢hupMy IMOCTYNHIM TEJEBH3OPLI OT TPeEX
dupm usrorosureneit B coornomennn 2:5:3. Tenesuzopsl, nocrymnaoniue
OT 1epBoil (uUpMBI, TPeOYyIOT PEeMOHTa B TEUYCHHE TAPAHTHUIHOIO CPOKa
B 15% cayuwaes, oT BTOpPOil M TpeTbeit — coorsercTenHo B 8% u 6%
cny4daes. HaiiTi BeposTHOCTH TOTO, YTO HOCTYIIMBIIKI B TOPrOBYIO GUpMy
TeJIEBU30D NoTpebyeT PEMOHTA B TeYeHUE rapaHTHHHOrO CPOKa.

Pemenune. B onbite, paccMarpuBaeMoM B 3a1a4e, MOXKHO BLLAEIHTL
nBa stana. Ha nmepBoM 3Tane oCylIeCTBISETCH IPOIaXKa TOProsoit hupmoit
TEJEBU30Da, M3TOTOBJEHHOI'O B OJHOM M3 Tpex (upM, YIOMSHYTHIX B
YCJIOBHH 3agauu. BTopoit sTam mpeicTaBideT coboif SKCIUIYyaTallUIo Tee-
BM30pa, B pe3yJbTaTe |¥ero oH jubo JOMaeTcss B T€YeHHEe I'aPaHTURHOIrO
cpoka, nubo HeT.
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HOCTpOHM CHCTEMY I'HIIOTE3 KaK BO3MOXKHBIX HCXOHOB IIEPBOI'O 3Tala
OIIBITA:

H; = {npopannniit Tenesusop 6su1 nponssenen i-it bupmoit}, 1 =1, 3.

OueBHHO, 4TO IOCTPOEHHAs CHcTeMa COOBITHIl yioBiieTBOpaeT Tpebo-
BAaHUAM, IPEAbSIBASEMbIM K FHIOTE3aM, TAK KaK 3TH COOBITHUSI ABSIOTCS
HECOBMECTHBIMHU (TEJIEBH30P He MOXKeT GhITh U3rOTOBJIEH AByMs bUpMaMu
OIHOBPEMEHHO), ¥ HUKAKHE JPYTHE UCXOJbI IIEPBOTO 3TAMA OILITA HEBO3-
MOXKHBI (TaK KaK B IIPOJIaXKy NMOCTYIHJIM TEJIEBU30Pbl TOMLKO YKA3AHHBIX
bupm).

Onpenenum cobbiTHE, BEPOATHOCTL KOTOPOro Tpebyercss HalTH:
A = {npopaunsiit TeneBu30p NOTpeBYET rapaHTHAHOTO PEMOHTA}.

CornacHo YCIIOBHIO 33Ja9H TEJIEBH30PHI MOCTYNMUIN B 1IPOAAXKY OT TPeEX
dbupmMm B npontopiuu 2:5:3. O603HaYUM Yepe3 T KOJIUYECTBO TEJIeBU30POB,
TIIPUXOAAIIMXCA HA OAHY HOJIO0 B yKazaHHOW mponopuuu. Toraa obiee
KOJIMYECTBO TEJIEBU30POB, MOCTYNMUBIIMX B IIPOLAXKY:

2z + 5z + 3x = 10z.

IIpn 3TOM KOJIMYECTBO TEJIEBU30POB, IOCTYNHBIIMX OT HEPBOH (hUPMBI
k)
PaBHO 2T, CJIEOBATENBHHO, COVIACHO KJIACCHYECKOH (hopMyIte BhIYnCiieHU s

BCPOSITHOCTEN:

2r 1
PEH) = 357 = 5

AHaJornyuo HaliieMm BEPOATHOCTH OCTaJbHBIX I'UIIOTE3!

1 3

Vcnosubie BEPOATHOCTH cobbiTns A OTHOCHTENBHO KaH(,ELOﬁ U3 runore3
3adaHbl B YCJIOBUHU 3aJda'n:

P(A|H,) = 0,15, P(A|H,) = 0,08, P(A|H3) = 0,06.
BocnonbzoBaguck GhopMyioit nonHON BEPOSTHOCTH, HOIyYaeM

3
P(4) = Y P(H)P(AIH;) = £ 0,15+ 5 -0,08+ = -0,06 = 0,088.

t=1

Orset. P(A)=0,088.

3agava 3.9. Iloce ocMorpa 60IBHOrO Bpad cYHTAET, YTO PABHOBO3-
MOXKHO omHo u3 ;Byx 3abonepanmit C wiu D. Ins yroyHenus aumarxnosa
G0JILHOI'O HATPABISIOT HA AHAJHS, HCXOH, KOTOPOro JaeT MOJOXKUTEIbHYIO
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peaxuuro npu 3abonesanuu C B 30 nmporenTax ciy4vaes, a npu 3abonesa-
Huu D — B 20 npougeHTax ciiy4aes. AHAIU3 OaJ TOJOKHUTEIbHYIO PEAKIHIO.
Kakoe 3aboseBanue cranosuTcs 60siee BEPOATHBIM?

Pemesue. B panno#t 3amage omeIT, Tak XKe, KaK M B IPebIIYILEil
3ajade, MoxKeT ObiTh pa3bur Ha xaBa vtama. Ha nepBom sTame Bpad
cTaBUT AuarHo3. CHcTeMy THIOTE3 MOXKHO CHOPMYTHPOBATH CIeLYIOMIMM
obpazoM:

H, = {namuenr umeer sabonesanue C},

H, = {namuenr umeer 3abonepanne D}.

,D;JIS{ OTBETa Ha IMOCTaBJEHHBIH B 3agave BOIIPOC HYXKHO HalTH arocre-
PHUOPHBIE BCPOATHOCTH THIIOTEI. Anpnoprle BCPOATHOCTH T'HMIIOTE3, CO-
TJIaCHO YCJIOBUIO 33/1a4¥, DAaBHBL:

P(Hl) = 0,5, P(Hg) = 0,5
Paccmorpum cobniTue
A = {aHaNM3 JaJ TONOXKUTENbHYO PEAKIMIO}.
JIJisl HAXOXKJIEHUSI ANOCTEPUOPHBIX BEPOATHOCTelH rumores, T.e. P(H|A)
u P(H,|A), Bocrionsayemcs bopmymnoit Baiteca. ust Toro wrofst Bocions-
3oBaThCst bopmyoii Baiieca, HeobxomuMo HaliTH yC/IOBHbIE BEPOATHOCTH

cobbITHsI A OTHOCUTENHHO KaxKJoN u3 runore3. CornacHo ycnoBuio 3aua-
YU OHM PABHBI COOTBETCTBEHHO:

Bocnonsayemcs popmyiioit Baiteca:

P(HI‘A) = P == —_é_ =0167
ST P(H:)P(A|H:)

t=1

P(H)P(AIHy) _ 0,15
0,

o

P(H)P(AH:) _ 0,1
S P(H.)P(A|H.)

i=1

P(H,|A) =

Tax kak P(H;|A) > P(H2|A), To 3abonesanue C cranoBurca 6ouee
BEPOSITHBIM.
O rBeT. Bonee Beposarno 3abonepanue C.
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§ 4. 3amaum IJIsE CAMOCTOSITEJIbHOTO PelleHUs

1. IloH4uMK OTHpaBMJICS B IyTelleCTBHe Ha BO3JYNTHOM Imape. Jepes
kaxxasle 10 MunyT noneta y IloHunka BO3HUKaET >KeJlaHWe NMOAKPETUTHCH,
M OH HAYHUHAET B CIY4YalHOM IIOPsiIKe IPOCMATPHUBATbh CBOH KapMaHb! JO
TeX Iop, IIoKa He HaiiAeT cbhecTroe. Haiitn BeposaTHOCTL TOTO, 4TO!

a) nouck k-ro IpsiHMKA HAYHETCs ¢ MyCTOro KapMmana, ecin y [Tonvyuxa
17 xkapMaHOB, B KOTOPBIX M3HAYAJILHO JIEXKAJIO TI0 OJHOMY IDSHUKY;

6) Tlonuuk mepsble qBa pa3a OyAeT MOAKPEIISATLCS IPIHHKAMH, €CJIH
B JBYX U3 MMEIONINXCA y Hero 17 KapMaHORB JIEXKHT IO OTHOMY NPAHUKY,
a B 15 — no omguoit xoudere;

6) ITon4uk nepBbie gBa pasa GyAeT MOAKDPEIJISTHCS IIPSHUKAME, €CJIH
y Hero 10 kapMaHOB, B OZHOM W3 KOTOPLIX — JABa IIPAHUKA, a B
OCTANBHBIX — IO JIBe KOH(ETHI.

2. Buaagesern nminacTUKOBOH KapTouku OamkoMaTa 3abbul mocsiemHue
Tpu 1udpsl Koga U Habpald HX Hayraja., KakoBa BepoOsSTHOCTH Habopa
BEPHOTO HOMEPA, eCIM U3BECTHO, YTO BCE 3TH TPU HUMPHI Pa3IHIHbI 7

3. U3 pgecsitu BapuaHTOB KOHTPOJLHOH DPabOThI, HANHCAHHBIX HA
OTJEJILHBIX KAPTOYKaX, Hayral BbIOMPAIOT BOCEMB W PA3MalOT BOCHMH
CTYJEHTaM, CHASALIUM B OJHOM psany. Ha#iTM BEPOSTHOCTDH CJIELYIOLNX
COOBITHI:

A = {BapuanTsl 1 u 2 OCTAHYTCS HEUCTIOIL3OBAHHBIMH | ,

B = {BapuanuTrsl 1 1t 2 ZOCTAHYTCA PAAOM CAMSUUM CTYILEHTAM} ,

C = {6yayT pacupejenenbl MocaeA0BATeNbHbIE HOMEPA BAPHAHTOB } .

4. Tlonnast xonoma xapt (52 ynucTa) LEJAMTCT HAayTal Ha JBE DaBHBIE
qacTu 110 26 KapT. HaiiTH BeposSTHOCTL CleyIOuuX CoOBITHI:

A = {B kaxJ0if mavke Mo ABa Ty3a},

B = {Bce Ty3sl B ofHOit nauke},

C = {B onnoit nauxe GyseT omUH TY3, & B APyTOH — TPU} .

5. B npexnosioxkeHnn, YTO JeHb POXKIEHHS JI0OOr0 YeJIOBEKa DaBHO-
BepoATeH B JI000i IeHb rofa, HallTU BepOSITHOCTB TOTO, YTO BCE JIIOAH B
KOMIAHHH M3 T YeJOBEK POMMJIUCH B pasnuunble nuu. Ilomcuutars sty
BEPOATHOCTb 1 T = 23.

6. U3 mectu 6yxB paspesnoli a3byku cocraiieHo cioso AHAHAC.
Peberok, He yMmermuit yurars, pacceiniall 3TH OyKBH M 3aTeM cobpas

B IPOM3BOJILHOM Hopsifike. Haiitn BepoATHOCTH TOTO, YTO Yy HErO CHOBA
nostyyures cioso AHAHAC?

7. KoMmnamumss 3aHmMaeTCs OpraHU3almeill OTHBIXAa IJist Jrobureseit
puibHoit stoBau. Ha o3epe, roe HaXoAuMTCs TypuCTHYeCKast 6a3a KOMIAHUH,
obopynoBaro nusi poibuoit Jsosmu 30 mecr. Habpawma rpymna us 5
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OTABIXAIOIIMUX, KOTOPBHIM, HE3aBHCHMO JIPYT OT JpYra, NIpPeIOCTaBJICHO
TpaBo BbIGOpa MecTa puiOHOIM JoBIK. B npexuosoxkeHuun, 4To Bce MeCTa
OJIMHAKOBO IIPHUBJEKATEJIbHB [JJd JI0O0TO OTHBIXAIONIETO, BBIYUCIHUTD
BEPOSITHOCTH TOTO, YTO BCE OTABIXAIOIINE BHIOEDYT PA3NUYHBIE MECTA.

8. Uz uudp 1, 2, 3 nayrag cocraBisiercs iecTU3HAYHOe yucio. Hafitu
BEPOATHOCTH TOrO, YTO B 3TOM uHcie Iudpa 1 OyaeT BCTpeyaThcss OLUH
pas, yudpa 2 — nBa pasa, uudpa 3 — Tpu pasa.

9. B ycnoBuax npeabigymiefl 3agavuu HalTH BEPOSITHOCTL TOIO, UTO
TMOJLYYUTCH YETHOE YUCJIO, CojlepsKalee Bcero oguy uudpy 2.

10. PaccMorpuM KapTO4HYIO MTDY, Korja Koioma u3 32 kapr (Ges
IIeCTEPOK ) PA3JaeTCs TPEM HIPOKaM, I0aydaomuM 1o 10 KapT, a 2 KapThl
OTKJIaABIBAIOTCSL B CTOPOHY. KaKOBa BEPOATHOCTH TOrO, YTO OTJIOKEHHbIE
B CTODOHY KapThl OKaXXyTCH Ty3aMH.

11. B rocrunuue uMeercd LIecTb OZHOMECTHBIX HOMepoB. Ha arum
HOMepa umeeTcs 10 npereHaeHTOR: 6 MyK4uH 1 4 >KeHIIUHBI. [ocTHHUANA
cnepyer npaswiy FIFO: npumeminve panbiue oOLy»XUBAIOTCS paHbLIE.
Bce mnperenzenTtbi npebbiBalOT B TOCTHHHIYy B CIYYalHOM NOpsiIKe.
KaxoBa BepOSATHOCTH TOTO, 4TO HOMEPA MOIYYAT:

@) BCe IIeCTh NPETEHAEHTOB MyXKCKOrO 0Na;

6) 9eTBEpO MY>KIHMH M JBE JKEHIIMHBI;

8) o KpaiiHed Mepe OfHa M3 YeTbIPeX KeHIIWH.

12*. Ilapadoxc de Mepe. TlopbpachiBaloT TpU HrpajbHble KOCTH
U TOJCYUTBHIBAIOT CYMMY BhIaBmux oukoB. Jle Mepe zamerwnsn, uro
MOSIBJIEHUE OJNMHHAAUATH OYKOB BO3MOXHO HpH ECTH KoMbuuamusax
(6-4-1, 6-3-2, 5-5-1, 5-4-2, 5-3-3, 4-4-3) u mosIBJieHNE JBEHAUATH OTKOB
BO3MOXKHO IIpM ImecTd KoMmOuuammsix (6-5-1, 6-4-2, 6-3-3, 5-5-2, 5-4-3,
4-4-4). O6BACHUTD NAPaIOKCANTHEHOCTD CHTYAIHM, KOTOPAasi COCTOUT B TOM,
9TO BePOSITHOCTH IOSIBJIEHHST B cyMMe 11 1 12 04KOB He PaBHBI.

13. BocemHaauarTh XOMaHJ, yJaCTBYWOIIMX B TYPHHDe, N0 Kpebuio
pa3buBatoTCS Ha IBe MOJAIPYIIILL 110 JIEBATHL KOMaH B Kaxjaoi. Haitrm
BEPOSITHOCTDH TOI'O, UTO

@) BCe WIeCTb JIMIUPYIOUMX KOMaH OKAXKYTCHA B OJHON MOACPYILIE;

6) LIeCTh JMIAUPYIOUIAX KOMAHJ PACIHPEeNsTCa 10 TPH B pa3Hble
IPYIIIBI.

14. Tlpu mposemenuu ypuieTa Ha CTOJI HOCTABUIN NATb GOKAJIOB
INaMIIAHCKOTO, TPU OokaJjia Gejioro BuMHA M JBa OOKaJla KPACHOIO BMHA.
K cromy momomsin cemMb 4eloBEK M B3sid 10 oxuomy Ookasy. Haittu
BEPOSATHOCTh TOTO, YTO HA CTOJIE OCTAJIOCh IO OJHOMY OOKaJly KaXKAoro
Hanutka. (Bygem npeamosnarats, YTo M KasKJOT0 U3 FOcTell Bee HAITATKH
OIUHAKOBO IIPHUBJIEKATEIbHDI).
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15. Kaxnwpiit u3 50 mrartoB upexncrasiied B cenate CIIA asyms
ceHaTopamu. [IpeactouT BHIGPATL HEKOTOPHIL KomuTeT u3 50 CEHATOPOB.
HaiiTu BepodaTHOCTH CIIeAYIOUMX COOLITHIA:

a) wrar AifoBa 6yner IPeICTaBIeH B KOMHUTETE;

6) Bce mTATH OYAYT IPEJCTABIEHBl B KOMUTETE.

(Bynem npeamosararh, 9TO BCE CEHATOPHI MMEIOT DABHBIE UIAHCHI OBITL
n30paHHBIMY B 9TOT KOMHTET).

16*. B ropone mpoxusaer n + 1 uemosex. OANH M3 HUX, y3HAB
HOBOCTB, COODIIIaeT ee APYroMy, TOT — TPETHEMY H T. JI., IPHYEM KaKIbIi
4eJIOBEK IIePeJaeT HOBOCTh HAyraJ, BbIODAHHOMY XKHUTENI0 TOpoja, 3a
UCKJIIOYEHHEM TOrO, OT KOro OH ee ycubimialk. HaliTu BeposTHOCTH TOrO,
YTO HOBOCTH OyZieT nepejana r pa3 6e3 BO3BpalleHdss K 4YeIOBEKY,
KOTODBIit Y3HAJ €€ EPBBIM.

17. [ns pekiaMbl CBOEH IMPOLYKIHY MTPOU3BOAUTEND PEIIAI CHADIUTD
crnenraababpiMiu kKynmoHamu 10 000 muzpenuit u3 npoussenennbix 500 000
nanesnit. loxkynaresns, oTocaaBmuii B aJpec KOMIIAHHHY 3 KYIIOHA, IIOTY-
vaeT 1 JOMOTHUTENLHBIA IK3eMISIp NPOAYKUNH, 4 KyNOHA — 2 JOION-
HUTEJHLHBIX IK3EMILISAPA, Hosee 4eThipex KYMOHOB — 3 MOIOJHHTEIbHBIX
skseMmiuisipa. [lokynatens omHOBpeMeHHO HPHOOGPEN IATH 3K3IEMILIAPOB
NPO/IYKUHUH KOMIIAHUK U PEILIUJI yYacTBOBATh B IIPEIJIOKEHHON! peKJIaMHO
akuuu. HaliTH BEpOSATHOCTBL TOro, 4YTO OH NOJYYUT HONOJHHTEJLHO HE
MeHee JBYX 9K3EMIUISPOB MPOAYKIHH.

18. Ilpu dopmupoBanuu rpyIsl IS IPOBELEHHUS CIELHMAJIBLHOIO
COIOJIOTHYECKOTO OMpoca HeoOXoauMo oTrobpars 10 yenoBek, ya0BIETBO-
PAIOIIUX ONpeleJeHHbIM TpeboBaHUAM. BeposTHOCTH TOrO, YTO Hayramg
BBIODAHHBIN YEJIOBEK YIOBJIETBOPSIET 3TUM TpeboBaHuaM, paBua 0,2. Hait-
TH BEPOSITHOCTH TOTO, YTO Ipu 0TOOpE NMPUAETCS TEeCTHPOBATH poBHO 20
YeJIOBEK.

19. Hrpanbhasi KocTh 1ofbpoleHa ABaXKAbl. 3aBUCHMBL JIH CJIyiaii-
uble cobprtna A = {uucno oukos npu 1epsoM bpocanuu pasHo 5} U B =
= {cyMma 04koB npm JiByx Gpocanusx pasHa 9} ? Otser 060CHOBATE.

20. Iycts P(4) =1/2, P(B) =1/3. Bepsro au, uro P(AB) < 3/87
OrBer 060CHOBATE.

21. Coburrusi A u B nesasucumbl, P(A4) = P(B) = 1/4. Haiitu
P(A + B).

22. Bakamncus, npeggaraemas 6e3paborHoMy OupKeil Tpyaa, yAoBie-
TBOpAET €ro ¢ BepoaTHOCTHI0 0,01 . CKOIBKO HyKHO 06CIyKuTh He3paboT-

HBIX, 9TOOBI BEPOATHOCTH TOT'O, YTO XOTH OBl OIHH U3 HUX Halizer paboTy,
6b11a 6L1 He Huxke 0,957

23. U3 25 BonpocoB, BKIIOYEHHBIX B IPOrpaMMy 3K3aMeHa, CTYIEHT
moprorosui 20. Ha sk3amene cTyneHT Hayraj seibupaer 5 Bonpocos us 25.
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Hns ciaym 3K3aMeHa JOCTATOYHO OTBETHTHL IIPaBUNIBHO XOTS Obl Ha 3
Bonpoca. HaiiTiH BeposiTHOCTB TOTO, YTO CTYAEHT CUACT 3K3aMEH.

24. Hekoropasi cucTeMa COCTOMT M3 IIECTH 3JIEMEHTOB, OTKA3bl
KOTODBIX He3aBUCHMBHI (puc. 4.1).
Bepoarnocru 6e3orkaszHoit pa-
6oThl (HAJEXKHOCTH) 3JIEMEHTOB
PaBHBI COOTBETCTBEHHO

P2 =P3s =ps =ps =1/2,
p1 = 2/3, ps = 3/4.

Puc. 4.1

Haiitu BeposiTHOCTH OTKa3a POB-
HO JABYX 3JIEMCHTOB B IapaJUIeIbHOM COeJUHEHHM I[PHU YCIOBUH, YTO CH-
creMma paboTaeT HOPMAJILHO.

25. Otpen Hau30pa OTMENEHHS IIEHTPAILHOTO DaHKa KypHpYyeT Aes-
TENBLHOCTh Psfa KoMMepdecKnX OankoB. IIpu cmaue KpapraibHO# OTYeT-
HOCTH Cepbe3Hble (PUHAHCOBBLIE HADYIIEHNST OOHAPYKUBAIOTCS B CPEIHEM
y 5% 6aukos. Ha nposepky Buibpano Tpu 6anxa. Hatitn mautomnee Bepodar-
HOe YHCJIO DAHKOB C CEPhESHBEIMU HAPYLIEHHAMH (PUHAHCOBONW OTYETHOCTH
cpejiy BHIOpaHHBIX.

26. Bepoartuocts powjeHud Mmadibauka pasia 0,515. Ha cemeiinom
COBETE IIOCTAHOBUJIM, YTO JETH B CEMbe DYHYT POXKIATLCA [0 MOsIBJIEHUS
BTOpOro MaJjbuuka. Halitu BepoaATHOCTb TOro, YTO B ¢CeMbE BY/IET YeTBepO
Jlerei.

27. Ot1jen TeXHUYECKOTO KOHTPOJISl NPEIIIPUSTHS GPAKyeT KaXKIyIo
mapruto 13 100 nmeraneil, ecniu u3 5 gerasedf, Hayraj BbIODaHHBIX u3
mapTud, Xxorsi Obl OfgHa oOkaxercsa Opakosanuoil. IlapTug comeprxur
5% 6paka. Haittu BepoaTHOCTH, 1A OfHOH NHapTHM JeTajeil ObITh
3abpakoBannoil. (Pemurs 3agaqy AByMs criocobaMn: ucnonb3ysa dpopmyty
YMHOXKEHHS BEPOATHOCTEN M HCHOJIb3YS TOJBKO KJIACCHYECKYIO POPMYJILY
BBIYHCJICHUST BEPOSITHOCTEH ).

28. IIycts P(A) = 1/2. Haiigercst sm Takoe cobeitie B, 4ToGwH
P(AB) > 1/27 Orser o60CHOBATb.

29. Ilycrs P(A) = 1/2. MoxHo nn Haittn Takoe cobpitue B, 4T06BI
P(A|B) > P(A)? Orser o60ocHOBaTS.

30. Ilycts P(A) = P(B) =1/2. Bepuo nu, uro P(4|B) = P(B|A)?
Oreer 060CcHOBATS.

31. Ilycrs cobbitust A 1 B — nesaBucumel 1 P(AB) =P(B) =1/4.
Haiitu P(A + B).

32. Ilycrs P(A) = 1/2, P(B) = 2/3. Bepno s, uto P(A + B) >
> 1/6? Orser 060CHOBATD.
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33. Ilycrs P(A) = P(B) = 1/4. Bepuo uu, uro P(A + B) 6yner
bonbme B TOM Ciydae, korna A u B nesaBucuMbl, yem Korga A u B
HecoMecTHbI? OTBeT 060CHOBATD.

34. Ilycts P(A) = P(B) = 2/3. Yemy pasna cymma P(A4 + B) +
+P(A+B)?

35. Cobritust A u B necoBmectHbl, npudem P(A) > 0. CosmecTHBI
nin HecoBMecTHH cobbitusi A u B 7 Otser 060CHOBATE.

36. Mounerta noxbpaceiBaeTcsi [0 NMepBOro BoimajeHus repba. Yemy
paBHO Haubosiee BepOsiTHOE YUCIO 00paChIBAHHET

37. U3 xonoxsr kapT (36 KapT) MOApPsAT BBLITACKHBAKOTCH ABE KApTHI.
PaccmaTpusatotes cobbitusa: A ={nepsas kapTa UMeeT MMKOBYIO MaCTb},
B ={o6e xaprbl KpacHOro nseTa}. 3aBucumsl ju cobuituas A u B 7 Orser
060CHOBATS.

38. B sunuke mmeerca npe nmaptuu mo 100 gerasiedt, B Kaxxuoil u3s
KoTOpbIX 110 10 6pakoBaHuBIX geTajei. 3 amuka n3siedeHa oHa JeTalb.
Paccmorpum crnenyoue cobuitusi: A ={u3sneuennas perals — u3
nepsoii naptun}, B ={u3sne4yennas nerans — 6pakopannas}? 3aBUCHMBL
Ju cobeitust A u B 7 OrBer 060CHOBATE.

39. B samuke mmerorca jaBe maprtuu mo 100 merameit. B mepsoit
naprud — 10 OpakoBaHHBIX HAertasiel, Bo BTOpo# — 20 GpaKOBaHHBIX.
W3 simpka u3BiedeHa OfHA JAETallb. 3ABUCUMBI JIM CIydaifHble COOLITHS
A ={u3Bievennas neraar — u3 nepBoii napruu} u B ={usBneyennas
Jetalb — Opakosannas}? OTBeT 060OCHOBATE.

40. CxeMa 3JIEKTPHYECKO Lenu IpejcTaBleHa Ha puc. 4.2, roe p;,
i = 1,3, ABnseTcs BEPOSIT-
HOCTBIO 0€30TKa3HOH paboThI
(HaZEXKHOCTBIO) ¢-TO dJEMEH-

pl Ta. HyCTI) HaZEeXKHOCTH 3Je-
MCHTOB CXE€MBbI PaBHbI
Puc. 4.2 p1 = 0,8, p2 = 0,7, p3 = 0,6.

HaiiTi BeposiTHOCTH 6€30TKa3HOM paboTHl {HANEIKHOCTD) CXEMBI.

41. Tpu He3aBUCHMBIX 3IKCIEPTA JEIAI0T IPOTHO3 CTOMMOCTH aKIHU
KOMITaHUH, OIINbasACh IIPU ITOM C ONMHAKOBOI BepoATHOCTHIO p. Hailitu p,
€CJIM BEPOSTHOCThL TOrO, YTO XOTs OBl OAWH M3 HuUX ommbaeTcs, paBHa
0,271.

42. B mxkady nHaxomuTcs 9 OLHOTHIHBIX HOBBLIX npubopos. s mpo-
BeJieHus omblTa GepyT Hayraj Tpu npubopa 4 mocie paboThl BO3BpAINaloT
ux B I1Kad. BHemHe HOBble M HCIONB30BaHHBIE IPUOOPHI HE OTINYAIOTCH.
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Haiiti BeposATHOCTH TOrO, YTO HOCHE IIPOBELEHUS TPEX ONBITOB B HIKady
HE OCTAHETCST HOBBIX IIPHOOPOB.

43. 3amaapM HAIEXKHOCTH PaboThl MEMEHTOB JIEKTPHIECKOH IIelH:
1= 0,8a P2 = 0a77 p3 = 0a67 P4 = 0751 D5 = 0a4a Pe = 0a3

a) Haittu HageXHOCTH CXxeMbl, IPUBEJEHHON Ha puc. 4.3;

6) Haiitn Hamie2XHOCTD CXeMbl, IPUBEAEHHON Ha puc. 4.4.

p P A ]

Puc. 4.3 Puc. 4.4

44. BeposTHOCTH NPEBBLICUTL JIMYHBIA DPEKOPA € OZHOUW IOIBITKA
JUISL JAHHOTO CHOPTCMeHa paBHa p. HaifTh BepoOATHOCTH TOro, 4YTO
HAa COPEBHOBAHUAX CIOPTCMEH IPEBBICUT CBOU JIMYHBIA DEKODJ, €CJIH
pa3pemaeTcsl eJaTh B JIONBITKU.

45. B rpynne yuyarcsa 10 crynentoB. Inast pemeHuda 3agadu y JKOCKH
m0o00ro U3 HUX MOTYT BBI3BaTh C PAaBHOI BEPOATHOCTBI) OLHH pa3 B
Tedenue 3ansaTusg. B rpynme Tpu ornmuyHuka. Haitti BepoaTHOCTL TOTO,
4YTO BTOPYIO 33/1a4y K JIOCKe MOIJEeT pelmaTh OTVIMYHUK, TPH YCIOBHH, YTO
IIEPBYIO 3aJa4dy TOXKE pelaJl OTJIHYHUK.

46*. Tlo mannbiM nepenucu Hacejienuss Aurimu u Yansca (1891 r)
YCTAHOBJIEHO, YTCO TCMHOINIA3ble OTULI H TEMHOIVIA3bIE CHIHOBBSI (CO-
Opitne AB) cocrasuim 5% 06CIIeZOBARHHBIX AP, TEMHOMNIA3BIE OTIbI

U CBeTJOrnaswie ChiHOBbA {coObitue AB) — 7,9% nap, cBemnornassie
OTUBl W TEMHOIVIa3ble ChHOBba (cobpitue AB) — 8,9% map, cser-
JIOTyIa3ble OTILI M CBETJIOTJa3ble CHIHOBbA (cobwrrme AB) — 78,2%

nap. Haitty cBsI3bL MeXKZy IBETOM IVIa3 OTIA M CbIHA, TO €CTh HaNTH

P(B|A), P(B|A), P(B|A), P(B|4).

47. IBoe noodepeguo 6pocaioT MoHeTy. BrinrpsiBaer 10T, y KOTOPOro
paHblie Bbinager «repbs. OnpefesinTs BEPOATHOCTH BBIUTDHINIE, JJIst
KaXXJOTO U3 HT'DOKOB.

48%*. Iocne 9K3aMeHa Ha CTONE HPENOJABATEN OCTANIOCh 1L 3a4ETOK
TeX CTYJ€HTOB, KOTOpble He cAaJM 3K3aMeH. KakoBa BEpOSITHOCTH TOIO,
4TO, Hayraj 3abupast 3a4eTKH, XOTA Obl OLMH CTYAEHT BO3bMET CBOIO
3a4eTKy’

49%. 3adava Baraxa. Jna npukypusanusi Banax nonb3osajcs JByMs
KOpoOKaMH cowdex, JocTrasasi Hayraj Ty UM HHYIO Kopobky. Yepes
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HEKOTOpOe BpeMsi OH OOHAapy»XwJ, 4TO ofHa Kopobka mycta. Hafitu
BEPOAITHOCTh TOrO, YTO BO BTOPON KOpobGke ocTajiock k ChnHYeK, eciu
HM3HAYAJILHO B KaXXI0M KOpobKe OBLIO IO 71 CIHYeK?

50. B xapmaHe je)xaT 5 MOHET JOCTOHHCTBOM B 50 KoIr., 4 MOHETHI HO
10 kxom. u 1 moneTa — 5 xon. Hayran 6epyT 3 Monersl. KakoBa BeposATHOCTD
TOrO, YTO B CYMME OHH COCTaBJIAIOT He bosiee oguoro pybiis?

51. Dupma pacchliaeT peKJaMHbIEe MMPOCIEKTHl BOCHMH IOTEHIHANb-
HbIM TNIAPTHepaM. B pe3yibraTe TAKOH PACCHUIKH B CPEIHEM Y KaXKIOTO
NATOr0 IOTEHIUAILHOTO IapTHEPa BO3HMKaeT MHTepec K (pupme. Haiitu
BEPOATHOCTb TOTO, YTO 3TO MPOM3OHAET: a) B Tpex cirydasx; 6) He Goiee
YeM B TPeX.

52. JIuueHsust orbupaercs y JobOro TOProBoro NpeinpusTHA, KaK
TONMBKO TOProBas HHCIEKIUST B TPeTHH pa3 oOHAPYXKUT CepbEe3HOE Ha-
pyllieHye IpaBua TOproBnu. Ha¥Tw BepOATHOCTb TOrO, YTO JIUIEH3US
byner orobpana mocne ngrod nposepkd. V3BecTHO, YTO BEPOSITHOCTH
obHapy KeHus! HAPYIIEHUs] IPU OIHOM npoBepke paBHa 0,2 H He 3aBUCHUT
OT Pe3YJIbTATOR HPEIBIIAYIIAX IIPOBEPOK.

53. BeposTHOCTb poxaenus maib4yuka passa 0,515. Haiitu Beposit-
HOCTB TOT'0, UTO B CeMbe, IJle YeTBepO JeTell, He MeHee JBYX JE€BOYEK.

54. B MukpopalioHe XeBATh MAIIMH TEXHUYECKOH cryxk0n1. s Gecrne-
peboitnoii pabors HeobxonUMO, YTOOB! HE MEHbIIE BOCHMH MAallluH ObLIY B
HCIIPABHOM cOCTOsAHUU. CUuTast BEPOATHOCTH HCIPABHOIO COCTOSIHUSA JIsT
BCEX MAIIUH OUHAKOBOH U pasHoit 0,9, HallTu BepoaTHOCTL Gecriepeboii-
HOM paboThl TexHHYeCKOH cityzkObl B MHKpOpaiioHe.

55. B cpemneM KaxKAbIHl JECSTBIA IOrOBOP CTPAxXOBOH KOMIIAHHH
3aBEPIIAETCS BHILIATON IO CTpaxoBOMY Ciydalo. Kommanus 3akioynia
nsTh JorosopoB. Haiity BeposTHOCTH TOTO, YTO CTPAaxXxOBOH ciydai
HACTYTIUT: @) OMMH Pa3; 6) xoTst Gbl OfLHH Pa3.

56. IlogOpocunu jgBe urpasbHble KOCTH. Kakue U3 IpelCTaBIEHHBIX
HuXKe HabopoB cobbITHil 0Opa3yroT cucTeMy runores?

1. H; = {Ha 1-#t KOCTH BBHINAJIO OGHO OYKO},... ,
Hg = {na 1-it KOCTH BBINAJIO HIECTh OYKOB} .
2. H; = {na ofeux KOCTAX BBHIIAIO [0 OTHOMY OYKY},. ..,
Hg = {na o6erx KOCTSX BBINAJIO IO LUIECTh OYKOB} .
3. H; = {na 1-it KOCTH BBINAJIO YETHOE YHUCIO OUKOB},
H; = {Ha 2-it KOCTH BBINAJIO HEYETHOE YKCIIO OYKOB} .
4. H; = {na 2-if KOCTH BBINIAJIO YETHOE YHCJIO OYKOB},
H, = {Ha 2-it KOCTH BBINAJIO HEYETHOE YUCJIO OYKOB} .

57. Uz 30 6muneroB, BKJIIOYEHHbIX B NIPOrpaMMy 3K3aMeHa, CTYIEHT
3naer 5. Korma emy BbirozHee CHaBaTh 3K3aMeH MEPBBIM HMJIM BTOPLIM
(c TouKM 3peHUsT yBeNUYIEHUS BEPOATHOCTH CHAYH 9K3aMeHa)?
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58. JIse xommaHum X u Y NpOM3BOAAT OZHOTHUIIHYIO HNPOAYKIMIO
¥ KOHKYPUDYIOT Ha DbiHKe cObiTa. Ilepen kaxmoll M3 HUX CTOUT 33Ja4a

MogudpuKayuy npoussoactsa. CymecTByeT JBa BO3MOXKHBIX IyTH N3MeEHe-
Hus Texnosorun: A u B . BepositnocTs TOrO, 4T0

kommnauust X Boibeper myts A, pasna 0,4. Ina Tabnuua 4.l
KoMnaHur Y 3Ta BepoaATHOCTH pasua 0,7. Kom- X\ | 4 B
ITaHKWHA Bbl6npa.}0'r IIyTU U3MEHEHHS TEXHOJIOI'MU

HE3aBHCUMO JPYT OT Apyra., B rabunue npusexe- g i)lz’: f;

HBI OLICHEHHBIE SKCIEPTaMH IIAHCHI Ha nobeny B
KOHKypeHTHOIT 6opnbe mist komnanuy X B COOT-
BETCTBUHU C BLIOOPOM KOMIAHUAME NyTell uameHenus rexHosorud. Haiitu
BEPOATHOCTH 1M0beabl KoMmaunu X B KOHKYPEHTHoI Hopbbe.

59. Hagnexxnocrn GJIOKOB cHCTEMBbl, IIpPeJCTaBJEeHHO# Ha puc. 4.5,
PaBHB! COOTBETCTBEHHO
P1= 0177 D2 = 0371 p3 = 0561 —- r—;lﬂ-}
Pa = 0151 Ps = 035 R M >77;4‘{—J

Puc. 4.5

Haittn BeposttHOCTb 6e30TKa3HOU PabOTHI 3aJAHHOW CXEMBI COEIMHEHHS
OJ0KOB.

60. IlombpackiBaroTcs aBe UrpadbHble KocTH. OOPa3yloT Jin CUCTEMY
runores crenyrouine cobuiTus: A ={Ha 1epBolt KOCTH BBIIAJIO OJIHO OKO},
B ={cyMma o4koB Ha AByX KocTsix pakHa 9}7

61. Ilycrs cobuitus Hy,...,Hjp 0o6pa3syiorT cucreMy pPaBHOBEDOSIT-
upix runores. Hafitu P(Hy + Hyg).

62. Momxker Ju anpuopHasg BEPOSTHOCTL TUNOTE3bl ObITh Oosbine
cooTBeTCTBYIONIEH anocrepuopnoit? OrBer 060CHOBATS.

63*. JIpa He3aBUCHMBIX TpeTeHfeHTa Z u L ma moct ryGepHaropa

Kpas 3aBepIIaloT NpelBbibopHyIo kaMnaHuio, Kaxapiil U3 HHUX, HE3aBH-
CHMMO OT AeHCTBHI JApyroro, MOXeT yCIeThb BbI-

CTYIIUTb TOJBKO B ONHOM M3 ropogos P u M. Tabnuna 4.2
JKCUEPTHI-IIOJINTONIOTH CYMTAIOT, YTO BLICTYIUJie- NZ]| P M
HHUH IPETEH/IEHTOB 00A3aTENbHO COCTONTCS, H Olle-
HHUBAIOT BEPOSITHOCTHL Tore, 4wro L mnpexmourer
ropox P, xax pasnyio 2/3. Bepoarroctu Bbifopa
roposioB P u M JApYyruM npeTeHIeHTOM OJ(MHAa-
koBbl. B Tabu1. 4.2 10Ka3aHO KakK, 10 MHEHUIO 9KCIEPTOB, PACIPENEIAIOTCS
maHcsl L 1o oTHomeHuio X Z ofepxarh mobeny na BoibOpax B 3aBH-
CHMOCTH OT IOpojia BhiCTyILleHus. HaliTa BeposTHOCTD TOrO, 4TO Modery
ofepxKuT L.

P 3:1 | 2:1
M 1:1 | 1:2

64. B amuke nexut 20 TeHHUCHBIX Ms4ell, B ToM uucyie 12 HOBBIX U 8
HrpaHHbIX. VI3 smuka H3BIeKaIOT HayTa [ ABa Ma4a [Jis Urpsl. [locie urpst
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MsaYM BO3BpamaloT obparno B simuk. Ilociie aToro U3 AumuKa BHIHUMAIOT
elle IBa Ms4a IS cieyomeii urpsl. Oba Msiya OKa3aHCh HEUTPDAHHBIMU.
HaiiTu BepoaTHOCTH TOTO, YTO NEPBHIN Pa3 TOXKE UTPAJIH HOBBIMU MSYaMu.

65. 3a ucreKwmit MEPUOM B TOPTOBYI0 (pUPMY HOCTYHAJIH TEJEBHU30-
pbl OT Tpex PUPM-TIOCTABIIMKOB B caeayiomeil npomopuun: 1:3:6. Kax-
nast hbupMa IaeT Ha CBOH TeJEBH30Dbl I'aDaHTHUIO, MACHTHMUIUPYS UX
MO0 CepUHHOMY HOMEpY W JaTe TOCTaBKH. TeneBM30pbl IepBoit ¢upmer-
NOCTABINMKA TpebyIOT PEeMOHTa B TedeHHe rapaHTuitHoro cpoka B 15%
cITy4yaes, BTOPOit 1 TpeTbeil — coorsercTenno B 10% u 7% ciyuaes. IIpo-
JIaHHBII TeseBu30p Tpedyer IapaHTHIHOIO PEMOHTA, OJHAKO HOTCPSIHEBI
JOKYMEHThI, uaeHTudgnuppyomue HpupmMy-TocTaBliyKa. B xakyo dpupmy
HMEET CMBIC 00PATHTLCA B IIEPBYIO O4Yepeib?

66. Moxer qu B dopmMyse mosHONH BeposTHOCTH ObITH GecKoHeuHOE
YHCIIO TCHIIOTES, 8 CIEI0BATeNbHO, H HECKOHEYHOEe YUCIIO CIIaraeMbix?

67. MoxHO J1 JJIsl HAaXOXKIEHUS BEPOSTHOCTU COOBITUS, CBSI3AHHOIO
C OIIBITOM, CBOJISINIMMCS. K CXEME CJIYUAeB, UCIOIL30BATh (POPMYJTY ITOJIHON
BepositHocTu? OTBEeT 060CHOBATL.

68. Moxker jm cymMma BCeX ANPHOPHBIX BEPOSATHOCTEH rumores
0Ka3aTbCsi OosIbllie CyMMBI BCEX AllOCTEPHOPHBIX BEPOATHOCTEH 3THX
runore3? OTBeT 060CHOBATS.

69. Moryr JM amoCcTepHOPHBbIE BEPOATHOCTH BCEX THUIIOTE3, KpoMe
OJHOM, 0Ka3aThCsl HYJIEBLIMH, €CJIU AlIPHOPHBIE BEPOSITHOCTH STUX THIIOTES
omuuaxosbl? OTBeT 060CHOBATD.

70. Ilycrs cobuitust Hi, Ha, H3 06pa3yioT ciucreMy paBHOBEPOATHLIX
runores. [Ipousonuto cobpitrne Hip. Beraucaurs anocTrepHopHble BeposiT-
HOCTU BCEX TI'HIIOTES.

71. DBweiBectu u3 ¢OpMyJsbl IOJHOR BEPOATHOCTH KJIACCHYECKYIO
¢GHOpMYJly BBIYHCIEHHS BEPOSTHOCTH.

72. 3aBo[ M3rOTABJHBAET M3IEJHsI, KAXKJI0€e U3 KOTOPBIX C BEPOAT-
HOCTBIO P HMeeT nedeKT. B 1exe U3menuss 0CMaTpPUBAIOTCA C paBHBIMU
BEPOSATHOCTSMU ONHHUM H3 JBYX KOHTpOJEDPOB. IlepBblil 0DHApyKuBaeT
umMeronpecs 1edeKThl ¢ BEPOSTHOCTBIO P1, & BTOPOH! — € BEPOATHOCTHLIO
p2 . W3BecTHO, 9TO 0fHO M3 H3aenuil 3abpakoBano. Haittn BeposTHOCTH
TOro, 4TO OHO 3a0pAKOBaHO: a) IEPBHLIM KOHTPOJIEPOM; 6) BTOPBIM KOH-
TPOJIEPOM.

73. Jlnst NOATOTOBKY K 9K3aMeHY CTYJIEHTY npeayoxeHo 20 Bonpocos.
Buner comepxwur mpa sompoca. KomiuiekroBanue OHIIETOB BOIpOCaMu
OCYIIECTBISETCS ClIyYaiiHbIM 06pa3zoM. CTyIeHT HTOATOTOBII 15 BOIIpocos.
HaliTn BEposATHOCTE TOro, 49TO OH CHACT 3K3aMeH, €CIU MOJsl ITOro
JAOCTATOYHO OTBETUTh MPABUJIBHO HAa JIBA BONIpPOCA CBoero busera nmim Ha
OJIMH BOIIPOC CBOEro GuieTa M OOUH BOIPOC IO BHIOOPY NpENomaBaTelst.
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74. Ha upeaupusituu paborator 10 pabouyux mecroro paspsiya, 15
pabounx nATOro pas3pana M 5 pabouux YEeTBEPTOro Pa3pana. BeposiTHOCTE
TOrO, YTO U3LEeJINe, H3TOTOBIEHHOe PaboYiM COOTBETCTBYIOIIErO Pa3psiia,
6yner omobpeuo OTK pasua coorsercrBenno 0,95, 0,9 u 0,8. Haiitu
BEPOSITHOCTDH TOrO, 4To u3jenane, nposepennoe OTK, 6yaer onobpero, npu
YCJIOBUH, YTO HPOUIBOAUTENLHOCTH BCeX pabovux OJMHAKOBA.

75. Ilpeucrapuremu asyx &paxmuit Locymapcrsennoit dymer (R
1 L) mperenayioT Ha TOCT [PEJCENATENsT BHOBL CO3ABAEMOT0 KOMUTETA.
CornacHo yTBEPXKJICHHOMY DPEIVIAMEHTY, BLIOODLI
JOJI2KHBI ITPOBOAUTECSA AJbTEPHATUBHBLIM TI'OJIOCO- Ta6nunad3
BaHHEM IO IBYyM KaHaugaTypam (o OmHOH OT RL] L 7
Kaxkoit pakmun). Y Kaxjaoi dbpakiun ecth mo : 2
JIBE KaHAUAATYDHI, 00IaJlalolUe PABHLIMU IHIAH- I 1:3 | 3:2
caMu OBITH BBIABHHYTBIMH B KA4eCTBE ITPETEH- B 21 | 1:2
JIEHTa, Ha 3TOT IIOCT. DKCIEPThl OLEHWIN IUAHCHI
dpakuun K 10 OTHOWEHNUIO K L MOJyYUTh MOCT IPeACeaTe/ s KOMHTETA
B 3aBHCHMOCTH OT NMDCJIONKCHHBIX Kaumunatyp L;, R, i = 1, 2 {cm
Tabm. 4.3). Haiitu Bepositocts Toro, wro nobeny onepxur dbpaxuua L.

76. Ha ckjanx mocTynuna ONHOTUITHAS NPOAyKuus ¢ Tpex ¢abpuk.
O0beMbl TOCTABOK OTHOCHTCS COOTBETCTBEHHO Kak 2:5:3. VzBecTHO, 4TO
HEeCTaHJAAPTHBIX U3AENMI CpeAM NpoAyKiwu#u neppoit dhabpuku — 3%,
sropoii — 2%, Tperseit — 1%. Hailitu BeposaTHOCTH Cilenymomux COOBI-
THI: @) B3ATOE HAayraj Co CKIalJa HU3LEJTHE OKAXKETCH HECTAHAADTHBIM;
6) B3sTOE Hayraj CO CKJIaJa W3/EJIHe TPOU3BCiAeHO nepsoit (abpukoi,
€CNIM U3BECTHO, YTO OHO OKa3aJI0Ch HECTAHIAPTHBIM.

77. Umeercs sk, B KoropoMm JexaT 20 kopobok no 10 kapaxjgatneit.
ITpu BckpoiTHY Aunka 4 Kopobku ypoHnin, ¥ rpudyein Kapasganieil B HUX
ciomasuck. Opaako sece 20 KopoOOK OBLTH CAAHBI Ha CKJAJ, OTKYAA 3aTEM
B3sJIM 2 KOPOOKY M Da3jiajiy KapaHJaluu yuyeHuKaM. HaiiTu BeposiTHOCTH
TOrO, YTO JOCTABLUIMACH YYEHUKY KAPaH/AIl UMECT CJOMAHBLIE rpudels.

78. JlBe MAUIMHUCTKH IEYATAIM PYKOIHUCH, IIOCMEHHO 3aMEHssl JPYT
apyra. [lepsaa B KoHeuHoM uTore HameuyaTada 1/3 Bceit pyKomucu, a BTO-
past -— ocranbHoe. IlepBas MAITHHUCTKA JejaeT OIKOKU ¢ BEPOSTHOCTBIO
0,15, a Bropast — ¢ BepoaTrnocThio 0,1. ITpu nposepke Ha 13-if cTpaHuIe
obHapyskera ommbka. Hailltu BeposTHOCTH TOro, uTo omubiack nepsas
MAITHHUCTKA.

79. Tlaccaxxup moxer OOPAaTUTHCS 3a MOJNyUEHHEM OMJIETa B OAHY
13 Tpex Kacc. BeposTHOCTH 0OpALIEHHsT B KaXKJIYH0 KACCY 3aBHCAT OT UX
MECTOIIOJIOXKEHHST M DaBHBl COOTBETCTBEHHO Py = 1/3, pp = 1/6, p3 =
= 1/2. BeposaTHOCTb TOro, 9T0 K MOMEHTY IIPHXOJA Macca’kupa OUeTsl,
HMeBIIMeECs B Kacce, OyIoyT PacIpOJaHbl, IJIs IEPBOil Kacchl pasHa P =
= 3/4, naa sropoit xaccel — Py = 1/2, nna Tperwhelt kaccwl — Pz =
= 2/3. Maccaxup HalpaBUics B OAHY U3 Kacc u npuobpen 6uner. HaiiTu
BEPOATHOCTH TOTO, 4TO 3TO ObLIA mepBas Kacca.
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80. Ha sxzamen npunuiu 10 crygenTos. Tpoe U3 HMX NOATOTOBJIECHBI
OTJIMYHO, YETBEPO -- XOPOIIO, JABOE — YIOBJIETBOPHTENBLHO, OIUH —
mioxo. B 3k3aMenanuonubix Guisterax umeercss 20 Bonpocos. OTnuyno
MOATOTOBJEHHBI! CTYLEHT MOXKET OTBETHTH Ha Bce 20 BOIPOCOB, XOPOLIO
IIOArOTORJEHHBIH — Ha 16, ynosiierBoputensHo — Ha 10, mioxo — Ha 5.
CrygeHT, coaBiimii 3K3aMeH, OTBETHJI HA BCE TPH 3aJaHHBIX BOIPOCA.
HaiiTt BEpPOATHOCTH TOrO, YTO ITOT CTYJEHT IIOAIOTOBJIEH: @) OTJIMTHO;
6) moxo.

81. Cpenu naumentor Tybepkyneznoro pucuancepa 15% npunane-
JKaT K [epBolt Kateropun 6ombubx, 66% — ko Bropoit u 19% — k Tperbeir.
BepositHocTH BO3HHKHOBEHUS 3aD0OJIEBAHUS, B 3aBUCUMOCTH OT KATETOPUH
6osbHBIX, paBHB cooTBeTcTRenno 0,12, 0,09, 0,2. Hajiru:

@) BEPOSITHOCTh BO3HHKHOBEHWS 3ab0JeBaHUs y Hayraj BHIODAHHOTO
NAIHeHTa JUCHAHCEDA,

6) BepOATHOCTh TPWHAJJICKHOCTH K TPeThedl KaTeropHu GONLHBIX
TaIfedTa JUCIAHCEPA, Y KOTOPOro 0OHAPYIKEHO 3ab0/ieBaHue.

82. Jlpa He3aBUCHUMBIX npeTeHjeHTa Z W L Ha moct ryGepHaTopa

Kpasd 3aBepUIalOT npeasbibopuyo Komnanuio. Kaxkaplil U3 HUX, HE3aBU-

CHMO OT JeHCTBHIT JPYrOro, MOKeT YCHeTh BHICTY-

Tabnunadd  pyr, tonpko B omHOM u3 ropomos P wmu M.

Nz P | M DKCNEPTHI-TONUTONOH CYUTAIOT, YTO BBICTYILIE-

HUA MPETEHAEHTOB 00A3aTENLHO COCTOATCS, H Olle-

L 43 | 31 HUBAIOT BEPOATHOCTL TOro, uro L mnpeamourer

M 11 | 1:3 ropogy P xak 2/3. Bepositnocru BeiGopa ropo-

moB P u M ApyruaM 1peTeHEHTOM OJHHAKOBBIL.

B Tabu. 4.4 noKa3aHo, KaK, 10 MHEHHIO 3KCIIEPTOB, PACIIPEIENISIOTCS aH~

cot L 1o oTHOWIEHNO X Z opepxkarh nobeny Ha BIOOPAX B 3ABHCHMOCTH

OT ropoja BeICTyIuteHusi. HaliTu BeposaTHOCTH TOro, 4To 002 HpeTeHyeHTa
BBICTYIIWJIN B ropojie P, eciii U3BeCTHO, 4TO nobeny ogepxan Z .

83. B ypue naxonsrcs 4 Gennix U 6 4yepHbX mapos. VI3 nee Tpu
pa3sa HayraJ, BBIHUMAIOT 110 O/IHOMY Inapy. Tpebyerca HallTH BEpOATHOCTH
TOro, YTO BCE TPH BLIHYTHIX IMAapa OKaxkyTcs Gessimu (cobuiTue A ), mpu
BBIIIOJIHEHHH ABYX Pa3HbIX YCIIOBU:

@) W3BJIEYEHHblE U3 YDHBI IIAPHI 0OPATHO He BO3BPAIAIOTCH;

6) mocile KaXxA0ro W3BJIEYEHHsI Wap BO3BpalnaeTcss 0bpaTHo.

84. Tpu paguocTaHUMM, HE3ABUCHUMO MAPYI OT JApyra, IepPeiaroT
caMoJIeTy OJHH M TOT K€ CUIHAJI. BeposTHOCTH TOro, YTO CaMOJIETOM
OyayT IMPHHATHI STH CUTHAJIBI, cooTBeTCTBeHHO paBHb: 0,9, 0,8, 0,75.
HaiiTy BEpPOSITHOCTD TOTO, YTO CAMOJIET IIPUMET IIOCHIJIAEMEIf €My CHTHAJI.

85. Ilycre mmeercss msaTh ypH. B AByX ¥3 HUX J€XHUT IO OZHOMY
GesloMy ¥ TpeM 4YepHBIM INapaM, a B TPeX ypHaX -—— 10 JABa Desbix U ABa
4epHbIX wapa. Hayrag Boibupaerca HeKoTOpasl yPHA ¥ U3 Hee BHIHUMAETC
map. Haiitn BepositHOCTH TOTO, 4TO AP OKaXKeTcs: GenbiM.
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CJIYYAMHBIE BEJIMYNHEI

§ 5. OcHOBHbBIE OHATHSI

5.1. @Pysxnus pacnpegeidenud. [lycTs Ha IPOCTPAHCTBE 3JIEMEH-
TapHbIX cobuiThit ) onpenenena o -anrebpa F.

Onpegenenne 5.1. Caywatnot eeaununod (CB) X(w) nasvisa-
eTcsi (DYHKINS SJIeMeHTAPHOro cobblTua w ¢ obnacTeio onpenenenus )
u obsactpio 3uadenuit R} Takast, uro cobbrrue {w: X(w) < z} npunaz-
nexxur o-anrebpe F upu mobom geiictsureasioM 2 € RY . 3navenus z
dyuxkuun X (w) naspiBalorcs peaausayuamu CB X(w).

Cuyuaiinbie Benuuuubl GyjieM 0603Ha4aTh MPOMUCHBIMU (BOMBIMME)
jgargackuMiu Oyxsamu X, Y, Z, a uX BO3MOXKHbIe 3HaveHHd (peayu3a-
I¥M) — COOTBETCTBYIOLINMH CTPOYHBIMA (MabiMK) OYKBAMH &, ¥, 2.

Onpenenenue 52. 3Baxonom pacnpedesenus CB naspiBaercs jo-
Goe npasuio {Tabiuna, GyHKIH), NO3BOASIONIEE HAXOIUTL BEPOATHOCTH
BCEX BO3MOXKHBIX cOObITHH, cBsA3aHubIX ¢ CB.

Paccmorpum seposirrocts P{w @ X (w) € 2} mist pasmnunsix z € R,

Onpenenenue 5.3. QOyuxuus
Fx(z) 2 P{w: X(w) < =},

onpejenedHas a1a Beex = € R, naswisaercs @ynxyuet pacnpedeserus
CB X(w).

Hannast Bepositnocts Fx(x) oupenmesena, MOCKONBKY PacCMaTpUBa-
eMble cobplTHst nmpuuafuexar kiaaccy F (cm. onpepenenue 1.13). Ha-

A
Jlee JJisi TIPOCTOTHI 3amuch Mbl Oylem obosmadats X = X(w), {X <
A A A
<z} ={w: X(w) <z}, F(z) = Fx(z) = P{X < z}.
Sameuanue 5.1. @Pyukuusa pacupefieseHust SBIsIETCS OJHON U3
dopm 3akoHa pacupegenesus st CB Bcex THIOB M OZHOSHAYHO ompepe-

asier CB. Janee Bmecto dpassl «CB, uMeromasn (byHKIUHMIO paclpeneeHus
F(z)» Gynem roeoputs s kpatkoctu: «CB ¢ pacnpedesenuem F(z)».
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CroficTrBa F(x)

1) F(z) ompenenena st Becex z € R! mo onpegenenmo 5.3.
2) 0< F(z) <1 gnst secex = € R'. Tak kax F(r) — BeposTHOCTS,
TO JAHHOE CBOMCTBO ciiefyer u3 csoiicTsa 5)P n akcnomer Al.

3) F(—o0) =0, F{oo) = 1. Ilycrs B, 2 {X < -n},n=12,...

o0
Ouesmno, uro {X < —oco} = [[ Bn = @. Tosromy no akcuome A4:

n=1
F(—) = lim P(B,)=0. IIycrs reneps A, 2 {X<n}u B, 2 N\A,,
n—r o0
rne n = 1,2,... Torma B, yunosierBopsieT axcuome A4, ¥ HOITOMY @O

akcuome A3 nomywaem F(+oo) = lim P(4,)=1- lim P(B,)=1.
4) F(z2) —~ F(z1) = P{z1 < X < z2}, e z2 > z; . [Tockoubky

{X<€a}={X<n}+{z1 < X<m}u { X<z, < X <} =2,

To 1o akcuome A3: F(z3) £ P{X € a2} = F(z1) + P{z; < X <€ z2}.
Orciona u cienyer yreepxkaenue. Eciu F(z) HeupepsiBHa, TO

F(l’z) hast F(l‘l) = P{Q?l < X < .‘1}2}.

5) F(z2) 2 F(z1) mgns 9 > z1, T e. F(z) e yboisaer. 1o caeayer
w3 ceoiictBa 4)F(z): F(z2) = F(zy) + P{z1 < X < 22} 2 F(zy), Tax
kak P{z; < X < 22} > 0 no akcmome Al.

6) F(z)= E11_1)% F(z+¢) npu € >0, r.e. F(z) — HenpepbIBHAS cIIpaBa

byHKIHA. DTO CBOMCTBO MOXKHO J0KA3ATH, OCHOBBIBAACH Ha akcuoMe A4.

5.2. luckpeTHble ciiy4daliHble BeJINYNHBI.

Onpenenenne 5.4. CB nazsiBaercs duckpemnoti, €Cii MHOXKECTBO
€e BOSMOXKHBIX 3HAYEHMI CYETHO.

IIpumep 5.1. Ilycrs omwir G cocrouT B moabpachlBaHUU IBYX
MOHET, a 3JJIEMEHTAPHLIM COOBITUEM W SBJSIETCH MOJIOXKEHMe YHaBIINX
momer. Torma aucno Bhmapmmx «repbos» ectb CB X{w) ¢ xoHeunbiM
YHCNOM BO3MOXKHBIX suauenuit {0,1,2}, T.e. sABIAeTCA AUCKPETHOMN
CIry4aiiHOM BeJIMYUHOM.

Onpenenenue 5.5. llpocreiimeii ¢opMmoit 3aKOHA pacinpeieleHua

nuckpernoii CB sBnsiercss pad pacnpedene-
Tabauuya 5.1 A —
nus pr, = P{X = zx}, k = 0,n, xoropsiit

X iz ... | za 3aJla€TC AHANUTHYeCKH wiau Tabyuueit (cM.
Plp | ... | pn Tabm. 5.1). 3mece B BepxHell CTpoKe pac-
IIOJIOXKEHB! IT0 BO3PACTAHMIO BCE BO3MOKHBIE

pas/iuyuHble 3HAYEHUS Ig,...,T, AuckperHoii CB X, a B umkHeit —

COOTBETCTBYIOIINE UM BEPOSITHOCTH Do, ... ,Pn -



§ 5] OCHOBHBIE MOHATHS 55

Wmeer MecTo paBeHCTBO Po + ...+ pp = 1, Tak Kak cobpitusa {X =
= zo},...,{X = z,} HecoBMecTHB m 06pa3ylOT NMONHYIO TPYNIy. DTO
PaBEHCTBO HA3BIBAIOT YCAOGUEM HOPMUPOSKU.

I'pacbuueckoe nzobpaskenue psaja paclpeleseHUs] HA3BIBAIOT MHO20-
yzoavhukom pacnpedesenus (cm. puc. 5.1).

3ameuanue 5.2. Pacnpesesenne BepoATHOCTEH aHAJIOTHYHO TOHS-
THIO <«DpaCIpeJefieHHe €IUHAYHOU MACChl BAOIb OECKOHEYHOIO CTEpPyKHSI
Oz », UCHOIL3yEMOMY B MEXAHH-
Ke (9THM, B YACTHOCTH, MOYKHO AP
OOBSICHUTD HUCIONBb30BAHUE B TEO-
PUU BEPOSITHOCTEH TEPMHHA «Pac-
upesienenues ). st AMCKPETHOrO {
pacIpeneseHusl BO3MOXKHA CIIELy- p0§ 12
0Iad MeXaHUu4ecKasd WHTePIIpeTa-
nusi: Ha ocu Oz pacupejerneHa :
eIMHIYHAsI Macca TaK, 9TO MacChl 2
P0y--+ yPn COCDEIOTOYEHLI B OT- Puc. 5.1
JEJNBbHBIX TOYKAX ZQ,...,Tn COOT-
BETCTBEHHO.

Ounpenmenenne 5.6. Edunuunold cmynenuamott Pynxyued wnian
Pynryuet: Xecucatida naspiBaercs (pyHKus Bama (puc. 5.2).

a )0, z <0,
l<$)_{1, z > 0.

Ak A F(x)

Dn

=y

Puc. 5.2 Puc. 5.3

Jna puckpernoit CB, ucmonesyst psyx pacnpegenenus u l{z), MoxnO
MOCTPOUTH (DYHKIUIO PACIpPeIeeHIS:

F(z) =pol(z — zo) + ... + pul(z — zp).

Oyukuusa pacnpegaesenus guckpernoir CB  spnsercs cryneHuaTol
(puc. 5.3), npuueM B TOYKaxX pa3pbiBa F() BeIMYHHbI CKAYKOB DABHBL
BEPOATHOCTAM P, ... ,Pn  COOTBETCTBYIOIIMX pealu3aluit ITo,...,Tn

CB X.
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5.3. HenpepriBHble ciryvaliHble BeJIMYUHBI.

Onpenenenue 5.7. CB X c HenpepniBHOH (byHKIHMeENH pacupese-
Jenus Fx(z) HasbiBaercst nenpepuenod.

Onpepenernue 58. ITaomuocmuio pacnpedenenusn {Nnaomuocmuio
sepoamnocmu) CB X nasviBaeTCa HEOTPHUIATETbHAA KYCOYHO HEIPEPDIB-

Has byHkuua fx(z), g8 xoTopoil mpu mobom x € R! Brmonusercs
COOTHOIIIEHHAE

Fx()= | fx(t)d.

Hua  mpocrorsl  panbHelmux — obosmavenuit  Oymem  mmcaTh

/(@) 2 ix(x).

Onpepnenernne 5.9. CB, y koropoit cymecrByer ILJIOTHOCTh BEPO-
SITHOCTH, HA3BIBAETCA AOCOMOMMHO HENDEPBIEHOT.

W3 onpenenenus 5.8, mcmonn3ys npaBmio guddepeHupoBalus WH-
Terpajia € IEePEMEHHLIM BEPXHHM IPEJeNIOM, MONyYaeM, YTO B TOYKAX
HENPEepPLIBHOCTH MIIOTHOCTH f () npousBoaHas DyHKIMA PACIPELEIEHUsL
COBNaJ@AeT ¢ IIOTHOCTRIO, T.e. F'(z) = f(z).

Kpowme abcomorno nenpepbiBEbix CB cymectryior Henpepsisibie CB,
HA3bIBAGMBIE CUNHZYAAPHBLMU, KOTOPHIE HE KMEIOT IJIOTHOCTH BEPOATHO-
cru. B nansrefimem takue CB He paccMaTpUBaloTes, a MO, HENTPEPHIBHBI-
mu CB 6ynrem moapasymeBars abcontoTHo Henpepoisuble CB. IlnorHocTs
BEPOSITHOCTH SIBJISIETCS ONHOMN U3 (DOPM 3aKOHA PACIPEIEIICHH ST ISl HeTrpe-
pouisabix CB.

IMpumep 5.2. Ilycte CB X wuenpepsisna. Beraucnum P{X = z}
sl Ipou3BosibHOTO (bukcupoBansoro x € R. Ilo akcuome A4 numeeM

P{X=z}=1limP{z—e< X<z} = Iim(FX(a:) — Fx(z — 6)) =0.
e—0 e—0
e>0 e>0
Taxum obpasom, mist HenpepwiBHoit CB BeposiTHOCTH TOTO, YTO OHA
IIPHMET B OILITE HEKOTOPOE HAIEpe) 3ajaHHoe 3HaveHHe, pasHa 0.
Csoticrea f(z)

1
1) f(:L') 2 0 I BCEX T € R , T. €. BBIIIOJTHAETCA YCAOBUE HEOMPUUQA-
MEeABHOCTNU TLAOMHOCTAU. DTO CBOUCTBO creiyer U3 olpencyjicHuA 5.8.
“+o00
2) J f(.’L‘) dr = l, T. €. BBINOIHHAETCA YCAOGUEC HOPMUPOSKU TAOM-

-0
€T

nocmu. Ilockonsky F(z) = J f(x) dz, To cornacuo ceoiicry 3) F(z)
-

+o0
HOJIy YaeM J f(z)dz = F(oo) =1.

— 0
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3) J f(@)dr = P{z; € X < z2}. Ilo ceoiicty 4) F(z) u corsmacHo

)
IIpuMepy 5.2 uMeeM

Jf(z)dx: J flz)dz— Jl f(z)dz = F(z3) — F(z1) =P{z; < X < z2}.

4) Paccmorpum CB Y 2 o(X), tne ¢(z) — rnazkas crporo
BO3pacTaouias (hyHKIMA CKAJSPHOTO apTYMeHTa T, a X — HellpepblIBHAs
CB ¢ mnornocteio fx(z). Torma mrormocTs pactpeneiesus CB Y

A
nveer sy fy(y) = fx($E)P'(y), te ¥(y) 2 p~1(y) — obpatnan
1o oTHowennio X @(z) dpynkums. efcTBUTENbHO, 10 ONpeIeIeHnIo 5.3
nMeeM

Fe) 2P{p(X) <y} = | S0 U e | = PIX <90} =
_d)(y) dx = || 3aMeHa nepeMeHHod || f ") d
= _j Px(a)de = || S R —_j Fx (W)Y (v) dy.

Haxoner,

) = Fe@) = (] @)@ av) = ix (0w o).

— 00
[ycts Teneps @(z) — miaaxas crporo yomBaromas ¢dynkuust. Torma

+oo
Fy(y) 2P{p(X) <y} =P{X > 9w} = | fx(2)do=
¥(v)

= [ Xx@WWE) dy =1~ [ Ix@@)Y()dy,

frw) = 2 (1= | x@OWE) ) = ~fx @)Y (o)

—00

Taxum obpazoMm, Ajs [IaAKOH CTporo MoHOTOHHOH dyHkuuu ()

HAXOOUM
fr(@) = fx (@)Y ().
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Ilpumep 5.3. Pacemorpum CB Y 24X + b, tne CB X wumeer
niaoTHocts fx (), npudem a # 0. B mannom ciaysae ¢(y) = (y — b)/a.
[Moatomy %' (y) = 1/a. Ionb3ysce ceoitcteoMm 4) f(z) , momyuaem

fr(y) = lal fx(y_b>

5.4. YucioBble XapaKTEPUCTUKHN cJy4dallHbIX BeJUYuH. llycTh
mrotHocTh  f(x) uHenpepsisHofi CB X Takast, 4TO CXOAMTCH HMHTEIDaAJ
+oc

[ lelf@) de
— o0
-+-oo
Ounpegenenne 510. Hucno mx— X] J zf(z) dz uasbiBa-
— 00
eTcst mamemamuueckum osrcudanuem (MO) nenpepoisroit CB X .
+o0
3amecuanue 5.3. B mexanuke uwcsio J zf(z)dx coorBercrByeT
— 00
KOOPAMHATE [CITPa MACC Tesla, NMEIOIEro eIMHUYNYI0 Maccy, pacipeie-
nennyto no ocu Oz ¢ motHocteio f(xz). Ho ananornm Benwunny M[X]
HHOTa Ha3bIBaloT cpedrum snavenuem CB X . Ousnveckas pazaMepHOCTb
M[X] cosnamaer ¢ pasmepuoctsio CB X .

Hura guckpernoit CB X ¢ KOHCYHLIM YHCIOM 3HAYEHH MaTeMaTHde-

CKOE OXKHAAHHE OlIPEJIENISeTCs ClIeAy UM obpasom:

A
mx 2 Z DkTh, rne pr = P{X =z}

Ananoruyno onpejgensierca MO nuckpernoit CB co cueTHBIM 4uCIOM
3HavYeHni.

IOnas CB Y = ¢(X), tme X — wnenpepsiBras CB, MO CB Y

BBIMHUCJIAECTCA CIAEOYIOINUM o6pasoM:

-+o00
Mle(X)] = | ole)f()ds,

— 00

eCyIN MHTerpaJsl abCOMIOTHO CXOMUTCS.
Ecin X — amexpernas CB, 1o
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JoxazaTeabCTBO 3TOr0 (pakTa OCHOBAHO Ha CBENEHHIX, U3JIOKEHHBIX B
KypCce MaTeMaTHYeCKOI'0 aHaJlH3a.

Onpenenenue 5.11. HauaavHumu Vp M YUEHMPLALHOIMU [l MO-
Menmamu nopadsa r HenpepwiBHoit CB X Ha3biBaloTcd uyucia

+o0
v, EM[X"] 2 J:L"f(m)d:z, r=1,2,...,
A A+o°
ur B M[(X —mx)T] 2 J(x—7nx)rf($)dz, r=2,3,...

Huas muckpernoit CB ¢ KOHEYHBIM YMCIOM 3HAUMEHHH WHTEIPajibl B
onpeaeseHuu 5.11 3aMeHAIOTCA CyMMaMHU:

A& A
Vpr = Z wzpk: Hr = Z(mk - mX)Tpk-
k=0 k=0

Onpegenenne 5.12. IleHTpalbHBLII MOMEHT BTOPOTO MOPAAKA [io

. A A
HaswiBaetca Jucnepcuel! CB X u ofosHavaercsa xak dx = D[X] = po.
Hucnepcuss dy xapakTepusyeT CTelleHb DaCCEHBaNMs peasiH3alyit

CB X oxomo ee MO.

Onpepnenenue 5.13. Cpednum K6aAOPAMUMECKUM OMEAOHENHUEM
(CKO) CB X nasbiBaioT BEJUYUHY OXx 2 Vdx = 0.

° A
Onpenenenne 514, CB X = X — myx Ha3LIBAETCA UEHMPUPO-

" A o
sannot, a CB X :X/ Ox Ha3bIBACTCH HOPMUPOGAHNOU.

CeoiicTBa myxy u dy

1) M[c) =c u DJc] =0, ectn ¢ — koucranta. JleiicTBHTENbHO, ILyCTH

X — muckpernas CB, npuHuMalomas 3HadeHUe ¢ C BEPOATHOCTBLIO 1,

re. P{X = ¢} = 1. Torma M[X] 2 cP{X = ¢} = ¢. Ananoruuno,

D[X] £ (c— M[])*P{X = c} =0.

2) M[cX] = cM[X], ecitn ¢ — xoncranTa. Ilycrs X — nempepoiBras
CB, Torma

+00 +o0
MeX] £ J cxf(z)dr=c J zf(z)dzx £ emx.
—00 — 00
3) M[X +¢] = mx + ¢, et ¢ — KOHCTAHTA, TaK KaK JUJIs
Henpepoisaoit CB
+oo +oo +o0

M[X—{-c]é J(z-{—c)f(:v)dx: J zf(z)dr+ J cf(z)dz=mx +c.

— 00 — 00 -0
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4) IM[X]| < M[|X|], nockonbky ans nenpepsisroit CB

+o0 +00
MIX) 2| [ 2@ de| < [ lalf(@) do = MIX])

—oC —00

5) M[)*(] =0, D{)}] = 1. [eftlcTBUTENBHO, M[)*(] 2M [—X—:—TB—] )
ox
O3TOMY IO cBoMicTBaM 2)m x # 3)m x Tonydaem M[)*(] =0mu
R\ * * 1 D[X
DX] & M[(X ~MI[X])?} = 5 M[(X —myx )} = 25 =1,
X X

n
6) IIycte dbyukuua o(z) = Y arpr(z). Torma, ecmu Mpg(X)]
k=1

n
cymectsylor niaa Beex k = Lin, 1o Mp(X)] = > arM[pp(X)]-
k=1
HeiicreutensHo, B ciydae HempepnisHoit CB X | ucnonb3ys suuelinble
CBOWCTBa MHTErpaJia, IoJiydyaeM

+oo
Mlp(X)] = | (3 arpr(2))f(a) do =
oo k=1
n +oo
=2 o | or@)f(@)dz = 3" axMlpr(X)].
k=1 _4 k=1

7) D[X] = M[X?| — m% . HeiicTuTennsHo, 1o ceoiictey 6) mx uMeeM

D[X] £ M[(X — mx)? = M[X?] - 2M[X]mx + m% = M[X?] — m%.

8) DlcX] = ¢*D[X], D[c+ X] = D[X], tne ¢ — KoncraHTa.

9) ITycts CB X uMeeT KOHEYHOE MaTEMaTHYECKOE OXKHOAHHE M Pac-
npenenene CB obnagaer cBORCTBOM CUMMETDHH, T. €. TPAMK IMIOTHOCTH
BepositHocTH (ans HempepwuiBHO# CB X ') Mim MHOTOYrONBHEMK pacipe-
meneuns (pus auckpetsHoit CB X ) cMMMeTPHYeH OTHOCHTEILHO IPAMOii
z =c. U rorma M[X] =c.

CeoitctBa 2)m x ~6)m x , [OKa3aHHbIe Bhime JiJis HempephiBHbIX CB,
CIpaBeIIMBbl TAKXKe M s auckperabix CB.
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5.5. Xapaktepucruyeckas (pyHKIIUH.

Onpegenenue 515 Xapaxmepucmuneckol dynxyuett CB X na-
3BIBAETCH KOMILIEKCHO3HAYHAS (DYHKIUMA BHIA
A

gX(t) 2M [eitX] ,

rme t € R', 2 = —1. Ecan CB X — nenpepuipHas, To

+oo
ox(t)= | ¢ fx(a)da,

— 00

eciiu CB X — nuckpeTHasi ¢ KOHEYHbIM JHCIOM 3HAYCHHI, TO
k13
— itx
gx(t) = Z Pre k,
k=0

Awayrornuno onpenensercst g¢x(t) nas puckpernoit CB co cueTHbIM
YUCJIOM 3HAYEHHIH.

XapaxkTepuctuyeckas PYHKUUA npeicTaBager coboil npeobpasopanne
@ypse mirotHocTr BeposTHoctH fx(z) CB X . Ilostomy of6parHoe
npeobpazosative Qypbe IPUBOAUT K COOTHOUICHHIO

+o0
fx(:l:) = 51;1_— J e_itxgx(t) dt.

— o

TaxuM o6pazom, ans menpepwiioii CB sazanme ¢gx () paBHOCHILHO
saganuio fx{(z) u HaoboporT. [y OpoCTOTE 0603HAYEHU] B NaIbHeHIIeM

Gynem mucatb g(t) £ gx(t).

PaccMoTprM OCHOBHBIE CBOHCTBA XapaKTepHUCTUYECKOH (HyHKuu. s
[IPOCTOTHl M3NIOXKEHUs JOKA3ATENbCTBO 3THX CBOMCTB OymeM IPOBOAHUTH
TONBKO JJist HenpepuiBHbIx CB.

Croiictra g¢(t)

1) |g(t)] <1 jus Beex t € R'. Tax kax €' = costx + isintz, To
+00 .
le®|? = cos? tz + sin® tx = 1, mosTomy |g(t)| < J le¥®|f(z)dzr = 1.
—00
+00
2) ¢(0) = 1, mockoneky €% =1 u g(0) = I flz)dz =1.

—00
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A r 1 d
3) v EMXT] = < =

dynkmuo g(t):

g(t)‘ . Iponuddepenuupyem r pas
t=0

a d’ i & T e
Et_rg(t)édtf (M[ew"}):dtr J e f(z)dze =

— 00

= [ (o) s = Z ae () do = M [ X7

— 00

Orcrofa npu ¢ = 0 nonyvaeM yKa3aHHYIO GOPMyJLy.
4) Ilycts Y = aX + b, e X — CB ¢ mrmorHocthio fx(x) n
xapakrepucTudeckoit dyskimen gx(t). Torgma

gy (t) A M [eiz(ax+b)] — eit'M [eitaX] _ eitng(at).

5.6. KBanTiis.

Onpenenenue 516. Keanmuavio yposus p dbyHkuuu pacupe-
nesernss F'(z) CB X wHa3biBacTCst MUHMMATLHOE 3HaUeHUE I, IPU
KoTopoM pyHKHusT pacnpeneienus F(z) He MeHbIe 3HAYCHUSA p, THE
p€ (0,1}, re.

z, £ min{z: F(z) > p}, p € (0,1).

Ha puc. 5.4 yxazanbl KBaHTHJIM YpOBHEt «, [ U <y HEKOTODPOM
$yukuuu pacnpenenenus F(x).

A F(x)

S — —_—

Y

B

o
——/ =

0 Xy xXg Xy x

Puc. 5.4 Puc. 5.5

Ecmu bysxiua pacnpefenieHus CTPOro MOHOTOHHA M HENPEpPhIBHA, TO
KBaHTWJIb SIBJSIETCH €AMHCTBEHHBIM pellieHneM ypaBHeHus: F(zp) =p.

Onpenenenne 5.17. KpanTunn yposHs p = 1/2 HaswiBaeTcst me-
duanod.

Ecnan miroTHOCTS pacnpefesnieHusi CyIECTBYET, CHMMETPHYHA OTHOCH-
TenbHo ocu Oy K CTPOTo HOMOXKUTETHHA Ha CBA3HOM MHOMKeCTBe (0TpesKe
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" A
wid ocu Oz}, T0 &p = —Ti_p. Heficreurensno, nycte CB Y = —X.

IIpu caenanubix npeanoioxennsx Fy (z) = Fx(z), nosromy y, = x, Ans
oo

moboro p. Hanee, tak kak fy(z) = fx(z) u J fx(z)dz =p, 10 yp =

Ty
= —x1p. Hosromy 2, = —21_p (puc. 5.5).

3ameuanuec 5.4. KpaHTuab siBasercs ojHO# U3 OCHOBHBIX CTATH-
CTHYECKHX XaPaKTEePHCTHK, UCIOIb3YCMBIX B MATEMATHHYECKOH CTATHCTHKE

(em. o 'V, VI).

5.7. Tunosble 3a7a4u.
Bamaua 5.1. Ussecrro, uro P{X > 3} = 1/3. Hatitn Fx(3).
Pemenue. TTo onpenenenuto pyHKIUN PACITPE,ICICHIS
Fx(z) =P{X < z}.
Crnenoparennno, Fx(3) =1 —P{X > 3}. [osromy

1 2
Fx(8)=1-3 = 3.

Orset. Fx(3)=2/3.

Bamaua 5.2. Ina CB Y u X 3ajaubl psijipl pacupegcyieuii B BHIC
Taba. 5.2 u 5.3.

Tabnuua 5.2 Tabnunab.3
X -1 0 Y 0 1
P|1/2]1/2 P|li1/2]1/2

Cpasauth Fx(Fy(1/2)) u Fy(Fx(1/2)).

Pemenne. Ucnmonn3ys paupr pacupe/iesieHuil, COOTBETCTBCHHO IIOJY-
qaeM:

Fy(1/2) = P{Y <1/2} = P{Y =0} = 1/2,

Fx(1/2) =P{X < 1/2} = P({X =1} 4+ {X = 0}) =
=P{X=-1}+P{X=0}=1
Amnastornyso,
Fx(Fy(1/2)) = Fx(1/2) = 1,
Fy(Fx(1/2)) = Fy(1) =P{Y <1} =P({Yy =0} + {¥ =1}) = 1.

Orser. Fx(Fy(1/2)) = Fy(Fx(1/2)).
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3agava 5.3. Hausl pyHKuuu:

1) fi(z) = —2%  2) faz) = %Sinz+ %§ 3) f3(z) = %(14—13:2).

Apnstorcs au 3TH GYHKUAHN MIOTHOCTAMH BEPOSTHOCTH?

Pemenue. 3mecs HeoOXOHUMO INPOBEPHTL BLIIOJHEHHE YCIOBUH
HEOTPHIATENILHOCTH ¥ HOPMHPOBKH. Y TIePBOH (DYHKIMH He BLITOIHEHO
YCIIOBHE HEOTPHIATENBHOCTH, Tak Kak fi(z) £ 0. Y Bropo#t dyHkumu He

-+oo
BBINTOJIHEHO YCIOBUE HOPMMPOBKH, TaK KaK MHTerpal J % (1+sinz)de
— 00
pacxonutcst. Hakonen, Tperest QyHKIMS SABISETCS IIOTHOCTBIO, TaK KaK
OHA HEOTPHLATENIbHA U

T e L[ 2 e 3 T
J fB(m) z = P J m; T = P a.rctga:l_oo = 1.
—o0 —00

Orser. ILtoTHOCTHIO pacnpeneTenust ABIseTcs ToabKo f3(z).

3axaua 5.4. Ussectro, yro cayvaiinasi pesvumna X , TPHHUMAIO-
mast J(Ba 3HAYEeHUsI T; = 2 U Tz = 3, UMEeT MATEeMATUUYECKOE OXKHJIAHUE,
pasHoe 2,2. IlocTrpours psg pacupenenenuss CB X | Haiitu mucnepcuio u
NOCTPOUTH rpaduk (hYHKIUHH paclperesieHus.

Pewenue. ycrs P{X =2} =p, P{X =3} =1 — p. Hcnonssysa
OTIPEIENICHUE MATEMATHYECKOTO QXM AAHUS

Tabnuna 5.4 M[X]=2p+3(1——p)::3—p,

X | 2 3 noiyvyaeM ypaBHeHHe 3 — p = 2,2, OTKyJa Ha-
P 08|02 xomum p = 0,8. Psan pacnpenmenenus Inpencras-
gen B Tabu. 5.4. Temepp BLIUMC/IAEM AHMCIEPCHIO:
D[X]=(2-22)%2-0,8+ (3 —-2,2)%-0,2=0,16.
A A

1 r
0,8

\ 4

>
2

=y

Puc. 5.6

Orsert Pap pacnpemenenus npuseged B tabn. 5.4, D[X] = 0,16,
rpaduk (YyHKUMA PACIpele/IeHHs IPHBEJEH Ha PUC. 5.6.
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3anmayva 5.5. CrenaHo aBa BHICOKOPHCKOBBIX BKIaga — 20 MiH pyo.
B KoMiauuio A u 18 MitH py6. B xomuanuto B. Komuamus A obemaer 40%
TOIOBBIX, HO MOXKET ODaHKDPOTHTBCA C BepoATHOCTBbIO 0,3, kommanus B
obemaer 30% ronoBLIX, HO MOKET ODAHKPOTHTBCH C BEposiTHOCTBIO 0,2.
Bynem cuurars, uTo GaHKpoTCTBa KoMnaHu# He3asucumsl. CocTaBUTDH
pAn, pacupemesieHus ciydalinoit Benuuuusl X, paBHOH CyMMe BKJIaJOB,
MOJIyYEHHBIX OT JABYX KOMIIAHHH dvepe3 rox. Hafitu MaTemarmyeckoe
OXUJIaHUE U JUCIEPCHIO CIy4YaliHol BesuduHbl X .

Pemenune. Cornacao yctoruto 3agayu CB X wmoxker npuHMMAaTh
CREeRYIONINEe 3HATMEHHS:

z1 = 0, eciau 0be KoMuaHnu OOAHKPOTATCH,;

Ty = 204+ 0,4 - 20 = 28, eciu 0GAHKPOTUTCS TOJLKO KOMIAHUS B;

3 =18 +0,3-18 = 23,4, eciiu 06aHKPOTHTCS TOJLKO KOMIAHHUS A

T4 = 28+ 23,4 = 51,4, ecay HM OIHA U3 KOMIAHMHA He 0DAHKPOTHUTCS.

Hns moctpoeHus psAxa pacupeleseHus caydailHoil BeamuuHbl X
JOCTATOMHO HafiTu BeposiTHOCTH cobbrruit {X = x;}, i = 1, 4.

PaccmoTpumM HonoHUTEILHO COBBITHSI:

A = {Komuanus A obaukporurca}, B = {Komnaunas B ofankporurcsa}.

Torxa

P{X =z} =P(4-B).
CornacHo ¢opMyJie yMHOXKEHUsI BEPOSTHOCTEH, a TakKXke YIUTHIBas
HEe3aBUCUMOCTE cobbrtuit A u B, 6ynem nmers

P{X =z,;} =P(A)-P(B) =0,3-0,2 = 0,06.

AHaJIOTHYHO HaileM BepoATHOCTH ocraBLiuxcs cobbrtuit. Vmes B Buuy,
yto cobnitus A U B Tak ke He3aBUCHMBI, KaK M cobpitsa A u B,
LIOJLY YUM

P{X =z} =P(4-B)=P(4) -P(B) =0,7-0,2 = 0,14,

P
P{X =23} =P(A-B)=P(A)-P(B)=0,3-0,8 = 0,24,
P{X =z4} =P(A-B)=P(A4)-P(B) =0,7-0,8 = 0,56.

Takum o06pa3oM, HMeeM psaj, Ta6nuna 5.5
pacnpeneieEus CiaydaliHoit Besn-
ynuet X (cm. Tabu. 5.5). ITo ompe-
JEJIeHIIO0 MaTeMATHYECKOE OXKUIA-
une CB X wmMoxer 6biTh HaligeHO
crenyiouum obpasom:

X 0 23,4 28 | 514
P | 006|024 (0,14 0,56

4
M[X] = Z Tip; = 38,32.

i=1



66 C/IVHAMHBIE BEJIMUUHB [TJ1. 1T

Haiinem Takxke gucnepcuio CB X :

D[X] = i (z; — M[X])%p; = 252,25.

t=1
Orset. M[X]= 38,32, D[X] = 252,25.

Sapmgaua 5.6. IlnorHocTs BepodaTHOCTH cyiyyalinof Bemwduubr X
BBITVISLAMT CllefyiomiuM obpasom:

flo) = { Sa%, Ja <h,
0, 2] > h.

Hairu h, M[X], F(z), D[2X + 3], M[X% - 3X +2].

Pemenue. s naxoxeHnust h BOCHONbL3yeMCsl YCIIOBHEM HOPMUHPOB-
+o0

KH, COIVI&CHO KOTOPOMY J f(z)dxr = 1. B nansoM ciydae

-0

+o0 h
J f(m)da::—;— szdx=
“h

00

Cal = K3
3 i h

| w

Takum obpazom, 12 = 1, u nosromy h = 1. Jna maxoxaenust GhyHKIHHA
pacIpesieienusi BOCIONb3YeMCS (POPMYJION, CBSI3bIBalOIedl ILJIOTHOCTD
f(z) ¢ dbyuxumeit pacupenenenusa F(z):

T

F(z) = J £(t)dt.

Torna F(z) =0, ecim © € (—o0, ~1}.
Ecma z € (-1,1], 10 F(z) = T gtzdtz -;—(x3+1).
_11
Ecmn z € (1,+00), T0 F(x) = j- t2dt = 1.
Taxkum obpazom, -

0, z € (—o0, -1},
3
F(z) = %+-§- z € (-1,1], (5.1)
1, z € (1,00].
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Ins maxoxpenus M[X? — 3X + 2] u D[2X + 3| socnombsyemcs
CBOMCTBAaMH MaTEMATHYECKOTO OXKHIAHUsS M Aucrepcur. [lomywnm

M[X? - 3X + 2] = M[X?] - 3M[X] + 2,
D[2X + 3] = 4D[X]. (5.2)
Bripasus M[X?] uepes M[X] n D[X], nonyuum
M[X?] = (M[X])? + D[X].

TaxnMm obpazom,

M[X? - 3X + 2] = D[X] + (M[X])? - 3M[X] + 2. (5.3)
Boraucaum
e 3 32|
——+OO 2 __314 _3251 32 _ 3
DIX] = [ (e - MX)’f(2)dz = 5 [a*de = 35| =3Z=2.
—o0 —~1 -1

3aMeTHM, 4TO MATEMATHYECKOE OXKUAAHUE CIyYaiiHoR BeauyrHsl X MOXK-
1o 6BLIO HE BLIMHCIATH, TaK Kak rpachuk mioTHocTH f(x) cCMMMeTpHYeH
OTHOCHUTEJbHO BEPTHKAJIbHOK mpsaMoit T = (), U clieJIoBaTelbHO, COTJIACHO
cpoiictBy 9)mx umeem M[X] =0.

IloacraBus Haliyennsie snadenns M[X] u D[X] B bopmyast (5.2) n
(5.3), nomyunm

M[X? -3X +2] =
D[2X +3]=4-

Orsetr h=1, M[X] =0, supaxenune nns F(z) npuseneno B (5.1),
M[X2-3X +2] =26, D[2X +3]=24.

3amaua 5.7. Haitti xBauTHUIB ypOBHS p = 2/3 Jis JByX ClydaifHbIX

B nH: Tabnuna 5.6
a) ciyuaiiHasa BenwduHa X

HMeeT psifi, PacipeesieHus], yKa- X 0 1 2 3

3aHHBIA B Tabn. 5.6); P |02 |0251|025] 0,25

6) c.nyqaﬁnaﬂ BeJIMYMHA Y HMEET ILJIOTHOCTH BEPOSITHOCTH

2z, z€l0,1],
f(”’)z{ 0, z¢[o,1]
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P emIeHHue. a) HO onpeJeJIEHUIO HOJI2KHO BBINMOJHATLCA HEPABEHCTBO
2/3 < F(zy/3)

U Ty/3 AOJKHO OBITH MMHUMAJLHBIM CPEIM BCEX UHCEN, YAOBJIETBOPSIIO-
KX 3TOMY ycioBup. HernocpencrBennble BBITHCIEHHS JAOT CJI€AYOUIHN
pPEe3yNBTAT: ‘

FO)=P{X <0} =P{X =0} =1/4 <2/3,
F1)=P{X<1}=P{X=0}+P{X =1} =1/2<2/3,
F2)=P{X<2}=P{X=0}+P{X=1}+P{X =2} =3/4>2/3.
Takum obpasom, T3 = 2.

6) B pamsom cmywyae Ha orpeske [0,1] dbymkums pacmpesmenenus
CB X wumeer Bug

F(w):Tf(t)dt:T?tdt:wz, z €[0,1],
0 0

U T[IO3TOMY SIBJISETCS HENPEPLIBHON M CTPOrO MOHOTOHHONH Ha OTPE3Ke
[0,1]. B cooTBercTBHM CO CBOMCTBOM KBAaHTHJIM HAXOIMUM Tg/3 U3

ypasHenus Fzy/3) = 2/3, oTkyma xoy3 = /2/3.
OrBerT. 0,) .'122/3:2,6) $2/3: 2/3

§ 6. OcHoBHBIE AMCKpPETHDBIE pacnpegelIeHus

6.1. BuHoMmuanbHOE pacnpejesieHue.

Onpenenenne 6.1. Jduckpersas CB X c¢ peanusamuamu zj =
=k, k = 0,n, umeer Gunomuarvroe pacnpedeserue C TAPAMETPAMU N
u p € (0,1), uro cuMBosmaecku 3amuchiBaeTcsa kak X ~ Bi(n;p), ecan
BepOATHOCTD cobbitus {X = z3} onpenensiercss ¢popmyJiolt Beprysmu:

P 2P{X =z} 2 Po(k) 2 CrpFq™*, ¢=1-p

Psn pacupenenenus npencrasjen B tabi. 6.1.
Ilycte oubir G mOBTOpsieTCH 7 Pa3 B ONHHUX W TeX Ke YCIOBHAX,
npy 9TOM cobpiTHe A TOSIBISIETCS NPH KaXKIOM IIOBTOPEHHMM OIBIT3 C

onHOll M TOll Xe BEPOATHOCTBIO P £ P(A). Torma mo rteopeme 3.5
BEPOSATHOCTb NOSIBJICHUS COObITHS A DOBHO k Da3 IpH n NOBTOPEHHAX
ombiTa onpenenserca dopmynont Bepuynmu: P,(k) = Ckpkgn—F | re.
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cnydalinas BeJuyuHa X , SBJTIOMAACT YACIOM TOSBRCHUA COObITHA A
IPH 7 TIOBTOPEHHSIX ONbITA, MMeeT OHMHOMHAJILHOE paciIpefiesieHue.

Tabauna 6.1
X 0 1 k n—1 n
Plqg" | npg" | ... C,’: kgn=k | .| ngpt | p®

Sameuanue 6.1. IlpaBas wacrs dbopmyas Bepaymin coBnagaer ¢
BeIpaxkenunem guis (k + 1) -ro ciaraemoro B paznoxkenun 6nnoma Herorona
(p+ q)™, 1 MO3TOMY Takoe paclpejiesieHue Ha3biBaeTCsl GHHOMUHAIBHBIM.

CeoiicTBa GunomMuanbHOro pacnpegenenus Bi(n;p)

1) Xapakrepucruyeckas $ynkmua CB X ~ Bi(n;p) pasna
n
g{t) = 3 pre’t Z C*(pe*)kq"* = ||6unom Hutoronal| = (g+ pe')™.

2) U3 ceoiicrra 3) g(t) monyyaem 3HaueHHE MATEMATHIECKOTO OKU A~
HUS M JUCTIEPCHH:

A 1d
mx = v = ;ag(t)

t=0

1d it\n
= i ey

=np(g+p)"~! = np,

— (q+peit)n—leit ~

1 42

np d ityn—1 3
m= 5@ =P (@) e =mp(n—1)

dt

t=0 t=0

21t( -2

= n2p2 + npgq.
t=0

+ np(q +peit)n—1eit
=0

g+ pe't)”

YuursiBast cBOHCTBO 7) mx , HOIy4aeM

dx—-ltz='/2-mx_np + npg — n’p* = npg.

3) Haubonee Bepositnoe 3nauenne k* CB X ~ Bi(n;p) ymosaersopsi-
€T HEPaBEHCTBY
(n+1p-1< Kk < (n+1)p.

Ilpumep 6.1. Monery noabpacsiBaroT Tpu pa3a. Tpebyerca HaiTu
psaz pacnpenenenus yucia X BoinmaBumux «repbos». CB X pacnpenenena
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no 6MHOMMANBEHOMY 3aKOHY € HmapameTpamu n = 3, p = 1/2. ITosTomy
CB X wmoxer npusanMaTth 3Hadenus 0, 1, 2, 3 ¢ BepoITHOCTSIMHA

1}3 1 1\ _3 1
P0=Cg('2‘) = g,Pz=p1=C§ (5) = g,P3=1—(Po+p1+P2)= 8

cooTBeTCTBeHHO. TakuMm o6pa3oM, IOMy9aeM Pl pacupejiefieHus, Tpel-
cTaBJEeHHBIH B Tabi. 6.2.

Tabauia 6.2

x| o]l 1] 2]3
P|1/8|3/8]3/8]1/8

IIpumep 6.2. IlpennosnoxuM, TpebyeTcss OUEHHTh 3KOHOMUUIECKYIO
11eJ1eco00pa3HOCTh €KEIHEBHOI'O OTKDLITHSI MarasuHa B 8 4acoB yTpa B
TeueHne 5 pabouux ameit. IlycTp BepOSATHOCTH IOSIBIIEHHs] MOKYHaTeneit
B 3TO BPEMsl CYTOK H3BECTHA U PaBHa p. 1OTJa BEPOATHOCTb IIPUXOIA
mokymaresieii B 3T0 BpeMsst k Da3 3a HeJeNIO BbIpaxkaercs (hopMyJioit
Bepuymmu. Ilpu 3toMm, eciu, Hanpumep, 4t k = 4 3Ta BepOATHOCTb
P5(4) oxaxerca 6J13KO0M K eITHHHULE, TO CIEAYET OXKUIATh IKOHOMUIECKHIA
apdexT oT OTKPHITHS Mara3uHa B 8 4acos yTpa.

6.2. Pacnpenenenne BepHynan.

Onpenenenue 6.2. DBunomnanpnoe pacnpesenesue Bi(l;p) ¢
napamerpamu n =1 u p € (0,1) HassiBaercs pacnpedeacnuem Bepryaau.

Jna pacnpenenenus Bi(l;p) umeem g(t) = ¢ +pe't, mx =p, dx =
=p(l-p).

3ameuanune 6.2. Pacnpenenenme Bepuynnu Bi(l;p) urpaer dyn-
JaMEHTAJILHYIO POJIb B TEOPUHM BEPOATHOCTEH M MaTeMaTHYeCKoM CTaTH-
CTHKe, SIBJISISICH MATEMATHYECKOH MOJEJbIO OIBITA ¢ ABYMS HCXOJAMH.

Ecmu X,,, m = 1,n, — HezaBucuMbie CB (cm. onpenenenue 11.5) ¢

n
pacupesienenneM Bi(l;p), rorma CB X 2 Z X,, HMeeT pacupejesienne
m=1
Bi(n; p).

Mpumep 6.3. Ilycts mMeerca mapTuss HEKOTOPO# NPONYKIHM, B
KOTOPO#l HeKayeCTBEHHAs! NMPOAYKIMS BCTPEYAETCS C BEPOATHOCTHIO 1 —
— p, a nponykuus 6e3 gedekror — ¢ BeposaTHocTho p. Ilomoxum zo =
=1, ecnu nonanack npoayknusa 6e3 gqedekTos, 1 1 = 0, eCiu TPOAYKIHA
¢ pedexkrom. Torma «kauecTBO» NPOAYKIMH MOXKHO ONHCATh CIy4dalHOR
BeJIMYMHON, uMerolel pacnpegenenue Bepuymmm Bi(1;p).



§ 6] OCHOBHBIE JUCKPETHHE PACIPENENEHMS 71

6.3. Pacnpeaeneune Ilyaccona.

Onpenenenue 6.3. Ouckpernas CB X c peamusaunusamu =i = k,
k=0,1,..., nmeer pacnpedeaenue ITyaccora c napamerpom a > 0, uTo
CUMBOJIMYECKH 3anuchiBaercs kak X ~ Il(a), ecin

k

pk—P{X—:ck}—- e —e,

Psin pacupegenenus npeicrasied B Tabi. 6.3.

Ta6nuna 6.3
X 0 1 k
k
—-a —-a a” _—a
P |e ae -k-!—e

CroiicrBa pacupenenenuss Ilyaccona II(a)
1) Haitnem xapaxreprcrrdeckyo dpynkmuo CB X ~ II(a):
itk

A ith_ = & _a itk _ _—a v (a€) ~aac’_ a(e—1)
=Y e =3 e e =e ET'—'G e e '
k=0 k=0 :

2) Ilo ceoitcty 3)g(t) nomyuaem MaTeMaTHYECKOe OXHUIAHHE M
JUCIEPCHIO:

A S N P a(e“—l)] _
mx == zdt t=0 % [ale € t=0—a’
1 d2 ad [.; it
vy = i_zﬁg(t) o =T [ze’te“(e 1)] o =a(l +a),

dx=1/2——m§(=a.

3) Hau6onee seposTHoe 3Hadenue k* CB X ~ II(a) ymosnersopsieT

HEPABEHCTBY
a-1<k*<a

Hast pacupenenenusi IlyaccoHa BBIONHAETCA YHCIOBOE PABEHCTBO
myx = dx = a. Ha npaktuke CB umeer, kax mpaBmjio, pusnvecKyo
pa3MepHOCTb. B 3ToM ciiyuae usudeckue pazmeproctu MO u qucnepcun
HE COBIAJAIOT, XOTS UX YHCIIOBhLIE 3HAYEHNUS Jinia pacupeenenus [lyaccona
PAaBHEL

3ameuanue 6.3. Pacnpenenenne Ilyaccona mwupoko ucmonsayercs
B Teopuu Maccoporo obciyxkuBanus. IIpuBeeM mpuMep THIHYHOK CHTY-
alUH, KOTZa BO3HUKAET TAKOe PaCIpPelesIeHHE.
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Ilpumep 6.4. Ilycrs Ha TenedOHHYIO CTAHIHUIO B IIPON3BOJILHBIE MO-
MEHTBI BpEMEHH CJIy4YaiHbIM 00pa30oM MOCTYNAIOT 3asiBKM Ha IIeperoBOPhI
¢ ropoiom N Tak, 4TO BLINOJHSIOTCA TPH YCIOBHSA:

a) BEpPOATHOCTb TOSBJICHHS JIIOBOTO KOMMYECTBA 3afBOK 3a KAKOIi-
Jubo OTPe30K BpPEeMEHH He 3aBUCHT OT TOr0, CKONBKO HMX IIOCTYIIMIO
3a Jiobolt Apyro#l, He mepeceKarUHCA C HUM OTPE30K, T.€. 3asiBKH
PACIpPENeNAIOTCH HA OCH BPEMEHM ! HEe3aBHCHMO IPYT OT Apyra. DTo
YCAOBUE HEZABUCUMOCTIY;

6) BEPOATHOCTL NOABJEHUA 3a JOCTATOYHO MAJIbIl HHTEPBAJ BPEMEHH
At nByX u 6onee 3aABOK NpeHEOPEXKUMO MaJIa [10 CPABHEHHIO € BEPOATHO-
CThIO IIOCTYIJIEHHS B TEYEHHUE ITOTO MHTEPBAJa BPDEMEHM ONHOMN 3asBKH.
D10 ycaosue opdunaprocmu;

B) BEPOSATHOCTD NIOSIBJIEHU S (DUKCHPOBAHHOIO YUCJIa 3adBOK B HHTEPBa-
Jie BpeMEHHU T 3aBUCHUT JIMIIbL OT JJIHHBL 3TOTO HHTEpBaja, HO HE 3aBUCHT
OT €ro PacloOJIOXKEHU Ha, OCH 1. DTO YCA0BUE CTNAUUOHGDHOCTIU.

B mannoMm ciiyvyae MoxH0 noxa3sars, yro CB X, papHas uuciy 3asiBoK,
TIOCTYTMBIIKMX Ha TejleDOHHYI0 CTAHIMIO 33 €IWHHIYy BPEMEHH, UMeeT
pacupeznenenne Il(a), rme a — cpejHee YMCIO 3asABOK, NOCTYIAIOIHX
B €MHUILy BPEMEHH.

IIpumep 6.5. Ilycts Mammua npoexajta HEKOTOPOe PacCTOsIHUE
#u X — YHCIO NPOKOJOB INMHHBI HA 3TOM PACCTOSIHUHM, KOTOpBIE IO
XOIy JBUXKEHUS YCTPAHSIOTCS. 10raa BeposSTHOCTH Kk MIPOKOJIOB INMHMHBI
MoxeT ObiTh Halimena mo ¢opmyre Ilyaccoma (€ COOTBETCTBYIOIHUM
apaMeTpoM a ).

Mezxkay GunoMuanbHBIM pacnpenesienueM Bi(n;p) u pacnpeieieHnem
ITyaccona Il(a) umeeTcs chnemymwomasi CBA3b.

Teopema 6.1. (Teopema Iyaccona). ITyemv n— o0, p— 0 u npu
smom np = a = const. Tozda

k P —
P.(k) — % e, rae Pp(k) 2 Chpkgn=* k=0,n.

HoxazaTtenncrso. JokaxkeM 3TO yTBEDXKIEHHE, IOIb3YSICh BTO-
PbiM 3aMeqaTeNbHbIM npeaenoM (1 —a/n)" — e~® npu n — oo . Tak Kak
3mecs p=a/n, ¢g=1-a/n, 10

lim Py(k) = lim 0= (nk+1) (2)’“ (l_g)n_kz

n—oo n—o0 k! n n
k _ _ _ n k
- % im nn—1)...(n—k+1) (1 —a/n) % e
k! nooo nk (1—a/n)* k!

Taxum 06pa3oMm, Hpu GojbIMX 7 W Maiblx p (OpH DEAKMX siB-
JIEHUSIX) AByXIapaMerpudeckoe GuHOMMasibHOe pacnpelenenue Bi(n;p)
MO>KHO NPHOANKEHHO 3aMEHUTDb OHOIIapaMEeTPHYECKIM paclipeiesieHHeM
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Nyaccona Il(a), rme a = np. IIpu sroM omubka oT Taxoil 3aMeHnI He
npesbimaer np® fus Bcex k=0,n, T.e.

k
Crl:pkqn——k_ ("If') e~ P gnpz'

Ecmu ycnosust Teopemnr Ilyaccona He BBIIONHSIOTCS, T.€. P JOCTATOYHO
BEJIMKO, TO TIpUMeHseTcs apyrad onenka P,(k) (cm. Teopemy 14.2).

6.4. Tunossie 3agayvu.

3amaua 6.1. Cnyuaitnas sequauna X ~ Bi(1;0,1). Kak pacnpene-
nera CB X", rme n — nenoe uucno?

Pemenue. Ina CB X no onpemenenuio umeeM psi pacipemeseHHs,
KoTOphIH mpeactasieH tabin. 6.4. [ockomeky X

Tabanna 6.4
TIPUHUMAET TONBKO JBa BO3MOXXHBIX 3HaveHHs 0
1 1, TO MHOXXECTBO BO3MOXHBIX 3HadeHuit CB x| o 1
X" maxxke cocrour u3 0 u 1. Hosromy nna P loo o1
b )

IOCTPOEHHsl Psifia PACIPEJeNICHAsT OCTaeTCsl Bbl-
YHCIUTL COOTBETCTBYOmMe BepositHoCcTH. Ode-
BusHo, uto {X™ = 0} = {X = 0} u, cnexoBarensHO, MICKOMBIE BEPO-
SITHOCTH PaBHBI

P{X™ =0} = P{X =0} = 0,9,
P{X"=1}=1-P{X" =0} =0,1.

Taxum obpazom, X™ ~ Bi(1;0,1).
Orser. X™ ~ Bi(1;0,1).

3amava 6.2. Ilyctre X u Y — 4uCiO «ycnexoB» U «HEYCIEXOB» B
100 onblTax, IPOBOSUMBIX IO cxeMe Bepryinu. BeposirHocTs «ycmexas B
onmoM onbiTe paBHa 1/2. Cpasnure M[X] 1 M[Y], D{X] u D[Y].

Pemenue. Jns onpemenennoctu OymeM CYUTATh, YTO ILOJ, <«ycle-
XOM» B OJHOM OIIBITE IOHUMAETCsl IIOSBJICHHE HEKOTOPOro ClyvdaifHoro
cobpiTus A, a, COOTBETCTBEHHO, «HEYCIEX» COCTOUT B TOM, YTO IIPOUC-
xoguT cobbine A. Torma s CB X mo onpegmenenmio monyuaeM X ~
~ Bi(100;1/2), tme n =100, p=P(4) =1/2.

Jaa Toro utobbl monyquTh 3aKoH pacupenenenus CB Y mocrymum
CIeAyromuM 06pasoM: Ha30BEM TEHEPDL <«YCIEXOM» B ONBITE IOSBJIEHHE
cobuiTusi A, a «Heycrexom» — cobuitue A. B sTom ciyuae Y — wucno
«ycuexoB» B n = 100 ombiTaX, a BEPOATHOCTL «yCII€Xa» TEIepb

g=P(A)=1-P(4)=1~p=1/2.

Taxum o6pasoM, Y ~ Bi(100;1/2).



74 CNIVYANHHIE BEJIMYHUHEL [DJL 11

Iocne sroro pemeHre 3343491 MOoJIyYaeTCaA NpoCcTo:
M[X] = M[Y], D[X]=DIy].

Orser. M[X]=M]Y], D[X]=D[Y].

3anaua 6.3. CB X ~ Il(a), a = 2. Haittu: a) P{X < M[X]};
6) naubonee BepositHoe 3Havenne k* CB X u P{X =k*}; ¢) P{X >
> 0}; 2) M[X?].

Pewenue. a) Ilo dbopMmyne cBI3M MaTeMaTHYECKOTO OXKHIAHMUSA
C mapaMeTpoM a 3akoHa pacnpegenenus II(a) umeem M[X] = a. Torza

P{X <M(X]} =P{X <2} =P({X =0} +{X = 1}) =
=P{X=0+P{X =1}= %;e"ai—a?}e_“ =(a+1)e™® =3e 2.

6) CornacHo csoiicty 3 pacnpegenenud [Tyaccona, Hauboiee BepoaT-
uoe 3nauenue k* st CB X ~ II(a) sexur B unrepnaie a — 1 < k* < a.
CiaenoBarensHo, B HamieMm city4dae 1 < k* < 2. Takum obpazom, Hanbomnee
BEpOATHHIX 3HavyeHm#t ABa: kT = 1 m ki = 2. Hailinem coorBercrayiomue
MM BEPOATHOCTH:

P{X=hk}=P{X=1}= Se =27
2
P{X=k}=P{X=2}= g—,e—“ =272,

6) Cayuaiinaa semuuuna X ~ Il(a) npunumaer smavenus 0,1,2...
CieoBaTeNbHO,

P{X>0}=1-P{X=0}=1- 3.

2) Bocnomb3yeMmcsi (popMysoli CBSI3M BTOPOTO HAYAJLHOI'O MOMEHT3,
KOTOpBIt HykHO Ha#ith, ¢ M[X] n D[X]:

M[XY ] =D[X]+ (M[X])*=a+a®=2+22=6.

Orser. a) P{X < M[X]} = 3e™%; 6) nanbonee BeposiTHbIE 3Hade-
- 1
ma lu2 P X=1}=P{X=2}=2"2;6) P{X >0} =1- =
z) M[X?] =6.
Bagaua 6.4. CrpaxoBast KOMHAaHMs 33KJIIOYAET OJHOTHIIHBIE JOTO-
BODBI, IPHYEM CTPAXOBas NpeMHUst (CyMMa, BHILIAYHBAEMAS CTPAXYEMBIM
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IIPY 3aKJIOYEHHH JIOT0BOPa) cocTaBisier 4 Thic. pybaeit. [Ipu nacrynnenun
CTPaXOBOrO CJIy4ast KOMIAHHS JOJKHA BBIILIATUTHL 20 ThIC. pybueit. Us-
BECTHO, YTO CTPAXOBOH ciy4ait HacTymaeT B 4% caydaes. @upMe yJamnoch
3actpaxoBaTh 200 kiueHToB. OTBETHTL HA BOIPOCHIL:

a) KakoB cpemnmii 10x0/, GUPMBI M CPEIHEKBAIPATHIECKOE OTKIIOHE-
HHe aoxoxa pupMbr?

6) KaxoBa BepOATHOCTH TOTO, YTO NOXOX (PUPMBI BYJET HAXOAUTLCA B
npenenax ot 710 mo 750 Teic. pybaeit?

Pemenue. OGoznaunm yepes X ciaydailHyio BeTUYHHY, PABHYIO KO-
JINYECTBY KJIMEHTOB, KOTODHIM CTPAXOBasi KOMIAaHMA Oymer Jenarb Bbl-
IJIaTHl 110 CTpaxoBoMmy ciay4alo. Tak Kak cTpaxosolf ciiydall HAcTymaer
B 4% cny4aes, TO BEepOATHOCTD TOrO, YTO OH HACTYIMT IIPH paboTe ¢ OAHUM
KOHKpeTHBIM KJHeHTOM coctaBisier 0,04. ITosromy ciyvaitHast BeslH<H-
Ha X uMeeT OMHOMMANBHBIN 3aKOH DACIpENENeHUs C MapaMeTpaMu 1 =
=200 u p=0,04, re. X ~ Bi(200;0,04). Obozxauum uepes Y cuy-
YallHY1o BEJUYHHY, PaBHyIo aoxony (hpupMbr. COMMIACHO YCIOBUIO 33Ja4H
CB Y cBsazana ¢ X cregyomuM obpasom:

Y = 200 - 4000 — 20 000 X.

a) Bocnonb3yeMcst CBOHCTBAMHE MaTEMATHYECKOTO OXKHJAHHUS U JUC-
nepcum jyis Haxoxaenanss M[Y] u D[Y]:

MJY] = M[800 000 — 20 000 X = 800 000 — 20 000 M[X],
D[Y] = D[200 000 — 20 000 X] = 4 - 108 D[X].
I/I3BCCTHO, HTO AJA 6I/IHOMHaJIbIIOl‘O 3aKOHa paclpeneseHua
M([X] = np = 200 - 0,04 = 8,
D{X]| =np(1—p) = 200-0,04- 0,96 = 7,68.
ITony4vaem
M{[Y'] = 800 000 — 20 000 - 8 = 640 000,
D[Y] =4-10°-7,68 = 3072 - 10°.

Takum 06pa3zoM, CpeIHEKBAAPATHYECKOE OTKJOHEHHE A0X0na (PUPMELL

paBHO V3072 - 108 ~ 55 426 pyb6.
6) Vicnonbs3yst u3BecTHbIE (POPMYJIBI, TOTYdaeM

P{710000 < Y < 750 000} = P{2,5 < X < 4,5} =
=P({X=3}+{X=4}) =P{X =3} +P{X =4} =
= C30(0,04)3(1 — 0,04)%°073 4 C3,,(0,04)*(1 — 0,04)%°°~* ~ 0,0825.
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OrBeT a) Cpexunit noxox dbupmsr paser 40 Toic. pybieit, a cpeue-
KBaJIpaTHYECKOE OTKJIOHeHHe — 55,426 - 103 py6.; 6 ) BEPOATHOCTD IIPH-
6nusuTesnHo paBHa 0,0825.

3agnava 6.5. BepoarHocTh TOro, 4To B Te4YEeHHE 4Yaca HA CTAHIHIO
CKOpOii TIOMOIIM HE TIOCTYITHT HU ONHOTO BbI30Ba, paBHa 0,00248 . Cuuras,
910 uucio X BbI30BOB, NOCTYIUBIINX B TEYEHHE Haca Ha CTAHIHIO,
umeer pacnpefnenenue IlyaccoHa, HaliTM MaTeMaTHYeCKOe OXKUJaHME U
aucmepcuio X .

Pemenue. [lo ycnouio CB X ~ II(a), cnegosarensro P{X =0} =
= e =0,00248. Orcroga a = 5,9994. Tax kax X ~ Il(a), To M[X] =
=a=59994, D[X] = a = 5,9994.

Orser. M[X]=5,9994, D[X] = 5,9994.

§ 7. OcHOBHBIE HENpPEpPBIBHBIE pacHpeieIeHUs

7.1. PaBHOMepHOe pacnpe/iesieHHe.

Onpenenenue 7.1. CB X pacupeneneHa pasHoMEPHO Ha ompe3Ke
[a,b] (X ~ R(a;b)), ectu (puc. 7.1)

1
f(x):{ Py z € [a, b],
0, z ¢ [a,b].

CsoitcTBa paBHOMepHOTO pacnpegenenusa R(a;d)

1) Herpyaso y6equrbest B TOM, YT0 (bYHKIHMS PACIpelesIeHus HMeeT
suf (puc. 7.2)

0, ' T < a,
F(z) & J fa=4 ==, a<e<h,
T 1, z > b

2) Xapakrepuctuueckas dynkmua CB X ~ R{a;b):

A x +o0 N 1 b . £ith _ gita

= t _— T i §129 —
g(t) = M[e*?] = J e f(z)dz = b—aIe dz = ab—a)
-0 a
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3) MO u aucnepcusi Mo ONPEAENIEHUIO PABHBL

m —A-I/'—+J?oxf(x)d ——b ad dm——u—a-‘—b
x=n= x_Ib—a T 20b-a 2’
-0 a
+-00
A 1 b —a® b* + ba + a®
v, = | 22f(z)dz = o J$2d$:3(b—a) = 3 .
oo a

A 2 b% + ba + o® a? + 2ab + b? (b—a)®
dx = pp =vp—my = 3 - 4 ST

B pannom ciygae MO moxno 6b110 661 HafiTU Tpole, BOCIOAL30BaBIINCh
cBoficTBOM 9) mx , Tak Kak rpadHK IIOTHOCTH BEPOSTHOCTH PaBHOMEp-
HOT'O 3aKOHA CHMMETPHYEH OTHOCHTENbHO npamoit « = (a + b)/2.

Afe) AF(x)

S ER——— ) ST

L
b-a i

AN
x,y

R‘y

a 0 b

Puc. 7.1 Puc. 7.2

4) Jluueitnoe mpeobpasosanue Y 2 nepesogur CB X ~

b—
~R(a;b) B CB Y ~ R(0;1). JdeficTBUTENbHO, COMNIACHO IpHMEPY 5.3
1, yelo1],

0, y ¢1[0,1].

5) Eciu CB Y uMeeT HeIpepsIBHYIO CTPOro BO3PACTAIONLYIO PYHKITHIO

fr(y) = (- a)fx(y(b —a) +a) = {

pacnpenenennss Fy(y), o CB X = Fy(Y) uMeer pacnpejesneHne
R(0;1). Heitcrurennuo, B 9ToM ciiydae dbyHkuust z = Fy(y) umeer
obparnyio dbyukmmo y = Fy'(z) u 3tn dyHKuuE ABJIAIOTCH B3aUMHO
obpatabiMu. [losTomy ans Beex z € [0, 1] monydaem

Fx(z) £ P{Fy(Y) < z} = P{Y < Fy''(2)} = Fy (Fy'(z)) = =.

Kpome roro, Fx(z) = 0, eum 2z < 0, u Fx(z) =1, ecm z > 1.

Taxum obpazom, CB Y = Fy }(X) 6ymer umeTh Tpebyemyro dbyHKImIO
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pacopenenenns Fy (y), ecmu X ~ R(0;1). JanHsit pe3ynsTaT, BEPHBIi
u B Gosee obmeM ciiywae, Korga HYHKIHSA PaclpefesieHus JHIIb Helpe-
pPbIBHA, MCNIONb3yeTCs auist Mosienpoanus CB ¢ npoH3BOILHO 33JaHHBIM
3aKOHOM DpAaCIIPeJIeJIeHHUs.

3ameuanue 7.1. PasHoMepHOe pacnpelereHUe SBJAETCS HEIpe-
PHIBHBIM aHAJIOTOM JUCKPETHOrO PACIpEefeIeHUA BePOATHOCTEN IITA OIbI-
TOB C PABHOBEPOATHBIMH HCXOJAMH.

IIpumep 7.1. CB X, sBagmoiascd NOrPEeHIHOCTBIO IPHGIHKeH-
HBIX BBIYHCJIEHHMH Kakux-aubo mapamMeTpoB IPH OKDYIVIEHHH 1o Gunzkaii-
X LENBIX YUCel, YJOBJIETBOPUTEIHLHO OINCHIBAETCA PaclpeleseHueM
R(-1/2;1/2).

7.2. DKCOHEeHHAJIBHOE paclpelelieHue.

Onpepenenne 7.2. CB X wumeer sxcnonenyuaavnoe (noxasa-
menavHoe) pacnpedeaenue ¢ napamerpoM A > 0, T.e. X ~ E(A), ecan

(puc. 7.3)
_J Aem?e, z >0,
)= { =29

CBoifcTBa 3KCHOHEHIHMANbLHOTO pacnpenpedenus E(A)
1) ®ynkuus pacupenenenust CB X ~ E(A) pasna (puc. 7.4) F(z) =
=0,ecm 2<0,un

x

F(z) 2 f F(t) dt =

T
7% |=aerami-em 2z
0

2) Xapaktepuctnueckas dyukinus CB X ~ E()):

g(t)é J et f(x)dr = A J e~ AeHT gy =
— o0 0
+-o0 +oo
_ @(it-A) 7o _ _ A z(it—A) A
A J ¢ dz Z_AC z=0 A —it

0
3) Haiirem MO u gucnepcmio CB X ~ E()):

X=N=35 e~ B, XN
1 d® 27 2
= ———qlt = [
2= 5 g9t) . =ity |,_, »

— 2 _
dx—llz——l/l—
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3ameuanue 7.2. IDKCIOHEHIMAJILHOE PACHPEAETCHUE ABIAESTCS Of-
HHUM K3 OCHOBHBIX PaCHpeleIEHH, HCIOJIb3yeMbIX B TEOPHH HAJAEIKHOCTH.

A7 4 Fex)

A

=Y

bl 4

Puc. 7.3 Puc. 7.4

Hpumep 7.2. IlpoponxurenbHOCTh 6€30TKA3HONH pabOTHI MHOTHX
TEXHUYECKUX YCTPOMCTB, 8 TaKXKe BpeMsl 33JePXKKHU BLIJIETa CaMoJIeTa 110
BUHE TEXHUYECKHX CIy:K0 aspOoNopTa, YAOBJIETBOPUTENLHO ONMUCHLIBAIOTCS
COOTBETCTBYIOMMMH IKCIOHEHI[HATBLHBIMU DACIIDEIeIeHUAMH.

7.3. HopmanbHoe pacnpe/iesieHHe.
Onpenenenue 7.3. CB X wumeer Hopmaavroe (2ayccoscxoe)
pacnpedeaenue ¢ napamerpaMu m u o2 >0, T.e. X ~ N(m;0?), ecn

@)= o= exp{—%?ﬁ}.

my >m1

0]

Puc. 7.5

Ilpu srom CB naswiBaercas Hopmaavnoti (zayccoecxot). Ipaduk
IUIOTHOCTH HOPMAJIBHOTO pachpejeiieHus: (puc. 7.5), Ha3plBaeMbli xpusoti
TI'aycca, MeeT eAVHCTBEHHBIH MAKCHMYM B TOYKe L = 1.
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CBoiicTBa HOpManbHOTO pacmpegenenus N(m;o?)

1) Haiimem Boipaxkenue ansi Gynkiun pacnpegenenus CB X ~
~ N(m;o?):

o g 2w
—00
A 1 ~t2/2
3aecy BBemeHo obozmavenne P(y) = —— J e dt pus dyaxkuun
V2T
— 0
pacIpeIe/eHsT cmandapmmoti

nopmansnott CB X ~ N(0;1).
Ipadux QysKIME pacupenesieHus
F(z) npencrasnen Ha puc. 7.6.
Bmecro ®(y) B cnpaBouHHKax
BCTpedaeTcsd  TakXKe  PyHEYUA
Hanaaca

Puc. 7.6 Bo(y) e /2 g,

>
IH
S S

Jlerko y6eauTnca B ToM, uto Po(—y) = —Po(y) u $(y) = 1/2 + Do(y).
2) Xapakrepucruueckasa pynuxuus CB X ~ N(0; 1) nmeer Bug g(t) =

= e~t'/2_ [eficreurensho,
1 7
)= — J e~ 22 gy = {|popmysta Sitrepal| =
9(t) T {ldopmy. pal|
—00
1 +o00 . . too .
= e~ % 1% costr dr + —e I e~ * Psintrda =
Vvam J V2
-0 - 00
sintx, - HeyeTHasd 1 +00 )
2 —2?/2
= e"z /2 — YeTHAA = — I [ 1.'/ COSt:L'd:L‘.
Vvan

npenesanl CMMMETD. - 00
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[IpumeHsis METOA MHTETPUPOBAHUA IO YaCTAM, HMeeM

1 +o0 .
/ — —z2/2
gi)=—-= J ze sintz dr =
V2w e
+o00
)
=—=je sintz -1 e costz dr| = ~t g(t).
27 e

Pemas sto pucpdepenunansaoe yparHEHHE € Pa3eIsIOIIMHECA IEpEMEH-
HBIMH NpH HadajsHOM yeiosun ¢(0) = 1, maxomum Ing(t) = —t2/2.

Paccmorpum CB X ~ N(m;o?). Torma nopmuposannas CB )*( g X-om

uMeer HOpManbHoe pacnpegenenne N(0;1) H, crefoBaTeNBHO, XapaKTe-

—t2/2

pucrnyeckyo dbyukuuio g(t) =e . HaJiee, cornacuo ceoiictry 4) g(t)

aiss CB X 24 )z’ +m uMeeM

gx(t) = e“mg;((at) = exp(itm — t?¢%/2).

3) MO u aucnepcuss CB X ~ N(m;0?) pasus

1d (im ~ to?) . 2 9
= = Z— = 7 —t =
mx =y = o (%) - - exp(itm a’/2) t_—_o m,
1 d’ 1 .
vy = i—za;g(t) i == [ — oexp(itm — t262/2) +
2 2
+ (im — to?)%exp(itm — t202/2)} lz:o = __5‘___':'7’”_ = 0% 4+ m?,

dx:l/z-—l/f=02.

B sannoMm cnygae MO MoxHO 661710 OB HAWTH npOINE, BOCIOJNB30-
BaBIIUCH 9) mx , Tak Kax rpadpuK WIOTHOCTH BEPOSTHOCTH HOPMAJILHOTO
3aKOHA PaclpeaesicHHS CUMMETPHIEH OTHOCHTELHO IPsMOil T = m.

*
4) C nmoMomp10 JuHeltHOTO MpeobpasoBanus X 2 (X —m)/o nopmann-
noe pacnpenenenne IN(m;o2) nepexoJuT B CTaHJAPTHOE HOPMAJLHOE
N(0;1) ¢ dbynxunelt pacnpesenenys F)-{ (z) = ®(x).
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5) Hopmausho pacnpeaenennas CB ¢ 60b1Ioi BeposSiTHOCTHIO IPHHM-
MaeT 3HaveHus, O6auskue k ceoemy MO, uro omuchiBaeTcs «npasuaom k
cuam»:

0,6827, k=1,
P{|X — m| < ko} = o(k) — Bo(—k) = 2Bo(k) = { 0,9545, k=2,
0,9973, k = 3.

3amevanune 7.3. HopmanbHoe pacupefieneHue HMeeT IIHPOKOE
PacIpOCTpaHeHne B IPUKIAMHBIX 33JadaX. JTO CBS3aHO C TEM, HYTO B
peajibHOCTH MHorue uccienyemole CB sBiasirorcst crecTBueM pasiIuYHBIX
cy4aiHbIx cobbiTuil. B wacTHOCTH, DU JOCTATOYHO OOLIUX NMPeIIosoXKe-
HuAX cymMma boapmoro wucna mHezapucuMmbix CB uMeeT pacnpenenenne,
Gru3Koe K HOpManbHoMy {cM. Teopemy 14.2).

IIpumep 7.3. Pocrt mwomeit Xopollio ONKCHIBAETCS HOPMAJIBHLIM Pac-
npepenenseM (cM. 3amaum 16.2 1 20.4). STo, MO-BHANMOMY, CBSI3AHO C
TEM, YTO Ha POCT BJIMSIET CYNEPHO3ULHSA DA3HOOOPA3HBLIX He3aBHUCHMBIX
cny4JaifHpix (PaKTOPOB: KJIMMaTa, SKOJIOIMH, SKOHOMUYECKEX YCII0Buit, 60-
nesuedt u T. 1. XoTsd, KOHedHo, «becKonedHo» Gompumme oy (BeTHKaHb) 1
«BeCcKoHEIHO» MaJeHbKUe JIOIH (FHOMBI) OBIBAIOT TOMBKO B CKa3KaX. DTO
TOBOPUT O TOM, YTO «XBOCTBI» MCTHHHOIO DPACIpeNeseHUs POcTa IoAet
OTIMYAIOTCA OT HOPMAJIbHOTO PACIpeesIeHus.

7.4. Pacnpeneneune Beitbynina.

Onpenenenne 7.4. CB X wumeer pacnpedesenue Betlibyara c
napamempamu &« u A, tie « > 0 1 A > 0, ecay MIOTHOCTL UMeeT BHJ

(puc. 7.7) .
fx(z)= { g’/\ma_le_/\x ’ ; zg’
S S ) f®)
o>l 0<a<l ' a=1
o| T: 0 x 0 4

Puc. 7.7

CeoitcTBa pacnpexmenenus Beiibynna

1) Henocpe/icTBeHHbIE BEIMUCIEHAS IOKA3BIBAIOT, 9TO (pHC. 7.8)

a [ 1-e oz,
FX("I")_ I fX(t)dt’—{ 0, < 0.

—00
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2) Ilpusenem dopmynsl gas MO n gucnepcun:

cmnn(252), amxn{26(2) - Lr(2)])

A P
rae I'(z) = J e ' dt — zamma—Pynryus, 3HAYEHUA KOTOPOH 3afa-

0
I0TCs TabJIUYHO.

A\F(x)
1
o<l
a>1
0 X
Puc. 7.8
3) Eciu o = 1, 10 pacupegmencuue Beitbynna npespamaercs B

3KCIIOHEHIINAJILHOE DACIPEACJcHNE C II0OKa3aTeJIeM A

3amevanune 7.4. CB, umeromas pacrnpeneneniie Beitbynna, BcTpe-
YaeTcs B 3aJa9ax HaJIe2XKHOCTH [IPHU OLiEHKE BpeMeHH 6e30TKa3Ho# paborsl
npubopa.

7.5. JIorapudmMudecku HopMalbHOe pachpeelieHue.

A
Onpegenenune 7.5. CB Y = X, rne X ~ N(m;o?), umeer
A02aPUPMUNECKU HOPMANLHOE (A0ZHOPMAALHOE) pacnpedenerue C Tapa-
MeTpamu m u 2 > 0.
Tax kak €® — cTPOro Bo3pacTamuias (OYHKIUA, TO YIHTHIBAN

BhIPA>XKe€HHUE [OJidAd ILJIOTHOCTH HOPMAaJIBHOTO pacupelesieHud, HaXOOUM
IIOTHOCTh JIOTHOPMAJIBHOI'O PAaCHpPEOCTeHUsA:

Fr(y) = Fx (¥ ‘ 1/)(3/ —hll/yy H -

Iny—m)?
_ o _ZWeXp(_("gozm) ), y>0,

0, y<0.
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Ipadux dbyuxkimun fy(y) (puc. 7.9) acHMMETDHYEH C MAKCHMYMOM B

TOYKe Y = em=o,
Haiinem MO u nucnepcuio CB Y . ITo onpezenennto

oo
1 _(n —m)?
M[Y]:a\/z_ﬂje 5y =

3aMEHa TIeEpeM. _
y= ecr(t«]—zr)-i—'rn -
0

+o?/2 %
Ny el

Ver

=Y

0 e;n-ct
Puc. 7.9

Anasormano mMoxno Hatiry M[Y?] = ¢2(°*+m)  TTostomy
D[Y] = M[Y?] — (M[Y])? = 7" +2m (e"2 - 1).

3amevaHue 7.5. JlorHopmanpHOe pacIpefieleHHe HMEET INHPOKOe
PACIPOCTPAHEHHE B YKOHOMUYECKON CTATUCTHKE, CTATUCTHYECKOH (PU3UKe
u Guosnoru.

7.6. Tunosnie 3aga4un.

Banaua 7.1. Cayuaiinas semwanna X ~ R(0;a), P{X > 1/3} =
=1/3. Hatitu a u M[X?].
Pemenue. HWzo6pazus rpaduk IUIOTHOCTH BEPOSTHOCTH fx(z),

HETPYJHO BBIYUCIHTL BepoaTHocTh P{X > 1/3} kak cooTBercryiomyio
mwrowaab. Pa3pemras ypaBHeHue

1 (a - l) -1
a 3 3
OTHOCHTEJILHO a, TolydaeM, uto a = 1/2. Ucnonsays teneps dopmyiist

MaTeMaTHYEeCKOT0 OXKHJJaHUS M JUCIEPCHU JJisi PABHOMEDHOI'O pacupene-
nenns R(0;1/2), Beraucisem

MX]=;, D[X]=
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Haxoner,

MIX?] = D[X] + M[X])* = = + 1z = 35

Orsetr. a=1/2, M[X?] =1/12.
Bamaua 7.2. Cnyuaitmas senuumna X ~ E(10). Berancnnrs

P{X > 100|X > 10}.

Pemenue. BocrionsayeMcs onpesfesieHneM yCJIOBHOH BEPOATHOCTH:

P({X > 100} - {X > 10})
P{X > 10}

P{X > 100|X > 10} =

Hockoimbky {X > 100} C {X > 10}, To {X > 100} - {X > 10} = {X >
> 100} . CnenoBarensHo,

P{X > 100}

P{X > 100X > 10} = —u> 1005
{X > 100[X > 10} = FroT5y

B YUCJIIUTEJNEC U 3HaMeHaTe e Hepeﬁ,&eM K IIPDOTHUBONIOJIOXKHBIM C06bITHHM.

BepostraocTs 3THX coBbITHIT HalifeM, HCHOML3YA (GYHKUMIO pacupenene-

HHAA 3KCMMOHEHUHUAJIBHOT'O 3aKOHA,

P{X > 100} =1 - P{X < 100} = 1 — Fx(100) = ¢~ 19199,

P{X > 10} =1 - P{X < 10} = 1 — Fx(10) = ¢~ '*1°,
Taxum obpasomM,
~1000

€
e—100

P{X > 100|X > 10} = = % = P{X > 90}.

Orser. P{X > 100X > 10} = P{X > 90} = ¢~%%°.

Bagaua 7.3. Cnyuvaiinas senmuuna X ~ N(10;20). Ipu xakux h
DPaBEHCTBO

P {|1X - M[X]| < hy/DX]} = P {|X — M[X}| > hy/D[X]}

6ynmer BepHO?

Pemenne. Ilycts A= {{X - M[X]| < h\/D[X]} , TOTA3

A= {1x - M(x]| > hy/DIXI},
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U [IOTOMY MMeeM
p {|X ~ M[X]| > h\/D[X]} —1-P {[X ~M[X]| < h\/m}.

Beposrnocts  P{|X - MI[X]| < hy/D[X]} cormaco cBoiicTBy
5)N(m;0?), Moxer 6bITh BHIMHCIEHa ¢ MoMoublo dyHKImE Jlamtaca:

3 {|X — M[X]| < h\/D[X]} =P {|X — M[X]| < ho} = 280(R).
Taxum 06pa3oM, HCXOKHOE YPABHEHHE CBOAMTCS K BHJLY
200 (h) = 1 — 28, (h),

orkyga ®o(h) = 1/4. Ilo tabnuume 1 dynxuum Jlammaca (crp. 216)

HaxoouM h ~ 0,675.
Orser. h=0,675.

Sanaua 7.4. Ecuu cobmwopaerca rpaduk IBUXKEHHUS, TO CPEIHEE
BpEMs OXUJIAHUs 11aCCaXKUPOM TpamBasi paBHO 3,5 MuryTel. M3pecTHO,
YTO BpEMsI OXKHIAHWS MUMEeT DABHOMEDHBIH 3aKOH pacupeienenus. Mu-
HUMAJLHOE BpeMs oxuganus pasno 0. Hailtu BeposaTHOCTL TOTO, YTO
maccaXkup OyneT OXXHUIAaTh TPaMBail OT JBYX IO ISITH MUHYT.

Pemenue. ObosHaunM Bpems oxujanusa tpampas depes X . Co-
riacHo yciosmio 3anadn X ~ R(a;b), tme ¢ = 0, a M[X] = 3,5.
Haitnem napaMeTpsl 3aKOHa PACIpelesIeHUs, PEIIUB CIeAY Oy 0 CHCTEMY
ypaBHeHHIl:

2

M[x] = 2+b — 35
a=0.

Iomy4gaem, 4To BTOpPOil mapamMerp 3akoHa pacupegenenuss b = 7. Torma

5
P{2< X <5} = Jf(a:) dz,
2

rie

Tlonyyaem
P{2< X £5}=3/7.

Orser. P{2< X <5} =3/7.

Sanmaga 7.5. Bpems peMonTta u oBCIy>KUBAHHA aBTOMOGHJISL TOCHTE
OJIHOM TI0€3AKH CIy4aiiHO ¥ UMEET SKCIOHEHIMANILHbI 3aKOH pacIpeere-
HusA. BBlIo 3aMeYeHo, 9TO B TEKYIIEM Ce30He Ha PEMOHT ¥ obcityKuBaHue
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aBTOMOOHJISI IIOCIIEe OHOM OE3KH TPATUIIOCH B cpeaHeM 5 munyT. Haittu
BEPOSITHOCTh TOr0O, YTO IIPH OYepeSHOH II0e3IKe 3TO BPeMsI He IIDEeBBLICUT
30 MunyT.

Pemenne. IIycte X — BpeMs peMOHTa M OGCIyKHBAHHA aBTOMO-

6uiist mocse opHoit noesnxu. Io yconosuio 3amauu X ~ E(A\) 1 M[X] =
= 5. Ilo dopmyne ceasu M[X] m A momyuaem, wro M[X] = % = 5.

Orcrona Haxomum A = 1/5. Tpebyerca naitrn P{X < 30}. IlnotHocts
BeposTHOocTH CB X wuMmeeT BUO

1

e /5 >0,
fle)=4{ 5

0, z <0

CIIe,lIOBa.TeJIbHO, IIojryvaemM

7 1 -z/5 —~z/5 30 -6
P{X<30}:Jge de = —e =1-e".
[¢]

OTser. P{X <30} =1-¢76.

3amzava 7.6. Pocr B3pocioro My>X4uHbl yIOBIETBOPUTEILHO OIKACHI-
BAETCS HOPMAJbHbIM 33KOHOM pacnpenelsienus. 1lo cratucTuke cpegHuit
poct coctapiiseT 175 cM, a CpeJHEKBaJPATHYECKOE OTKJIOHEHWE PABHO
7 cm. HafiTu BeposTHOCTB TOTO, YTO POCT HAyraJ B3ATOIO MY>K4IUlbI OyaeT
OTJINYATHLCS OT CPEJIHEro pocTa He Oospire yeM Ha 7 CM.

Pemenue. O603HAUUM POCT HAYTaJ B3SITOTO B3POCIOTO MYKIHHBI
gepez X . Ilo ycnoBmio samaan X ~ IN(175;49). Tpebyercs uaittu
P{|X — M[X]| < 7}. Tax xak untepsan (M[X] — 7,M[X] 4+ 7) cum-
MeTpHyeH oTHocuTenbho M[X], To

7

/D[X]

O 1BeT Hckomast BeposTHOCTE Npubiusnrenbio pasua 0,6826.

P{|X - M[X]| < 7} = 2%, ( ) = 2®(1) ~ 20,3413 = 0,6826.

§ 8. 3amauu AT CAMOCTOATEJILHOI'O pPeLIeHUst

1. ®ynkuus pacnpegenennss CB X wnenpepsisra. Moxer mu CB X
6niTe suckperHoit CB?

2. CB X npunumaer jBa 3Havexust —10 u 10 ¢ BepositHOCTAME 1/3
u 2/3 coorBercTBeHHO. {BisteTCs 1M OHA HenpephisHok CB?
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3. CB X npuHMMaeT TOJIbKO ABa Pa3MU4HbIX 3HaueHusa a (a > 0) u
—a c BepoarHocThI0 1/2. Bepuo s, uro M(X] > a n D[X] < a??

4. 3axoH paclpesesenus ciyvaiiHoll Beauununsl X BHINILONT CIERy-

romum obpasoM (cM. Tabm. 8.1).

Tabauna 8.1 IlocTpoUTh PsALb! pacHpefeIeHAs

T o Tos T 1s] 2l s oo
Pl ol [oa]01]03]01] Gomamn

a) Y=10X~-1; 6)Y=-X?%, )Y =2%X.

5. CB X ~ Bi(4;1/3). Haiitn Haubonee u HauMeHee BEPOSITHBIE
3HavyeHus X .

6. CB X ~ Bi(n;p), Y ~II()\). Cpasuurs M[X]-D{Y] u M[Y] x
x D[X].

7. CB X ~ Bi(8;1/3), Y ~ II{1/3). BuuuciuTh pasHoCTh MEXKILY
Haubosee BeposTHbiME 3HavennaMu CB X u Y.

8*. Ina CB X u Y 3auzanbl paasl pacnpeaeienuit (cm. tabu. 8.2 u
8.3).

Ta6nuna 8.2 Tabauna 8.3
X -1 0 Y 0 1
P|1/2]1/2 P|l1/2]1/2

Haittu Bce z, g koropwix cupaBeiyuso pasencrBo Fx(Fy(z)) =
= Fy (Fx(z)).

9. CB X npuHMMaeT TOJBKO J(BA Pa3jIMYHbIX 3HadeHusa 1l u —1 c
BeposiTHOCTBIO 1/2. Boraucimrs Fx(1/2) u Fx(—1/2).

10. CB X ~ Bi(1;0,2). Kak pacupegenesa CB ¥ =1- X7
11. CB X ~ Bi(1;1/2). Cpasnurs (M[X])? u D[X].
12. CB X ~ Bi(4;0,1). Haiiru Fx(—10).

13. CymecTByloT JHM Takue 3aKOHBI PACHPEIEICHUil AMCKPETHBIX
CILy4aiiHbIX BEJMYUH, JJI KOTOPIX:

@) JUCllepCUsl BCETAA MeHbllle MATEeMaTHYECKOTO OXMAaHuA (Ist
J06bIX TapaMeTPOB 3aKOHA pacupeesneHust)?

6) D[X]=M[X]?
14. CB X ~ Bi(3;0,2). Boruncmrs P{X > 0}.
15. CB X ~II(1). Haiitu nauGonee BeposiTHOe 3HadeHne X .

16. CB X ~II(23),a Y =1 -~ X . Berunciurs Fy(2).
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17. CB X ~ II(M[Y]), a CB Y ~ II(M[X]). Cpasuurs D{X] u
D[Y].

18. @yuxkuun fi(x) u fo(z) apasiorca MIOTHOCTIMU BEPOATHOCTEI.
Asnserca mu byuxuusa f3(z) = (f1(z) + 2f2(x))/3 nnorHOCTHIO BEPOSIT-
HOCTH?

19. CB X ~ R(-1;1). Cpasuurs P{X < M[X]} u P{X > M[X]}.
Haittu P{|X — M[X]| < v/D[X]}.

20. CB X ~ R(-1;0),a Y ~ R(0;1). Cpasuurs Fx(Fy(1/2)) n
Fy(Fx(1/2)).

21. CB X ~ E(1). Cpasuurts P{X < M[X]} u P{X < D[X]}.

22. CB X ~E(M[Y]), Y ~ E(D[X]). Haitza M[X], D[X], M]Y]
u D[Y].

23. CB X ~N(0;1),a Y ~ R(0;1). Cpasunrs P{0 < X < 1} u
P{0<Y < 1}.

24. Ilatuaguarhk pa3 nmoadpachbIBAJIM TPH MrpalibHbIX KocTH. IlycTh
cnydaitHas BenuuuHa X — 4HCI0 HoAOpachIBaHM, IPH KOTOPBIX POBHO
Ha JIBYX KOCTAX IOABUIOCH MO OXHOMY 04ky. OnpesesuTs 3aKoH pacmpe-
JeJIeHUs CirydaiiHoi Beanyuusr X .

25. Ilocne monera camosieT MPOXOAUT TEXHHYECKUIT OCMOTD M 0BCIIy-
xuBanne. Yuciio HeucnpasHocTel, 0GHAPYKEHHBIX BO BPEMsi TEXHUYECKO~
ro 0OCMOTpa, pacupeensiercs no 3akoHy [Iyaccona ¢ mapamerpoM a = 1.
Ecnu neucnpapHocTell He oBHADYXKEHO, TO TEXHHMYECKoe OOCIyKHBaHME
HNPOJOMKAETCST B CpefiHeM JiBa 4yaca. Eciu obHapy»Kenbl OfHA WM JBE
HEMCIIPABHOCTH, TO Ha YCTpaHEHHME KaxXJolfli U3 HUX TPATHTCA e€lle Mo
nosidaca. Eciu obHapy»keno Gosbllie ABYX HEUCIIPABHOCTEH, TO CaMOJIET
CTABUTCA Ha NPOQUIAKTHYECKHH DEMOHT, I/fe OH HAXOMUTCSA B CPeJHEM
yeThIpe yaca. HaliTu 3akoH pacnpefienenus cpejanero spemenu 1 mocie-
MOJIETHOTO O6GCIIYXKHBAHUS U PEMOHTA CAMOJIETA, & TAKXKE MAaTEeMATHYECKOe
O’KUJAHHE BpeMeHH! mocjenoierHoro obcnyxusauus. [locrpours rpaduk
dbyHKUMY pacipeieeHus.

26. B cpenuem kaxxzaulit Bropoit aBromobuiie BA3 cnocoben npoittu
nepsbie 10 ThIC. KM 6€3 Cepbe3HBIX MOJIOMOK, TPeGYIOUMX TapaHTHIHOTO
pemonTa. Qpranusanusi, TOPryou@sa aBTOMOOHIISIMH, 3aKJII0YAIa JOTOBOD
C aBTOCEPBHCOM Ha TapaHTHHHOe ODCILy;KMBaHHE IIPOJAHHBLIX aBTOMOOH-
sreit. CorylacHO [OroBOpYy, OpraHM3anMs BolviaunBaer cepBucy 10 Twic.
pybneit no ¢akry Kaxmoro obpamenus. [Tocnenyomee rapanTuiinoe o6-
cayxuBanne Geper Ha cebs cepBuc. IIpubbLin KOMIAHMM OT HPOIAXKHM
OJIHOrO aBTOMOOMJIS cocraBiisier 15 Thic. pybseist 6e3 yuera oTumcieHuit
Ha rapaHTHiHBI peMoHT. [JaTh 0TBETHl Ha BONPOCHI:

a) Kakosa cpenusst npubblib KOMIIAHHH OT IPOMAKH AECATH &BTOMO-
Guett?
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6) Kakoe MMHUMAaJbHOE KOJMYECTBO aBTOMOOWIIEH HYXKHO NPOAATh
ODPaHU3AIMH 33 Mecsl, YToObl CpefHss MecadHas NpubbuIb (¢ yderoM
BBIIIJIAT MO rapaHTuu) Obita 6b1 He Huxxe 300 ThiC. py6ein?

6) KakoBa nanGonee BeposiTHasl OKOHYaTeNbHas MPUOBLLIL KOMIIAHHH
(¢ yuerom sbimtaT no rapantuu) or npojaxu 10 apromobuneit?

27. Y TOproBoro areita HMeEeTCH NHTh AJPECOB IOTEHIIHATBbHBIX
MOKyIIaTeNei, K KOTOPbIM OH 00pallaeTcd IO CIUCKY € NpeJIosKeHHeM
npuobpectu peasu3yeMbiit ¢pupMoii ToBap. BeposiTHOCTE COTJIACHS OTEH-
IMAJIBHBIX [TOKyIIaTesel oleHUBaeTCs cooTBeTcTBEHHO Kak 0,5, 0,4, 0,4,
0,3 u 0,25. Ilokynarenu IPUHUMAIOT PELIEHNE O IOKYIKE TOBAapPa He3a-
BHCHMO JADYT OT Apyra. AreHT obpamaercss K HUIM B YKA3aHHOM IIOPALKE
IIOKa KTO-HHOYAb K3 HHX He cortacurcsa Ipuobpectu ToBap. CocTaBuTh
pan pacupenenenuss CB X — yucna nokynareneit, K KoropsIM 06paTuTCs
arent. Halitu mMaTemaTHyeckoe OXXKMAaHUE ¥ JUCIEPCHIO 9TOH BeJINYMHBL.

28. 3asgsku, pacchuiaeMble hUPMO, YAOBIETROPSIOTCH MPUMEPHO B
30% ciy4aes He3aBHCHMMO IpYT OoT apyra. PupMa pasocmana 200 3asBOK.
Haiirn:

@) MaTeMaTHYeCKOe OXKUAAHHE H JUCTIEPCHIO YHCIA YI0BIETBOPEHHBIX
3as80K X ;

6) P{X = [mx]}, rze [-] — nenas 9acTp 4ucia.

29. Cnyuaiinei 06pa3oM 13 Koogs! KapT (36 KapT) mocie10BaTeIbHO
BBIKJIAJLIBAIOT HA CTOJ KapThl JHMIEBOH cTopoHoit BBepx. Ha xapTnt
nepBO# KOJIO/BI TAKUM 3Ke 00pa30M KJIaLYT CBEPXY KapThl BTOPOM KOJI0 (bl
(36 xapt). Haiitu cpessee 4MCIO COBNAJEHHMH KADT BEPXHEH M HIKHEH
KOJIOADI.

30. BeposiTHOCTH TOTO, YTO IPH TPEX HE3aBHCHMBIX BLICTPENAX CTPE-
JIOK momajgerT B IeNb XOTs Ob onwH pa3, pasHa 0,992. Haiita maTe-
MaTHYeCKOe OXKHJAaHUE W JUCIIEPCHIO YHCIa TOUAJAHHUN DU ABAAIATH
BBICTpEJIaX.

31. Jlotepest 3aknouaeTcs B PO3BITPHILIE TPEX HOMEPOB U3 IIECTH.
Ilopsinok BbIMa/iEHus] BHIMTPBHIMIHLIX HOMEDPOB HeBaXkKeH. BBIMrphIm mpu
yraJnIBaHUHM OJHOTO HOMePa U3 Tpex cocrasjsger 20 pybieit, 1ByX HOMepOB
u3 tpex — 100 py6aeii, Bcex Tpex HomepoB — 500 py6ueit. Haittu cpemumit
BBLIMPPBIILL TPW IOKYNKe oxHOoro Ouiera sorepen. Ilocrpouts rpaduk
GbyHKIUN pacupeseneHusl pa3Mepa BhIMIDHIIA.

32. Heobxomumo uccinenoBars 10 Teic. mpoG pyasi. BepostHOCTh
IIPOMBINJIEHHOTO COAEPXKAHWS MeTaJlla B KaxkAoil npobe pynsl paBHA
0,2. OnpelenuTs MaTEMATAYECKOE OXKHIAHHE M CPEAHEKBAIPATHIECKOE
OTKJIOHEHHE YHCJIa Mpob ¢ MPOMBIILIEHHBIM COAEPXKAHUEM METAJLIA.

33. IlnorHOCTHL BEPOATHOCTH CiiyvaiiHOM BeuunHbl X MMEET CIexy-
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3h, ze€[-1,0],
flz)= { h, z € (1,2],

0 — B OoCTAJNBbHBIX CAyvadX.

IOIIUH BHI:

Haiitu h, dbynkuuio pacupenenenns F(z) CB X, M[(2 — X)(X — 3)]
u D[2 - 3X].

34. CraHok-aBTOMaT H3rOTABIUBAEeT BaJHKH. KouTpomupyerca ux
anaMeTp X , yIOBIETBOPUTEIbHO OIMCBHIBAEMBIIl TayCCOBCKUM 3aKOHOM
pacIpefenenus co cpeaHuM 3HadenueM m = 10 mm. Kakoso cpegrexsa-
[PaTHYECKOe OTKJIOHEHUE MHAMETPA BaJHKa, eld ¢ BepogTHocThbio 0,99
OH 3aKJIoyed B HuTepsaine (9,7, 10,3)7

35. Bpemst X 6e3oTka3noit paboThl cTaHKa MMeeT 9KCIIOHEHIIMAIbHOEe
pacupegenenue. BeposiTHOCTb TOro, 4YTO CTAHOK HE OTKAa’XKeT 3a 5 Jacos
paborsl, pasna 0,60653. Hairru M[X], D[X], M[X?].

36. Cnyualinas BemumyuHa X HMeeT TayCCOBCKOE paclpeaeseHye
BEPOSATHOCTEH CcO cpenHuM 3HadeHuneM 25. Beryuciurh BeposiTHOCTH
nonaganng aroit CB B unrepsan (35,40), ecii ona monajaer B KHTEPBAJ
(20,30) ¢ sepositHocTHIO 0,2.

37. Haittu p-kBantuns pacupenenenust R(a;b).

38. Ewm f(z) — IJIOTHOCTH BEPOATHOCTH, TO OyjaeT am pyHKIMs
f(—z) nmotHOCTBIO BeposTHOCTH?

39. CB X ~R(-1;0),a Y ~R(0;1). Cpasuurp Fx(fy (M[X])) u
Fy (fx(M[Y])).
40. CB X ~ E(1). Boruueants P{0 < X < 1}.

41. CB X ~E(1). Cpasruts Fx(M[X]) u fx(M[X]), Fx(~-M[X])
n fx{(—M[X]).

42. CB X ~ N(0;1). Boraucants M[X3].

43. CB X ~ N(2;1). Cpasrurs P{X < M[X]} nu P{X > D[X]}.
44. CB X ~ N(m;e). Boraucnurs Fx (M[X]).

45. Oyukuus pacupegeneauss CB X umeer sug

_f1-e x>0,
O

Haittw M[(X — 4)(5 — X)], P{X < M[X]} » D[3 — 2X].

46. Ilnornocrs BepoaTHocT CB X wumeer Bug

o={ 5 =5y
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Haittu koncranry ¢, M[X], D[X], P{0,5 < X < 2}. IToctpouts rpadux
dbysxuyn pacupesenenus Fx(z).

47. 3Bagaunt gase CB X ~ R(0;1) m Y ~ E(1). Cpasuurs
BEPOSATHOCTH TOTO, YTO KaXKJas M3 HUX He NPEBHINaeT 0 MOAYIIO 2.

48. CB X nMeeT IIOTHOCTb BEPOATHOCTH

f(w)=#§7—rexp{—(—z—‘1—§)—}.

Kaxkosa BeposiTHOCTH TOrO, yTo X mnomaxer s matepsan (0,12) 7 Yemy
paBeH BTOPOi HauaibHbl MoMenT sToit CB? Haittn D[5 — 3X].

49. W3BecTHO, 4TO CpejiHiee BPEMsi OKUJAAHHUS OYEPETHOIO MOKYaTe-
JISL, IOAOUIEAIIEro K Kacce, paBHO 0,2 MUHYTH. BpeMmst o:kuIaHUST KacCH-
POM OYEpPEIHOTO NOKyIaTesns: MOXKHO cuuTaTh CB, uMeronieit mokazarensb-
HbLil 3aKOH pacrhpefenenust. Kaccupy HY>KHO CMEHHUTb JIGHTY KAacCCOBOTO
anmapara. Ha sTo emy Tpebyercst 1se MUy ThI. KakoBa BEpOATHOCTD TOTO,
YTO 33 TO BPeMs He 00pa3yeTcs odepenpb?!

50. AproMaT u3roTaBJMBaeT WAPHKU AJa nommunHukob. Hlapux
CYNTAETCs IIPHHSATHIM, €CJIM OTKJIOHeHHe X JHaMeTpa HiapuKa OT 3a/aH-
HOTO pasMepa no abcosmornoit Benuuue merbure 0,7 mm. CB X moxHO
CYHTATH HOPMAJILHO DACIPelesieHHOM ¢ HYJNIEBBIM CPEIHUM H CpeIHEKBa-
npaTtudeckuM orkionenueM o = 0,4. CkonbKo B cpenneM GyAeT rOJHBIX
WapukKoB 13 50 U3roTOBAEHHBIX?

51. CB X ~ R(-1;8). Haiitu 'fo‘{xy, B KOTOpO# dbyHKIMs pacipe-
ZHeneHusi pasHa 1/3.

52. CB X umeer GOyHKIUIO pacnpeleNeHus

1-1/z, z2>1,
F(“’)z{o, / z< 1.

Haittn a, pos koroporo P{X > a} =1/3.

53. Haiitu p-KBaHTHJb IKCIOHEHIMAJIBHOTO 3aKOHA PacCIIpejiesieHNs
C HapaMeTpoM A.

54. ®@yuxmus pacupegenehusi HempepsiBHo#t CB X omnpenenserca
dbopMmytoit
F(z) =c+barctg g .

Haitru:
a) mocTosHHEIE @, b U C;
6) mwrorrocTs BepoaTHocTH CB X .



FPMITABA III

CJIYUYAVMHBIE BEKTOPHI

§ 9. /IBymepHbIe ciydalilnbie BeJIUYUHBI

9.1. yHKuUA pacnpeae/IeHUs .
Onpenenenne 9.1. Jeymepnvim cayuatinom sexmopom (ua dey-

. A
meproti CB) Z = col(X,Y) nasbiBaeTcs BEKTOD, KOMIIOHEHTAMH KOTO-
poro siBasitorca CB X = X(w) u Y = Y (w), onpenesneHsble Ha 0JHOM K
TOM 2Ke TIPOCTPaHCTBe {1 3JIeMEHTAPHBLIX COOBLITHH w.

IIpumep 9.1. Cxopocth BeTpa B TEKYIIH# MOMEHT BPEMEHH B
KOHKPETHOH TOYKe Ha IIOBEPXHOCTH 3€MJM MOXKHO NPEICTaBUTH B BHJIE
aBymepHo#t CB.

Onpenenenue 9.2. Oyukuusa

F(z,y) 2P({w: X(w) <2} {w: Y(w) <y} EP{X < x, Y <y},

onpeznenennas 11 Beex (z,y) € R? | naswiaercs dynxyuet pacnpedene-
nua geymepHoit CB Z = col(X,Y).

IIpumep 9.2. Ilycrs onbir G COCTOUT B OfHOBPEMEHHOM TMOAGPACHI-
BaHMM JBYX MOHET. DJIEMEHTapHBIM COObI-
THeM OYyJeM CYMTATH ITOJOXKEHHE YIAaBUIMX
morer. Ilycts CB X(w) — umcno Bbinmas-
mnx «repbos», a CB Y(w) — paccrosnue
Mexay momeramu. B atoM ciydae X(w) —
guckpetrHas CB co sauauenuamu g =0, 1 =
=1,23 =2, a Y{(w) — HeupepniBnasz CB ¢ ol

A
Y (x;, }"1)

ny

peasmzamuamu B R!.

Suayenne (QYHKUHH  paACHpPedesieHHs
F(x;,y1) paBHO BEpOSTHOCTH IOMAJAHHS Puc. 9.1
asymepHoit CB (X,Y) B ksagpant Dy
C BepmUHOX B TOouKe (Z1,y;) M CTOPOHAMH, MAPAJUIEILHBIME OCHM
koopauuar (puc. 9.1).
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CroiicTtra F(z,y)

1) F(z,y) ompenenena mus scex (,y) € R?, tak Kak BeposrTHOCTD
P{X < z,Y <y} onpemenena pus scex (z,y) € R?.
2) 0< F(z,y) <1 ana secex z,y € R, To akcuome Al u cBoHCTBY
5)P ana moboro cobbitua Bpimonnsiercas 0 <
Ay < P(A) £ 1, nosToMy 110 ONpEJEeHUIO
o3 %% F(z,y)€[0,1].
3) F(~oo,y)=F($, —OO)IF(—-OO,-—OO) =
= 0 pans Bcex z,y € R'. Meficreurens-
) ()  HO, DACCMOTDHM CIIEAYIOUIYIO IIOCIEIOBATEb-

. A
HOCTh cobpituit B, = {w: X(w) € —n}, roe
n=1,2,... Ilo ananornu c JOKA3ATENLCTBOM
ceoiictBa 3) F(z) ycranasnmsaeM, 9T0

B 4

Puc. 9.2
F(—00,y) < ILm P(B,) =P(o)=0.

4) Fy(y) = F(400,y), Fx(z) = F(z,400) ars secex =,y € R, rae
Fx(y) u Fy(z) — byukunu pacnpegenenusa CB X u Y coorsercrserno.
ITO CBOHCTBO MOXHO YCTAHOBHTB, CJIeJlysl JOKa3aTelbCTBY CBOHCTBA
3)F(z), tak xak {w: X (w) € 400} ={w:Y(w) < +o0} =Q.

5) F(+o00,+00) = 1. B cuny ceoiicts 4) F(z,y) u 3) F(z) nmeem

F(+o00, +00) = Fx(+o00) = 1.
6) F(z,y) — MOHOTOHHO HeyBBIBAIOLIAS N0 KaXKIOMYy U3 apryMeHTOB.
Tak st Az > 0 umeem
F(z+Az,y) EP{X <2+ Az, Y <y} =
=P{X <z, Y <y}+P{z<X<<z+Az, Y <y} 2 F(z,y),

Monortonnocts F(r,y) no y moKa3biBAETCS aHAJIOIHYHO.
7) BepositnocTh nonaganua CB Z B npsimoyrombuuk D = {21 <z €

< @2, y1 < ¥ < Y2} paBHa
P(D) = F(z2,y2) + F(z1,11) — F(z1,92) — F(z2,11),

rae F(z;,v;), ,j = 1,2, — BepositHoctut monafanus CB Z B kBagpaHThI
D;; ¢ coorBeTcTBYIOMMME BepmMHaMu (Z;,Y;), ,J = 1,2 (puc. 9.2).
IIpencrasum xkBagpanT Dis Tpems cnocobaMy B BHAE CYMMbl Hellepe-
CEKATOUUXCS MHOXKECTE:
D33 = D + D15\D11 + Dg1,  Da2 = D + Du\Dyy + Dig,
D2z = D + D15\Di1 + D231 \D11 + D11.
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Torpa no dhopmyse cnoxeHus BEPOSITHOCTENH AMeEEM
P(D2;) = P(D) + P(D12\D11) + P(Da21),
P (D) = P(D) + P(D2\Dn1) + P(D12),
P(Dj2) = P(D) + P(D12\D11) + P(D21\D11) + P(D11).

U3 noceiHux BYX PABEHCTB CIEAYET, 9TO
P(Di2\D11) = P(D12) — P(D11).
[oacTass 9T0 BEIDaXKEHHE B MEPBOE PABEHCTBO, TOMY4aeM
P(D) = P(Da2) + P(D11) ~ P(D12) — P(Da1).

Ho P(D;;) = F(zi,y;), i = 1,2, j = 1,2. Tloncrapiss jaHHble 3HAUCHHS
dyukumn pacupegenenus F ( y) B dbopmyny mas P(D), npuxomum K
TpebyeMOMy yTBEDKAECHHIO.

Ecmu dbyukuus pacupenenenust F(z,y) HenmpepbiBHA, TO JIOKA3aHHAL
dbopmyna sepHa m s saMrEyTOro mpsimoyronbhuka D = {z; < z £
< z2, Y1 < Y < Yo}

Oupenenenne 9.3. Ieymepuas CB Z = col(X,Y) uaswmBaercs
duckpemnod, eciu CB X u Y muckperHs!.

ITpocreiimiuM crocoboM 3aXaHUsT 3aKOHA PaCIPENe/leHAsT TUCKDPETHOMN
asyMepuoit CB Z asnsiercs Tabianua

pacupenenenus (cm. Taba. 9.1). Ta6nuua 9.1
A
Brecr pi; = P{X = o }{Y = X\Y | % v - ym
=y}) =P{X =2;,Y =y}, i = To Poo Po1 't Pom
=0,n, j = 0,m, c yciosuem HOD- xl pro puir crt Pim
n .
MHEPOBKU: ;) Z%p,-]- = 1. Qyuxuus Zn | Do Daz r Pem
= ]:

pacIpeieieHus UMeeT BU[I,

Z Zpu DUy = yj),

i=0 j=0
rae () — eauHu4nBle cTyneRyaThie GyHkumn (cM. ompenenende 5.6).

Onpenenenne 94. CB X u Y naswnBaworca He3asucumvlmu,

ecIn
F(z,y) = Fx(z)Fy(y) AnsBcex z € R',y e R!.

Ilycrs Z = col(X,Y) — muckpersas CB, T.e. X 1 Y — onHomepnbie
nquckperusie CB ¢ peanmsarmuaMyr zg,...,T, YU Yo,.-- ,Ym . MOXKHO
noka3aTh, uro CB X u Y wne3aBHCHMBI TOrna M TOJNBLKO TOTHA, KOTAA

anga scex 1 =0,n; =0,m

P{X =T, Y = yj} = P{X - (B,}P{Y = yj}'
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9.2. IInornocTs pacnpenesiennsd.

Onpenenenue 9.5. HeorpunaresbHas KyCOYHO HeEIpPEpLIBHAS
byukuus  f(z,y) Ha3bBaeTca naomnocmuvio pacnpedeaerut (naommo-
cmuto eepoamnocmu) peymeproit CB Z = col(X,Y), ecnu

y) = T ]{ft'r )dtdr,

rjie HMCIIONb30BaHA CHMBOJIAYECKAsl 3AlIHCh Ui [BOHHOI0 MHTErpaja 10
obnactu D 2 {t < z,7 < y}. Ilpu arom psymepnas CB Z Ha3wpiBaercs
nenpepuienot.

W3 MaTemaTuueckoro aHaju3a U3BecTeH (DaKT, YTO B TOYKAX Helpe-
prieHOcTH byHKimn f(x,y) oHa paBHa BTOPOY CMEINIAHHON TIPOH3BOIHOMN
byakunn F(zr,y), T.e

8’ F(z,y)

flz.9)= =55,

CpoticrBa f(z,y)

1) f(z,y) >0 pus Beex z,y € R . D10 BhiTeKAeT 13 onpeeesns 9.5.

T2 Y2
2) P(D)= [ ([ f(@,v)dy) do,xne D2 {21 <z <23 11 <y <)
1 %N

o ceoitctBy 7) F(z,y) n onpenenennio 9.5 umeem

P(D) = F(z3,y2) — F(z2,y1) — F(z1,92) + F(z1,y1) 2
= f(ff(w,y)dy)dz— f(yff(m,y)dy)dm— j(j Fl@ ) dy)da -+
(] ren an)as =T (] e d)ao

3) P(D) = JJ f(z,y)dzdy, rne D — npousBonbHasi KBaJpupyeMas
D
obaacth Ha mrockocTr IR? . JloKa3aTeLCTBO HPOBEJEM AJIst HEIPEPLIBHOM

A
f(z,y). PaccmorpiM Geckoneuno Mmaunlit mpamoyroashuk AD = {z

<X <K<z+ Az, y<Y < y+ Ay}. Cornacuo csoiictsy 2) f(z,y) MOXHO
3ammcaTh

z+Az y+Ay 110 TeopeMe
P(AD) = J ( J fit,7) d‘r) dt = || o cpennem ||~ f(z,y)AyAz.
3HAYEHUH

T Yy
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Taxkum obGpasoM, ameMenTt BeposTHOCTH f(z,y)dzdy c TodHOCTBIO 1O
BECKOHEYHO MAJIBIX IEPBOTO MOPAJKA PABEH BEPOATHOCTH MOMANAHASA JBY-
mepro#t CB Z = col(X,Y) B Geckoredno MaJbiil IPAMOYTOIbHMK, HPIIe-
raloiuit K Touke (z,y), €O CTOpPOHAMMU, HADAIIIENbHBIMHI OCSM KOODAHHAT.
Tax Kak KBaApupyemyio obsmacts D C R? MOXHO NpeCTaBUTS ¢ 06Ok
CTENeHbI0 TOYHOCTH B BHJle 00BEJIUHEHUST KOHEYHOTO YHCJIa HellepeceKa~
OMUXcA GECKOHEYHO MAJBIX IPAMOYroibHuKoB AL, To u3 akcuomer A3
cienyer dopmyna nias seposgTHocTH onaganua CB (X,Y) B D.
+00 +oo
4) J f f(z,y)drdy = 1, nockonsKy 10 cBoitcTBy 5) F(z,y)

400 +00
[ | fay)dedy & Flioo, +o0) = 1.
—00 —O00

5) Fx(a) = | (Tf(t,y)dy) a, Fety) = | (Tf(x,r)dx) dr,

—oo =00 —00 —00
rne Fx(z), Fy(y) — byukunu pacupenenenns CB X u Y. Hanpumep,
no ceoiicrsy 4) F(z,y)

Fx(z) = F(z, +00) 2 T (T it y) dy) dt.

Hast Fy(y) yTBepx/ieHie NOKA3BIBAETCsA aHAJOTHYHO.

+o0 +oo
6) fx(z) = J flz,y)dy, fy(y) = J f(z,y) dz. Do BbITEKBET H3

cpoiictsa 5) f(z,y) u onpegenenns 5.8. Cpoticrso 6) f(z,y) no3sosser no
IJIOTHOCTH BEpOATHOCTH JAByMepHO# CB Z halfTH IUIOTHOCTH BEPOATHO-
cruCB X u Y.

7} IIycrs CB V 2 e(X,Y), rne. X, Y — mnenpepniBasie CB ¢

coBMecTHO# IwioTHOCTHIO f(x,¥y), & @(z,y) — 3ajaHHas CKaJspHALA
+o00

bynkuus aprymenros z,y € R}, Takas, uro J J lo(z, y)|f(z,y) drdy <
-0

< 00. Torxa MOXHO MOKa3aTh, UTO

M[V] = T [e@v)i@y) dzdy.

-0

>

m
IlpuueMm, ecnm  (z,y) > ¢r(z,y), T0, mombaysce JmHEHHBIMU
k=1
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m
CBONCTBAMH MHTErpaja, MOXHO IOka3aTh, uro M[V] = Y~ M[Vi], rne
‘ k=1
A —
Vi = pr(X,Y), k=1,m.
8) st nesasucuMocTH nenpepbisabix CB X u Y nocraTouno, 4To6s!
BBIIIOJTHSJIOCH PABEHCTBO

f(z,y) = fx(z)fr(y)

BO BCEX TO4YKAX HenpepeisHocTH 3TUX GyHKnmit. Jeficteurensro, 1o
OIIpEJIENIeHHIO TIIOTHOCTH

z Y
J I f@t,7)dtdr = F(z,y) = (r;c;:;xc);:g:zazx; = Fx(x)Fy(y) =
—00 —c0

T zx vy
= | fxat j frmyar= [ | ixOfv(r)didr.
— 00 —00 —_0 =00
OTKyza U ciielyeT JaHHOE CBOWCTBO.
9) Ecinu nenpepuiBibie CB X u Y He3aBHCHMBI, TO CIpaBeiIdBa
Popmyaa ceepmru naomnocmed, T.e. IIOTHOCTH pacnpenenenuss CB

Vax + Y umeer Bug

+oo
fv@)= [ fx(@fy(v-2)de,
rae fx(z), fy(y) — wiornocTs pacnpenenenus CB X u Y. Jeitcrsu-

TenbHO, MycTh D 2 {z,y: £ + y < v}. Torma no croiicram 2) f(z,y) u
8) f(z,y) momyuaem

Fy(v) 2P{X +Y < ”f(z y) dz dy =
D

”fx(a: ) dsdy = fx(z)(j fr(w)dy)da=ly 2t -zl =

too - - v 4oo
= j fx(m)(J fY(t—:c)dt) de = J (J fx(m)fy(t—x)dz) dt

Orciona, coryracHo onpesienienuio 5.8, BbiTeKaeT GOpMyia CBEPTKH.
MorxHo moka3aTh TaKke, 4TO BEPHO PABEHCTBO

+o0
frw) = | fx(v—v)fr()dy

- 00
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Ilpumep 9.3. Ilycts mmerorcss paBHOMepHO pacnpexneienanie CB
X ~R(a;b) n Y ~ R(a;b), KoroOpbIE HE3ABACUMEL.
Tlonb3ysicy opmynoli ceepTkH, HaligeMm mIoTHOCTH BeposaTaoctH CB

ZEX+Y. VureM, 4TO B JAaHHOM CJIyvyae
NO/JBIHTErPAILHOE BHIPAYKEHUE OTIUYHO OT
HYJIS IHIOb Koraa 2a < v < 20, a MMEHHO 1 Af(x)

1 b-a
fx(z) = = ecma Lz <h,

fy(v—z)zb—é—(;, e av—z<b

=Y

0] 22 atb 2b

PaccmarpuBasi aBa ciydass B3aMMHO-
IO PAaCIOJIOJKEHHsSI OTPE3KOB, Ha KOTOPBIX Puc. 9.3
MJIOTHOCTH OJHOBPEMEHHO OTIHIHL! OT HY-
JIs1, TIOJIydaeM

fV(U):@_}-a? I da:::(;;—:z%, ecm 2a <v<a+b,
a
E 2
—v
fV(U,)ZW J dm:m, ecin a4+ b < v < 2b.
v—b

Takum 06pa3oM, noiydaeMm BBIPAsKEHHE JUIsl IUIOTHOCTH MPEY20AbHO20
pacnpedeaenus (pacnpedesenus Cumncona) (puc. 9.3):

0, v < 2a, v > 2b,
v—2a
frw)=4 Boa? Zagv<at),
2b —
-(7)—_-_—(]3)'5‘, a + b S v < 2b
9.3. Tunossle 3axa4u.
3agava 9.1. Iycrs f(z,y) — NNOTHOCTL BEPOSTHOCTH HEKO-
Toporo ciyuaitHoro BekTopa Z = col(X,Y). Moxer au ¢yHKmus
+o00 +o00
fi(u,v) 2 J flu,v)du I f(u,v)dv 6bITH NIOTHOCTBIO BEPOSITHOCTH
—00 —o0

Kakoit-imbo aBymepHoit ciyvaitnoit senuuunst T = col(U, V) ?

Pemenue. Hemocpeacrsenno nposepsiercsi, 4ro YCJIOBUSA HEOTPUIA-
TENBHOCTY ¥ HOPMHUPOBKH Jjist PYHKIwH f; (u,v) BhINONHEHH!, T. e. HyHK-
mus  fi(u,v) ABifeTCH NJIOTHOCTBIO. YKa’KEM JBYMEDHYIO CIYyYaHHYIO
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penmunny T, ana Koropo#t fi(u,v) sBiAsercss MIOTHOCTHIO. CoOryacHo
cBotictBy 6) f(z,y) umeem

+oo +00
fx(z) = j f(z,y)dy, friy)= J flz,y)dz.

Toaromy fi(z,y) = fx(z) - fy(y). PaccMoTpum mByMepHBIR cirydaifHbIN
BekTop T = col{U, V) ¢ HezaBucuMbIMM KOMIOHeHTaMu U u V', rne CB U
u V umewr crenyiomue mwrornoctw: fy(u) = fx(u), fv(v) = fy(v).

Torna
fr(w,v) = fu(u) - fv(v)

BO BCEX TOYKAX HENPEPHLIBHOCTH 3THX (yukumit. Ilostomy fr(u,v) =
= fi(u,v). Cnenosarensuo, f1(u,v) sIBIAETCA IOTHOCTLIO PAcIpeeste-
Hua noctpoensoi CB 7.

Orser. QOyuxuma fi(u,v) ABAAETCA ILIOTHOCTbIO BEPOSTHOCTH JBY-
mepxoit CB T.

3apmaua 9.2. [IpegupusiTue uMeeT JxBe HOTOYHBIE JIHHHH IO cOOpKe
HEKOTODOH IpoxyKuud. TexHONOTHYECKME

Tabauna 9.2 .

TIPOLECCHl HA JIMHUAX CBA3AHBLI MEXK Ly coboit.

Y\X| o 1 Paccmorpum cnydvaitiele Besmamubl: X —

0 1/8 0 KOJIMYECTBO EOUHUI NPONYKIUMH, COOPaHHOM

1 /41178 3a JeHb Ha HepBoil JuHMY, a Y — Ha BTOPOH

2 1/8 ] 3/8 Junun. COBMECTHOE paclpeieleHue 3THX Be-
JIMYHH 3a0aH0 Taba. 9.2

HaiiTu:

@) YacTHple pacupesesieHus iydainbix ey X u YV

6) pacnpeznesieHne, MaTeMaTHIECKOe OXKUJAHNE H JMCIEPCUIO Cilydaii-
Hoit Benmuuunbl Z = X + Y — CyMMapHOro KOJIMYECTBa €JIUHWI] IIPOIYK-
IM, BBIIYCKAEMOH NPEMITPUSITAEM 38 HCHbD.

Pemenue. ¢) CoracHO NpaBujiaM IOCTPOEHUS YACTHLIX PACIpene-
JIEHHIT KOMIIOHEHT CJIy4afHOTO BEKTOPA, MOIYy4HM

3
P{X =uz}= Z P{X=uz,Y= yj}, i=1,2. (9.1)
=1
Tab6nunga 9.3 Tabaunna 9.4
X 0 1 Y 0 1 2
Pli1/2]1/2 P|1/8]3/8] 12

TaxuMm o6pazom, nomyyaem psn pacnpenenenus CB X | npeacrasien-
Hbi# 8 Tabi. 9.3. AHasOruYHBIM 06pPA30M CTPOUM DA PACHDEREIICHAS JJIsT
cryvaiinolt Benmuuanl Y (cM. Tabn. 9.4).
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6) Cayuvaitnas Beqimuuta Z MOXKeT HDUHUMATD lieJible 3HaYeHus ot 0
2o 3. OnpenesuM BepOSITHOCTH, C KOTOPBIMM Z IIPHHUMAET 3TH 3HAYECHUS:

P{Z=0}=P{X=0,Y =0} = ¢,

P{Z = 1}=P<{X=1,Y:O}+{X=O,Y= 1}).

Tak kak cobpitua {X = 1,Y =0} u {X =0,Y = 1} necoBMecTHbI, TO
corsacHo (hopMyJIe CIIOMKEHNUs! BEPOSTHOCTEH NMeeM

P{Z=1}=P{X=1Y=0}+P{X=0Y =1} = %
AnanorudHo, [ gPYTUX BO3MOXKHbBIX 3HAYEHHHA Z

P{Z=2}=P{{X=0Y=2}+{X=1Y=1}}=

=P{X=0Y=1)+P{X=1Y=1}=1++1=1,
8 8 4
P{Z=3}=P{X=1Y =2} = %
Takwm 006pa3oM, psf, pacupeielieHHst Tabauna 9.5

CIIYYaRHOU BEJUMYUHBI Z MOXKET OBITH
npencTapieH tabi. 9.5.

Haitmem martemMaTndeckoe 0XHIa-
nue u pgucnepcuo CB Z:

zl o]l 1 [27]s
P|1/8|1/a]1/4a] 3/8

4
Mz} =Y zpi=1 7 +2:

i=1

DIZ]= 3" (= - M(Z))p; =

15\21 1512 1 15 3 71

=(-3) 3 (- i - - 3-8
Orset a) Pang pacupegenenus CB X wumeer sug tabn. 9.3, a pag
pacupegenenuss CB Y umeer BI/I,I( Ta6n 9.4; 6 ) psm pacrpenenenus CB

Z wumeet Bug 1abn. 9.5, M[Z] = —, D[Z] =

3agaua 9.3. Ilycrs gByxXMecsuHble o61;e1vm NpOJAXK NPOLYKLIMH
HEKOTOPOT'O NPEANPUSITHSL YIOBIETBOPUTEJLHO OMUCHIBAIOTCS JBYMEPHBIM
crnyyattueiy BekTopoM Z = col{X,Y) ¢ nmoTHOCTBIO pacupeiefeHus
BEPOATHOCTH

f(ey) = , 100 € z < 150, 50 < y < 100,
Y B OCTaJbHBIX CJIy“adx.
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Haiiru:
@) KOHCTAHTY c;
6) bynxuuio pacnpenerenus F(z,y);
6) MCCejoBaTh cayvaiinbie Beuunibl X U Y Ha HE3aBUCHMOCTD.

Pemenue. a) [ja HaxoxKJeHUs] KOHCTGHTHl ¢ BOCIONb3yeMCS YCIIO-
BHEM HOPMHPOBKH

+oo oo
J (J f(z,y)dz) dy =1.

Boruncnsisa unrerpadn, moiay4um

+o0 +oo 100 150 100
J ( J f(f’y)dx) dy = J (J cdx) dy = J 50cdy = 2500c.
-0 —oo 50 100 50
CrenopatensHo, ¢ = '2“510—0 .
6) Ilo ompesenennio . .
F(z,y) = J (J f(t,'r)dt) dr

B namem cayvae npu z € 100 wim y < 50 umeem f(z,y) = 0, a
ciepoBaTenvto, . F(z,y) = 0. Ecu z € [100,150] u y € [50, 100]
TO, MOACTABUB HAHJEHHYIO ILIOTHOCTH BEPOSTHOCTH B BhIPa)KeHHE IJIsi
F(z,y), nony4nm

y = Y

1 1 1
J( J S dT) dt = J s2g5 (& — 100) dr = o (x — 100)(y — 50).
50 100 50

Ecnn z € [50,150], a y > 100, 10

F(z,y) = T (T f(t,‘r)dr) dt =
100 50 . 100 .
= (I —2—510—0dr) dt + J (I OdT) =—(:c—100).
100 50 100 100

Ecin « 2 150, a y € [50,100], umeem

(T ft,7) dT) dt =

F(z,y) = |
00 50

1
150 y

= j ([ %z—odr) dt + T (T Od‘r) dt = (y——50)316.

100 50 150 50
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IIpu z > 150,y > 100

150 100 z ]
F(e,y) = j (j 2—51@ d’r)dt-i- J (j 0dr)dt=1.
100 50 150 100

Takum obpasom,

0, <100 mmm y <50,

(z — 100)(y — 50)/2500, 100 < z < 150,50 < y < 100,
F(z,y) =< (z —100)/50, 100< z < 150,y 100,

(y — 50)/50, 50 < y < 100,z > 150,
150 > z,100 > y.

?

(9.2)

6) Utobpl wWcclieoBaTh KOMIIOHEHTH! CIydaifHOro BeKTOpa Z Ha
HE3aBUCUMOCTD, Hall/IeM UX YaCTHblE PAaCHpeAesIeHHUS

0, < 100,
Fx(z) = F(z,+) = { (z — 100)/50, 100 < z < 150,
, x > 150,
0, y< 50,
Fy(y) = F(+oo,y) = { (y —50)/50, 50 <y < 100,
1, y > 100,

Ouesnspo, urto F(x,y) = Fx(x) - Fy(y) mna scex z,y € R'. Crenosa-
TenbHo, CB X u Y HesaBucHMBI.

; 6)cMm. dopmyny (9.2); 6)CB X u Y

1
OTBer. (1) c = 'ﬁ,

HEe3aBUCHMBIL.

3amava 9.4. Cayyvaitasle Besiuuutbl X u Y HezaBucumbl. Cryyvaii-
Hast BeJinunHa X pacmpejielieHa o HOPMAJIbHOMY 3aKOHY € TapaMeTpaMHu
mx =0, 0% = 1/2. Cnyuaiinas Bequauna Y paBHOMEPHO pacIpeseseHa
na orpeske [0,1]. Tpebyercs nafiTu:
) IUIOTHOCTH BEPOATHOCTH ciiyvaiiHoro Bektopa Z = col(X,Y);
6) dbysxmo pacnpeielieRns cydaiiHoro Bekropa Z ;
6) BepoaTHocTs monagauust CB Z B obmacts D = {-1 € X <
1, Y] <0,5}.

Pemeune. a) [Inornoctu BepositHocreit CB X u Y soirasigsar
caexyomuM obpasoM:

=2 pw={g  Yeli

Tax kax CB X u Y nesaBHCHMBI, TO INIOTHOCTH BEPOATHOCTH CIy4alfHOTO
BexTopa Z mnpejcrasnserca B suae fz(z,y) = fx(z)fy(y). B nannom
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ciydae
1 .2
—e™*, yelo,1],
0, y ¢ 10,1].

6) Haliem dynkunmio pacipejenenus. JsyMeprast dyukuus pacmpe-
JIeNICHUS HE3ABUCHMBIX CJIYYalHbIX BEJIHYHH, 110 ONPEEICHUIO, UMEET BU:

Fz(z,y) = Fx(r)Fy(y). BeinuweM oguoMepuble GyHKIHHE pacinpezese-
uus CB X g Y

0,
y <1,
1

1 _pe 0, y
Fx@)= | zedts Fr@=qv 0
] Y

WV AN

Torna

x
1 —t2
y dt, 0<y<l,
Fz(z,y) = < _L v (9-4)
1

Honb3ysch npeacTaBIeHHeM TayCCOBCKOH (YHKIHA PAcpeiesIeHIsT Yepes

dbyukumo Jlannaca, moxHo 3anucarh Bbhipaxkenne (9.4) cremymomum
obpazom:

0, y<0,
(‘I’(\/ﬁ&:)—!—l) 0<y<1
Fz(w,y) = Y\ %o 9) Y 3 (95)
‘I’o(\/iw)-l—%, y= 1

6) Obmacts D = {-1 <z £ 1, |y| £0,5} npexcrapaser coboii nps-

MOYTOJIbHUK. BepoaTHOCTL HONalaHus B HENO BBIYHCIISAETCH CIELYIONUM
obpaszom:

1 0,5 1 a,5
P{ZeD}= J( J fz(a:,y)dy)da:= J %e—* dz J ldy =
-1 -05 -1 0

= .;. .28, (Jz' 1) = &, (\/i) ~ 0,42.
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Bepositrocts nonajanust CB Z B npAMOYyroiibHEK MoXeT GbITb HaiffeHa
H APYTHM CHOCODOM:

P{-1<X<1,-05<Y < 05} =P{X <1,Y <05} -
—P{X<-LY<05}-P{X<1,Y <05} +P{X <-1,Y < —0,5} =
= FZ(1a0a5) - FZ("“l,O,E)) - FZ(L —075) + FZ(_L ‘0a5) =

% (@0(1 V2) + 0,5) - % (0,5 — (1 \/E)) = &, (\/'?I) ~0,42.

Orser a) [Inornocts pacupenenennss CB Z umeer suy Gopmy-
apt (9.3); 6) dyukmua pacnpegernenus CB  Z umeer BHg BBIpaxe-
nus (9.5); 6) P{Z € D} ~0,42.

il

§ 10. YcioBHBIE pacrpe/iejieHus

10.1. YcnoeHas &dbyHKUMA pacnpe/iefienusi. PaceMorpuM cie-
AYOUy0 3ajady: HalTH 3aKOH pacnpejgenenus nsymepHoit CB Z 2

2 col(X,Y), 3uas 3akoHH pacupenencHus AByX omHomepHbix CB X
u Y. OxkasbiBaercs, 4To B 00UIEM Ciydae 3Ty 3aJady PeHIMTb Helb3s,
TaK KaK HeobxoauMmo 3Harh cBa3b Mexay CB X u Y, koropas xapaxkTe-
pH3yeTcs YGIOBHBIM paclipelleleHueM. 3aMeTuM, 94To cBoictea 6) f(z,y)
u 4) F(z,y) nossonsior pemmnuTb 06paTHYIO 3aAady: HallTH 3aKOHBI pac-
npenenesust oguoMmepusix CB X u Y, 3Has 3akoH pacupeuneneHuss aABy-
mepuoit CB Z = col(X,Y).

Onpegenenne 10.1. Iycrs CB Y saBaserca auckperHoit ¢ pea-
IM3ALMSIMHE Y;, J = 0,m. Yeaosnoti dynxyueti pacnpedeaenus CB X
npu ycrosun, uro CB Y = y; , Ha3sIBaeTCST yCIOBHAST BEPOSTHOCTD

A P{X<z,Y =y .
Fx(oly) & FGFRS, =0 e e w,

(cm. onpenenenue 2.6), ecu P{Y =y;} # 0.

Paccmorpum asymepuyo CB Z = col(X,Y’) ¢ mnorHOCTBIO pacnpene-
nenns f(z,y).

Onpenenenne 10.2. Ilycrs aas Beex z € R! mmornocrn f(z,y)

u fy(y) nempepsiBup: B Touke y € R' u fy (y) # 0. Yeaosnot dynnyuet
pacnpedeaenus CB X npu ycnosum, yro CB Y = y, HaseiBaercsd npenen
upu Ay > 0 ciexnyromeil ycIoBHOU BEPOATHOCTH:

. P{X <=z|Y -yl <Ay}
Fx(aly) Alalfgo P{lY —y| <Ay}

a
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Anasornuyno onpepensierca ycioBHas (DYHKUMA pacCHpeResieHHs
Fy(y|z) CB Y upm ycnosun, uro CB X =z

V6enumca B xoppexrHocTn onpegesenuss 10.2. Ilycre CB Z S
A
= col(X,Y) =enpepbiBHA, IpHYEM
wiotnoctu f(x,y), fy(y) Henpepois-
Hbl B Touke y Aas Becex £ € R! u
o fy(y) # 0. IokaxkeM, 4TO B 3TOM CIIy-
. D o vae 1upeaelt B onpexgesenuu 10.2 cyue-
0 CTBYET ¥ OH PaBeH

Ay

(x, y+4y)

(x y-8y) .
0 Y Fxlel)= g | Sy

friy
Puc. 10.1 PaccMOTpUM BEpOSTHOCTD
A
P(D)=P{X <=,|Y —y| < Ay}

nonagamua CB Z 8 nonymosocy D (pme. 10.1). Ilo ceoitcty 17)P
MOy 92€eM

P(D)=P{]Y —y| < Ay} -P{X <zly- Ay <Y <y + Ay}.

Torza, u3 ceoiicts 2) f(z,y), 3) fx () BbiTexaer, uro

(X <oV —yl< Ay} _

P
P{X xly Ay<Y <y+ Ay} = P{lY — 4| < Oy}

z  ytAy

j ( JA &) dT) d 110 TeopeMe 1 z N
oo y—
= Z’+A: = || o cpemmem || = — I f(t,y)dt,
fy(r)dr 3HaYeHUH fr¥) 2o
y—Ay

~

rae Yuy HEKOTOpble TOYKY U3 MHTepBana (y — Ay, y+ Ay). Yuuresas
HenpepbiBHOCTh f{(Z,y) u f(y) u mepexops k mpemeny npu Ay — 0,
uMeeM

Yoy, Y=y, P{X <zly—Ay<Y <y+ Ay} - Fx(zly).

Orciona crenyer tpebyemas (popMyJia, KOTOpas OIpeJeNsieT YCIOBHYIO
GYHKUMIO paclpesieieHHs Yepe3 IUIOTHOCTH PaclpelelieHus JBYyMepHO#
CB u oxnomepnoit CB.
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CeosictBa F(zly)

1) Fx{z|y) oupenenena ans ncex T € R!. 910 crepyer u3 onpenese-
aua Fy (z|y).

2) 0 < Fx(z|y) <1 ans Beex z € R, Do obbsicusiercs TeM, 4TO
YCJIOBHasI BEPOATHOCTb IPUHMMaeT 3Hadenust u3 orpe3ka [0,1], a 3maunT,
¥ ee npenei upu Ay —» 0 TakKe JEKUT B JAHHOM OTPE3KeE.

3) Fx(—ooly) =0 no oupezenenunio 10.2.

4) Fx(+oo|y) = 1, 1aK KaK, HapuMep, u3 onpeeienus 10.2 BrITexaeT

“+o00
[ repa
—oo _ Iy _
frlv) ey

5) F(z|y) — dyuxuus MonoroHHO mHeyGuiBaomas mo € R' s
awboro ¢ukcuposannore y. Haupumep, B cuny onpenesnenus 10.2 umeem

Fx(+xly) =

z+bx x
[ fewae | fty)a

Fx(z + Azxly) = Fx(z|y).

P
fr(y) )
Ananoruunpie cBoHCTBa HUMeeT ycioBHAf (PYHKIHA DPaclpe/ieTeHHst
Fy(ylz) CB Y npu ycaosnu, uro CB X =z.

10.2. YcioBHag MJIOTHOCTL pacripelieieHus.

Ounpepenenue 10.3. Yeaosrnod naomnocmuvio pacnpedenenun (6e-
poamnocmu) Henpepbisioit CB X npwm yciosun, yro nenpepoisuas CB Y
¢ wiorHocTbio fy(y) # 0 npuHaAna 3HaveHue y, HasbiBaeTcsl OyHKIMsA

faly = L8800 sem,
fr(v)

AnaJjlornduo onpefienstieTcst yCIOBHasl INIOTHOCTH BepositHocTH f (y]x)
CB Y npu ycioBum, yro X = .

Jns nocrpoenns AByMepHOH HJIOTHOCTH paclpeResieHus B obuieMm
ciydyae TpebyeTcsi 3HAHHE HE TOJNBKO IUIOTHOCTeHl paclpeleeHHs Ol-
HoMmepubix CB, HO eme M yclnoBHBIX miorHocrtei, Hanpumep f(z,y) =

= fr(y)fx(zly).

CeoiicrBa f(zly)

1) fx(zly) 20, 1ak kax f(z,y) 20, fy(y)>0.
z
A
2) Fx(zly) = J fx(tly) dt, ecnmn nnornoctn f(z,y), fy(y) nenpe-
-0
poiBHEL B 3TOM MOXHO y6equThCA, CPABHUBAS BBIPAXKEHHST A/ YCIOBHOM
IIOTHOCTH M YCJIOBHOM (DYHKI[UM PacHpeiCeHHs.
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+oo
3) J [x(tly) dt =1 no ceoiictam 2) f(z|y), 4) F(z|y) .

-0

4) fx(zl|y) = );(:(’5)) , ecsrn IotHOCTH f(7,y), fy(y) HenpepbiBHBL

HeficTBrTesbHO, HMeeM

A OFx(zly) _ 1 0O T = =)
Ix(aly) = —F—= = fr(y) %( J ft,y) dt) 0N

— 00

5) Ecsu nenpepoisabie CB X u Y mezasucumsbl, 1o fx (z|y) = fx(z).
Cornacuo croitcty 8) f(z,y) anst HezaBucumpix CB X u Y wumeem
paserctBo f(z,y) = fx(z)fy(y), 13 KOTOPOro CreAyeT O OHPENEIEHHIO

ycIoBHOR miotHOCTH, 910 fx (z|y) = fx ().
o0 X2

6) Ploy <X <m} = [ frw)([ fx(ely)dz)dy.
—o0 T,
HeiicTBrrensro, no csoiicream 3) f(z), 6) f(z,y) n onpenenenuio ycmos-
HOM IIOTHOCTH HMeeM

Pz, < X € z2} =fo(a:) dz = T( T f(x,y)dy) dr —
= T(T fr(v) fx (zly) dy) dz = T fY(y)(T fx(zly) diE) dy.

Tlocnennee cBOMCTBO aHAJOrHYHO HOPMYJIE HONHOM BEPOATHOCTH B
ciyygae muckpeTHbix CB X u Y (cM. Teopemy 3.3):

P{:L‘l < X < .1‘2} = Z P{Y —-_—y]'}P{IL‘l S X g :I:QJY :yj}_

7=0

Takue »xe cBOHCTBAa HMMeET YCHOBHas IJIOTHOCTb paclpelesieHUs
fr(ylz) CB Y mnpu yciosun, yto X = .

IIpumep 10.1. Ilycrs mmeerca CB Z = col(X,Y), rue X — Bpems
TIOSIBJICHUA TIEPBOTO IIOKYIATEJNS B TOHEAEIbHUK, a Y — BPeMs IIOSBJIEHHS
HepBOro NOKYNaTelst Bo BTopHUK. [lonoxum, uro f(z,y) = e~ 7Y, z,y >
2 0. Tpebyercst nHaliTu:

1) F(z,y); 2) Fx(z), Fy(y); 3) fx(z), fr(y); 4) Fx(=zly),
Fy (ylz); 5) fx(zly), fr(ylz).

VYceranoeuts, 3aBucumel it CB X u Y.

Pemenne.
v T

1) F(z,y) = j (J F(t,7) dt) dr = T e dr j e~tdt=(1~e®)(1—eY)
0

o 0 0
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opa ¢ 2 0, y 2 0; F(z,y) =0 B ocTaJbHBIX CIyvasiX.
2) Fx(z)=F(z,00)=1—¢* npu 2 >0, Fy(y)=1—¢"Y mpu y > 0.

3) fx@) = L <ot wpu a5 0, fr(@) = EW v npn

y > 0.

4) Fx(zly) = 7}% Jf(t,y)dt: e¥ J eteVdt=1—e"" npu z > 0.
0 0

Ananornuno, Fy(ylz) =1—e€e7 Y upu y > 0.
3] -z -
) Fx(aly) = 2 Fx(oly) = ¢~ npw o > 0, fy(yla) = e npu y > 0.

Tax xax fx(zly) = fx(z) = 2 n fr(ylz) = fr(y) = e¥, T
f(z,y) = fx{(z)fy(y). Hostomy CB X u Y He3aBHCHMBEL. DTO 03HAYALT,
4TO IOABJICHWE IIEPBOrO MOKYIATe sl BO BTOPHHK He 3aBHCHT OT TOrO,
KOI/Ia IIPHIIEJI IePBbIil IOKYIATeNb B OHEAEIbHUK.

10.3. YcnoBHoe MaTeMaTU4YeCKOe OXKUJaHUeE.

Ounpegenenue 10.4. Vciosnum mamemamuieckum oxcudanuem
HenpepriBaoit CB X mpu ycioruu, uro nenpepsiBHas CB Y npunsiia
3HaYCHHEe Yy, Ha3bIBaeTcsl (DYHKIUs

+oo
M(XJy 2 | 2fx(ely)de

— 0

Yenosroe MO cymecTByer, eciu IMOCHAEIHMA WHTErpaj CXOmuTcs abco-
JIIOTHO.
B cayuae auckpernsix CB X u Y ycrnossoe MO CB X npwu ycnosumu,

9To Y =y;, j = 0, m, onpegenserca dopmyioi
M[Xly,] = Zx p,, i=0m
i=0

rme pi; S P{X =2, Y =y;}, p; EP{Y =y}

Onpepnenenune 10.5. YciioBHOE  MaTeMaTHYecKoe — OXKHIAAHHE
M[X|y] CB X xax dyukuus napamerpa y € R naspisaerca pezpeccuet
X mna y. I'pacduk bynkmun z = M[X|y] nasbiBaercs xpusod pezpeccuu
X nay.

Anajoruuso ompefjensercas ycaoBaoe MO CB V = ¥(X) upu
ycerosun, yro Y = y. Hanpumep, nns menpepoiBabix X u Y:

+oo

M) & | 9(@)fx(ely) da.

—o0
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Paccmorpum dynkuuo o(y) 4 MiX|y].

Onpegenenne 10.6. Yeaosrmm mamemamuueckum odicudaruem
CB X ornocurensio CB Y massipaercs CB V 2 oY) =S M[X]|Y].

AHaJTOrMYHO MOXKHO OLPEAENNTL U Apyrue, 6ojiee BICOKOrO NOPSAKa,
ycioBHble MoMeHTHL CB.

Ceoiticra M[X |y]

1) M[¥(Y)|y] = 9(y), rae 9(y) — nexoropas dbynknus.
2) M[y(Y)X|y] = ¢(y)M[X|y] . JeficTBnTesasHo, HAIPUMED, B CIy4ae
senpepoiBHeix CB X u Y umeem

+o00
M)Xlsl = [ 9l)efx(els) do = (u)MIX]s]
3) MIX + ¢(Y)|y] = M[Xly] + ¥(y). Do croiicTBO AOKa3BIBaETCA
aHaAJIOrHYHO cBoicTBy 2)M[X|y].

4) M[X|y] = M|X],ecim X u Y — nesasucumur. IlycTs, Hanpumep,
CB X n Y — menpeprisHB, TOrAa no ceoiictay 5) f(z|y)

+o0 +oo
Mixly 2 | afx(@ly)de= [ af(x)de £ M[X].

5) M[X] = M[M[X|Y]] — sro pasencrso HasuiBaercst gopmysoti
noano20 mamemamuyecxozo osicudanus. [lycrs CB X u Y nHenpepsiBHBI,
Torja no cBoiicTry 6) f(z,y)

+oo +o0 +oo

MIX]2 [ afx@do= [ o [ f(zv)dy)do=
+o0 —ozoo - +oo +o0
= [ (| hWixEwa)de= [ fr)( | ofx(aly)de)dy =
=T reMIXly)ay = MIMIXIY).

B cayyae auckpernoit CB Y npm xomeunoM m ¢opMyJia mOJHOro
MO npuobpetaer ciienywomuii BUA;

m

A . —

M[X] = 3" p;M[X|y;], rrep; =P{Y =y}, j=0,m.
3=0
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IIpumep 10.2. Yucno N paguoTexHHIECKHX IPUOOPOB, CAABAEMBIX
MOKYHATEJSIMH B TAPAHTHRHYIO MACTEPCKYIO B TEYEHUH JIHsI, MOXXHO IpPeJi-
craBuTh B BuAe CB, xopomo onmceisaemoit pacnpegerenueM Ilyaccona
II(a), rne a sABAAETCA CpEQHMM YMCIOM DAJAMONPHOOPOB, CAAHHLIX 3a
JeHb. BeposiTHOCTL TOTO, YTO CAAHHLIA MpubOp moTpedyeT MIMTENHHOIO
pPeMoOHTa, paBHa p. Haiimem cpesiHee uucio cOaHHBIX IPUGOPOB, Tpebyro-
UX JJIMTEJBHOr0 peMoHTa. Tak Kak mpu (DUKCHPOBAHHOM 4YHCIIE 7L IIO-
CTYIHBUIKX NPUGOPOB KOJHIECTBO MPUBGOPOB, TPEOYIOMUX KAIHTAILHOI'O
peMoHTa, npeacrasiaseT coboit CB X ¢ OuHOMHANIBHBIM pacnpeselieHreM
Bi(n;p), o M[X|n] = np, n = 0,1,2,... Tockousky CB X nmeer
pacnpegenenne Ilyaccona II{(a), To M[N| = a. Toraa mo dopmyie
mosiroro MO

M[X] = M [M[X|N]] = M[pN] = p M[N] = pa

10.4. KoppenanmnonHas 3aBUCUMOCTb.

Onpegenenune 10.7. Kosapuayuet (KoppeasyuonHvLM MOMEH-
mom) kxy menpepwsubix CB X u Y HaswiBaercss BTOPOfi MEHTPANLHBIN
CMEIIAHHBI MOMEHT

“+oo +oo
kxy 2 M[(X — mx)(Y — my)] = j J (x — mx)(y — my) f(z,y) dz dy.

—00 =00

Koppensumonnsrit moment kxy auckpernnix CB X u Y c KoHeuHBI-
MM YHCIAMHU BO3MOXKHBIX 3Ha4YeHUH paBeH

kXY'— Z Z Iy —Mmx (y]"mY)pz]
=0 7=0

Benuyuna kxy 3aBucur or emunny usmepenus CB X u Y. Bo
n3beXkanue ITOro HeyAobCTBa KOBAPUAIUIO YACTO BbI‘{HCJIS{}OT He gt X

A X
u Y, a st COOTBETCTBYIOIUX UM Hopmuposarnvzr CB X 2 TX ,
ox
*A Y
ys 12w ,ecmm y CB X u Y cymecrsytor aucnepcuu 0% > 0 u
oy
o > 0.

* *
Onpenenenue 10.8. Kosapuanust nopmuposarunix CB X u Y
HA3BIBAETCH KOIPHUUUEHMOM KOPPEAAULU:
* X M(X — Y — Ak
Txy—k. v —M[XY]= [( mx)( my)] = Xy

Ox0y oxXay )

Onpegenenune 10.9. CB X u Y Ha3LIBAlOT KOPPEAUPOBAHHBIMU
(roppeanyuorno sasucummmu), ecin rxy # 0 (kxy # 0), u nexoppeau-
posannvmuy, ecm Txy =0 (kxy =0).
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Onpegmenenme 10.10. CB X u Y Ha3BBaIOT N0A0NCUIMEADHO
KOPPEAUPOBAHHBMY, €CIIH eclin Txy > 0, H ompuyameavHo KoppeAupo-
sarHbMU, eciTd Txy < 0.

ITpumep 10.3. Paccmorpum zBe CB X u Y 4 X?, tne X ~
~ R(-—a;a). Torga xosapuauus mexay X u Y pasna

kxy = M[(X —mx)(Y — my)] = M[X(Y —my)] =

=M[X(X?~my)] = 2—1a J z(z® — my) dz = 0.

TaxkuMm obpasom, CB X u Y Hekoppesnposanbi. B To e Bpema CB X
n Y cBa3aHBI CaMO#l «>KeCTKOH» 3aBHCHMOCTELIO — (yHKIIHOHAJIBHOMN.
CeoiicTtsa kxy

1) rxy| €1, re |kxy| < oxoy . DTO cBOMCTBO nOKA3AHO HUXKE s
Gostee obwero ciydas (cm. csoiferso 5)M [X] B §11).

2)Ecn Y =aX +b, rne a #0 u b — mocroaunpie ¥ 0 < ox < +00,
10 [rxy|=1. HefictBuTensuo,

my £ M[Y] = M[aX +b] = aM[X] + b = amx +,
D[Y] 2 M[(Y — my)?] = a®dx, oy =+dy = Ialv = |alox,

kxy 2 M[(X — mx)(¥Y — my)] = M[a(X — mx)?] = aD[X] = ao%,

A kxy aag( a
TXY = = — = —, T.e. l’l‘)(yl =1.
oxoy oixlal  la]
Cunenonarensto, ecna a >0, 10 rxy =1 4, ecnii a <0, 10 rxy = —1.

3) Uz nezaBucnmoctr CB X u Y crenyer ux HEeKOPPEIHPOBAHHOCTD.
IIycts, nanpumep, CB X w Y HenpepsBHBI, TOTHA IO CBOACTBaM
8) f(z,y) u 5)mx umeem

+o0
kxy £ MIX = mx)(¥ =my)] = [ [ (@ = mx)(y — my)f (@,v) dady =
= [ @-mx)fx@do | (y—my)fr)dy 2 MXM] =o.

4) kxy = M|XY] — mxmy . Iycrs, nHanpumep, CB Z = (X,Y)
HenpepuieHa. Torma, cornacuo csoitcty 7) f(z,y) , AMeem

kxy £ M[(X — mx)(Y — my)] =
= M[XY] + mxmy - 2mxmy = M[XY] - mxmy.
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10.5. JIsyMepHOe HOpMalIbHOE pacIpe/iejleHue.

Onpenenenune 10.11. IlnorHocTh deymeproti HOpMaAABHO pacnpe-
deaennoti CB Z ¢ mapamerpamu c1;, €22, C12 ¥ My, M2, IAe C11C3 —
-2, >0, ¢11 >0, caz > 0, onpegensierca dbopmymo#

1
C11C22 — €2, — = ler1(z~m1)?+2c12(z—m1)(y—ma2)+c22{y—~ma2)?]
12 2 .

x = — €
f(z,y) o
CroficTBa ABYMEPHOIro HOPMAJNbHOIO pacHpeieleHAn

1) B coorsercrary co ceoiicreom 6) f(z,y) naigem miotHocts CB X

2 2
€11C22 — Cia { 1 cyico2 — ¢tz 2}
q;:“———m——ex —— 22 By _m .
x( ) CY. P 3 2 ( 1)

CpasnuBas aTy dopMmyay c onpeaenenuem 7.3, sakmoyaem, uro CB X
uMeeT HopMalhbHoe pacnpenenenne N(mx;0%) ¢ napamerpamu

my =my, D[X]20¢% = 22

C11€22 — Cfg

Io anamornu MOXKHO noaysuTh wioraocts CB V.

2 2
C11C22 — €2 1 crica2 —cf2 2}
fr(y) \/ Imen, P{ 3 o (y 2)° 1

A
T.e. Y ~ N(my;02), rne my =my, D[Y] = 0% = e /(crica2 — ¢3,) .
2) Boraucnsas kosdduupent koppessiuun CB X u Y, nmomyuaem

400 400

per 2 LT )y~ me) ) dedy = - — 22

— 00 —OQ

3) HaitjieM yCJIOBHYIO IUIOTHOCTD

frx(alp 2 LED — [Hep{~ Fenfe—mi+ 22 (y-ma)l*}.

CpasauBaga 31y GOpPMYAY ¢ ONpeAeneHueM 7.3, IPHXONUM K BBIBOAY, YTO
fx(zly) sBnseTcs HOPMANLHOMN IJIOTHOCTLIO, IIPHYEM

M[X|y] = mx—c—"‘l(y ma), D[X|y] =
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Hcnons3ys BeipaskeHusi, oLy YeHHbIE BbIIE JUISL 0X, Oy, TXY, YCIOBHOE
MO M|X|y] MOXHO HpeACTABHTH B BHIE COOTHOLIEHHS

M{XJy] = MIX] + rxy 2 (y - MIY)),

KOTOpO€E Ha3BIBAETCH MeopeMoti 0 HOPMAAbHOT KOPPEAAUUU.
4) Ilycrs CB X u Y wuesaBucumst. Torpa

1 _=mmxy? ] _ymmy)?
x = x = —€ 2 e 2 .
f( ’y) fX( )fy (y) \/2_7!'0)( 27r0’y

Iycry Temeps CB X u Y nexoppenuporausl, T.€. rxy = 0. [Toatomy,
ci2 =0 u rorma 0% = 1/cy1, 02 = 1/cq,. Hostomy, fx(zly) = fx(z),
orkyaa Berrekaer, uro f(z,y) = fx(z)fy(y). Taknm ofpazom, B ciy-
4ae HOPMAJIbHOTO pPAaclpeleieHHs BeKTopa Z HU3 HEKOPPEIUPOBAHHOCTH
CB X u Y cregyer nx nezasucumocts. [Ipu srom M[X|y] = M[X].
IIpumep 10.4. [IByMepHOE HOPMAJLHOE PACHPEJIEIEHHUE XOPOIIO
OIIMCHIBAET, HATIPUMED, CKOPOCTh BETpa B PailoHe a’sponopTa, MPOTHO3H-
pyeMble KOODJMHATE! IIaJeHisl METEOPHTA Ha IIOBEPXHOCTb 3€MJIK U T. I

10.6. TunoBble 3ana4mM.

Bamaua 10.1. Ilycrs cny4vaitnnit sektop Z = col(X,Y) pasHOMep-
HO pacIpejelieH B Kpyre paguyca R:

_J Y(xR?), z2+4> <R,
f(xvy)_{ 0’ x2+y2>R2.
Tpebyerca HaiiTH Txy ¥ OTBETHTHL Ha Boupoc: 3aBucuMel Iu CB X n Y.

Pemenne. 3 cuMMeTprH ILIOTHOCTH BEPOSITHOCTH CIEAYET My =
= my = 0. [eficruressno, u3 croiictsa 6) f(z,y) Haxomum fx(z) =0,
ecnn |z| > R, a B cnyqae |z| € R momyyaem

o0 R:—x
1 2
Ix@= [ fevd= 4z | dy=-5 VR -a

- —VR?—x

Hcxopst w3 aToro,

= 2 VR — 22 dp = — 2 _ 2 a2 _
mx-wRZJx R2 —z2dz = R (R® —z%) _R-O.
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AHanorusHo MOXKHO 1noKa3aTb, uto fy(y) =0, ecm |y| > R, u fy{y) =

= ”;2 R2 — 22, eccnu |y] € R, nostomy my = 0. Taxum oGpasom,
HMeeM
+00 400 9 R VRZ=zZ
kxy = J I ayf(z,y)drdy = —= f w( f ydy) dz =0,
o0 —o0 ‘R _yRT

T.e. kxy = rxy = 0. Cnemoparesnno, CB X u Y Hexoppemupo-
paubl. Ilpw stom CB X u Y saBucumbl, Tak kak miotuocts f(z,y)
HeJIb3si TIPeJCTABUTEL B JIAHHOM cilydae B Buje npoussedenus f(z,y) =

= fx(2)fr(y)-

OrseT rxy =0,80 CB X u Y 3aBucuMsbl

3angaqa 10.2. Ilycrs gucnepcun cnydaiinsix Bequaudn X u Y
paBHbI Mexxy coboit, D{X] =D[Y|. Yemy pasna koBapuaiyst Iy 4aiHbIX
Bemuune X1 = (X +Y) n Xo=(X-Y)?

Pemenune. Brurucnum kx,x,. Io onpemenenmo kx, x,
= M[X;X;] - M[{X|M[X;], cnegoBarensHo,

kEx,x, = M[(X +Y)}(X -Y)| -M[X +YM[X - Y] =
=M[X?® - XY + XY -Y? -~

- ((M[X])Z  M{X]MIY] + M[X]M[Y] - (M[Y])z).

Tlonb3ysice cBOCTBaMH MaTEeMaTHIECKOI'O OXKUJIAHHUS, HMEEM
kx,x, = M[X?] ~ (M[X])? -~ (M[Y?] - (M[Y])?) = D[X] - D[Y] = 0.

OrBerT kx,x, =0.

3axaua 10.3. IHecrs dyTOONBLHBIX KOMaH, YYaCTBYIOUHX B Ty PHU-
pe, pa3buThl Ha JBE TPYNNHBI 10 TPH KO-

manzpl. [Tobegurenu rpyin BEIXOOAT B Taauna 10.1
dbunam. JKCHepTH OIEHUBAIOT BEPOATHO- )
CTH TOSBJIEHUsT (PUHAIBHBIX JIap COMJIAC- X\Y | 1 2 3
HO JaHHpmM Tabu. 10.1. Hafity naubo- 1 2/9171/91 0
Jlee BEPOSATHBIX [PETEHIEHTOB HA BBIXOJ, 2 /9] 0 | 1/9
3 2/9 11/9 ] 1/9

B dunan u xosdduimenr Koppeaanuu
MeXJy UPETeHACHTAMH Ha BbIXof, B u-
HaJI H3 ABYX Py

Pemenue. Urobn onpenenuth Haubollee BEPOATHLIX IIPETEHAEHTOB,
HailileM 4YacCTHbIE pacnpelefcHus KoMmmoHeHT X (HoMep KOMaHIBI B
nepeo#t moxrpynmne) u Y (Homep KoMaHIA®M B mepBoit moarpynme). Jlnsa
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aToro Bocuonbayemcst hopmysrolt (9.1). Psiabl pacnpeenenus crydaifHbix
Benuyud X H Y 3aHaHbl COOTBETCTBEHHO B Taba. 10.2 u 10.3.

Tabnuua 10.2 Ta6anna 10.3
X 1 2 3 Y 1 2 3
P |1/3]2/9]4/9 P |5/9]2/9]2/9

Takum o6pasoM, Haubosiee BEPOITHBIM IIPETEHNEHTOM HA BBIXOJL B (DHHAI
U3 IEePBOH NOATPYIIIb! SIBISAETCS TPEThs KOMAHLA, a U3 BTOPOIl NMOATPyII-
1Bl — TEPBasi.

s naxoxgaenust kosguiienTa KOppessinud HaiiieM JUCIIepCHH
cay4daitipix Begune X u Y ¥ MX KOBapUAIHIO:

3
1 2 4 19
M[X]~§$,p,-l§+2§+3§—?,
3 5 2 5
M[Y]=;y¢pi=1-§+2~—+3--g—=3,

DIX] = 3" (& ~ MIX))’p; =

i=1

192 1 19\2 2 19\2 4

S RERI G VI R CRE VI B
(1 9) 3+( + (3 5 ~ 0,765

DIY] = 3" (3 — MY])%ps =

=1
5\2 5 5\2 2 5\2 2
_(1—5) -§+(2—§) -§+(3—§) -5 ~ 0,667,

ox = +/D{X] ~ 0,875,
oy = /D[Y] = 0,817,
3 3
kxy = z Z (:L',' - M[X])(y] he M[Y])p,-j ~ 0,148.
j=1i=1
Koaddunpenr koppensuyuu rxy BBIYHCISETCH CIeLyIOIUM 0b6pa3oM:

rxy = kxy ~0,207.
oxoy

O rBeT Haubosee BepOSITHBIM MPETEHAEHTOM Ha BHIXOX B (PMHAI U3
NepBOH NOArpYNIILL ABJSETCA TPEThSI KOMaH/Ia, a U3 BTOPOH MOATPYIIIbI —
nepBas. Mckomuiit koadpduimenT koppensuuu ryxy = 0,207 .
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3apayva 10.4. Ilycts Y7 = aX) + b, Y2 = cX3 + d. Hoxkasars, uro
ky,v, =ackx,x,, rae X1 u Xo — HEKOTOpHIE CIydaliHbie BeJWIHHEIL.

Pemenue. [ns peuwenus 3Toil 3aja4d BOCIOJL3yeMCS ONpejelie-
HHEM:

Yi=aX; +b— MjaX; +b] = a(X; — M[X1]) = aX1,
Y= aXz +b— MlaXz +b] = a(Xz — M[X2]) = aX, .

HCHOJIbByﬂ CBOUCTBa MaTeMaTH4ECKOro OXKMJJaHUHA, TTIOJYYNM

kyv,y, = M[Y1Y2] = Mlac X1 X, = ackx, x,,

4TO M TpGGOBaJIOCb JOKa3aTh.

3apgayva 10.5. UrpansHas xocTh pa3medeHa TakuMm 06pa3oM, 4TO
CyMMa OYKOB H& IPOTHBOIOJOXKHBIX TpaHsx pasHa 7 (T.e. 1 m 6,
2u 5, 3ud). Ilyctb X — 4uciao 04KOB Ha BepxHeit rpanm; Y — 4uciIo
OYKOB Ha HIDKHell rpaHd. IlocTpouTh COBMECTHBI 3aKOH paclpereieHus
cirydyaitHbiX BestunH X B Y M HalTH KO3(DDHUIMEHT KOPPENsiUY MeX Iy
HHMH.

Pemenue. Hcuo, uro Beimosnsiercss paBencrso X + Y = 7, u
nostomy P{X +Y # 7} = 0. CnenoBaTensuo, Ajst TOCTpoeHus TabIuibl
pacrpejiesieHus ciiy4aiinoro sekropa Z = col{X,Y’) ocraercs BoIYuCIuTD
CIe/IYIOIIMEe BePOSTHOCTH:

P{X=1Y =6} =P({X=1}-{Y =6}) =
=P({X=1}-{T-X=6}) =P({X =1}) =1/6,

P{X =6,Y =1} = P{X =6} = 1/6.
AHaNOrHYHO MOXKHO [TOKAa3aTh, 4TO
P{X=2,Y=5} =P{X:5,Y:2} =P{X=2}) = 1/6,
P{X=3,Y=4}=P{X=4,Y:3} =P{X=3} =1/6.
Tabauna 10.4

x\vy| 1| 2] 3] 4757
) 0| 0| 00| 0 [1/6
2 oo | o | o {1/6]0
3 o|o | olie] o | o
4 oo |1/6] 0] 0o} o
5 o |16/ 0 ] o | o} 0
6 16| 0 | o] o] 0o} o

Tabnuna pacnpegenenus ciaydafHOFO BeKTOpa JZ INPEICTaBIEHa B
Tabua. 10.4.
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ITockonmbky Mexay ciaydaiinbiMp BenwudHamMu X H Y HMeercs
nuneiinas csa3b X = 7 — Y, To, cormacuo colictsy 2) kxy , rxy = —1.
OrsBer. rxy = —1.

Saxava 10.6. Cayuaitnbie Bemuumasl X #u Y He3aBHCHMBI U
pacnpe/ie/ieBbl 10 HopMaJbHOMY 3akony. Mssecrno, uro M[X] = a,
M[Y] = b, D[X] = D[Y] = ¢%. Haittn pasuyc R xpyra c nmeHTpom
B Touke (a,b), BepoATHOCTL TONMAJAHMS B KOTOPHIH Ciiy4aifHON TOYKM
(X,Y) pasna 0,997.

Pemenue. Obosnaunm Z = col(X,Y). Ilockombky CB X u Y
He3aBHCHMBI, TO

fala) = Ix()frly) = = T8 e

B srom ciydae uckomas BepoatHocts P(D), rae D = Bg(a,b) —
Kpyr pamiyca R c uenrpom B (a,b), BEIMHGISIETCS COLIACHO CBOHCTBY

3) f(=z,y):

P(Bg(a,b)) = ” fa(t,7)dtdr = “ Fx (&) fy(r) dtdr =

Br(a,b) (z—a)?+(y—b)2<R?

11 1
=—22— JJ exp{—ﬁ ((t—a)2+(7'—b)2)}dtd’r=
(z—a)24+(y—b)2< R?

t—a

“= ’ 1 L2 2
= ’U:sz =—2—7r— IJ. eXp ——2‘(U +v)}dudv=
c D2+§?<(R/0)?
Rfo 2r
u=rcosyp, | 1 I (J‘Te_rz/zd )dr:
v=rsing T on ¢
0 0
R/o

2 2
- 22T\ 21— —R
= j e d(2) 1 exp{202}.

0

Teneps, penrast ypaBHeHHe

__R2?
1- exp{ zfz } ~ 0,997,

nmonyyum R? = —~2¢2 -1n0,003 ~ 11,6 0%. Orciona R =~ 3,410.
OrBer. R~ 3410.
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§ 11. MuoromepHslie ciiy4daiiHble BEJIMYWHbI

11.1. OcHoBHBbIe XapaKTepucTUKN MHoroMmepubix CB.

Onpegenenne 11.1. s HenmpepblBHOM n -meprot caywatinol ee-
auruns (cayvatinozo eexmopa) X 2 col{Xy,... ,X,),rne X1,..., X —
ckansipusie CB, onpeaesieHnbie Ha OHOM M TOM K€ POCTPAHCTBE 3JI€MEH-
TapHBIX cO6bITHIE, Pynryua pacnpedesenusn F(xq,... ,Tn) U naomuocms
pacnpedeaenus f(xy,... ,Zn), KOTOPask HEOTPHUATEIbHA, ONPEAEIIAIOTCS
CIEAYIOIUM 0Opa3oM:

F(zy,... ,zn)éP{Xl <z1,...,Xn Swn}é

= T T Flt1, ... ta)dty ... dty.

- OCHOBHBIE Pe3yJILTATHI, Moly4yeHHble ajst asymeproit CB, nepenocsites n
Ha n-mepuyio CB. B wacTHOCTH, B TOYKax HENPEPHLIBHOCTH ILIOTHOCTH
BBITIOJIHEHO PABEHCTBO

6”
flz1,.,@0) = mF(l‘l,--- » Tn)-

Onpegenenue 11.2. Mamemamuueckum oxcudanuem (MO) ciy-
gaitHoro BekTopa X Ha3blBaeTcs BekTOp M[X] 2 m X = col(myq,...
a .
Camy), e m; = M[X;], i=1,n.
3ameuanue 11.1. MO cayuaitHoro Bextopa X eCTb BEKTOD KOOD-

JUHAT «cpefHeit» Touku (my,...,Mp) B N-MepHOM mpocrpatctse R™,
BOKDYT KOTODOi#l IPPYIINPYIOTCH PeAalTM3anuy ciydaiinoro sexropa X .

Onpegenenne 11.3. Marpuny K paaMmepHoCcTH n X 1 C 3JI€MEH-

A o
tamu k;; = M[(X; — m;)(X; — m;)| HasbiBaloT KoGapuayuoHHOl MaMPU-
yeti. DileMeHTHl k;; KOBaPHAIMOHHON MATPHIb! ABJISIOTCS KOBAPHAIMAMM

CB X; u X; npu i # j, a AMAroHajbHbIE 3JIeMeHThl Ki; — JHUCIEPCHAMHE
CB X;, tr.e.

1>

A 2 2 . —
ki = d; = of = M[(X; — my) I, i=1,n.
Jucnepcuu d;, ¢ = 1,n, XapaKTEPH3YIOT pacCEMBAHHE peasiH3a-
UMl KOMIIOHEHT CJIy4ailHOr0 BEKTOPa OTHOCHTEJNbHO CpEJHEHl TOYKH
A
mx = col(my,... ,my,), a npu PHKCUPOBAHHBIX JUCIEPCHSIX KOBapHa-
mun k;j XapaKTepU3yIOT CTeNeHb JHHeHHoM 3asucumMocta Mexxay CB X;
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u X;. B yactHocTH, Ho ceoiicTBy 2) kxy npH juHelino# cBsi3u Mexny X;
u X; KoBapHalus MexX1y HuMH paBHa k;; = 0,0}, ano ceoiictey 1) kxy
Bcerna |kij| < gi0;.

Onpepenenve 11.4. HopMHPOBaHHYIO KOBADHAIHMOHHYI) MATDH-
ny R, snmemenTamu KOTOpOH ABAAIOTCA KO3DDUIMEHTH KOPPENALHUH Tyj
HA3bIBAIOT KOPPEAAUUOHHOT Mampuyed.

Marpuupst K w R HEOTpULATENBHO ONpEJeNieHbl H, KPOME TOro
CUMMETPHYHBI, TaK KaK

A

kij & M[(Xi — mi) (X5 — my)] = M{(X; — m;)(X; — m)] 2 kjs.

Onpenenenne 11.5. CB Xi,...,X, Ha3bBAIOTCH HEIAGUCUMbI-
n

MU, €CTTH IS IOBHIX Z1,...,Zn € RY: F(xq,... yZn) = [] Fi(zs), rae
i=1

Fi(z) — dynxuus pacupegenenus CB X;.

Onpenenenne 11.6. CB Xj,...,X, HasbiBaloTCAd 7NONAPHO
HeKoppeAuposartbimy, eclim ki; = 0 npu Bcex 1 # j.

Ecniw CB Xi,...,X,, He3aBUCHMSBI, TO OHH HBJSAIOTCS H IOIAPHO
HexkoppenuposarubiMu. O6paTHOe yTBED)KIeHUE HEBEPHO.

A
Ecm CB Z = col(X1,...,X,) #BIAeTCS HENpepHIBHOH, TO
AJisi He3aBucHUMOCTH X1,..., X, HEOOXOAUMO U [JOCTATOYHO, YTOOHI

n
flz1,...,zn) = ][] filzi) Bo Bcex TOYKAaX HeNPEPLIBHOCTH ITHX
=1

dyHukumii. IToT PAKT JOKAILIBAETCA MO MHAYKIHH HA OCHOBE CBONCTBa
8) f(z,y) Ana JByx crydalHbIX BeJUYUH.

CsotfictBa M[X] u D[X]

) MY Xi] = > M[X;]. Hycrs Z 2 col(X,Y) — nenpepsiBHast
i=1 i=1
apymepras CB, roe X = X, Y = X, . Tlo ceoiictsam 6) f(z,y) u
7) f(z,y) nmeem

+00 +00 +o0 400
MIX +Y)= [ [ (@+yf@y)dedy= [a( [ f(e,9)dy)do+
+o00 +oo o +o00 ——i:: -
+ [u( | fev)dn) dy = [ofx(@) de + [yfy ) dy & MIX)+ MY]

Ananoruuno gokasviBaerca ¢popmyna u gnsi guckperinix CB X n Y.
Obmas opMyna JOKA3LIBAETCS 110 HHIYKITHUH,
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2) Ecin CB X;, i = 1 n, nresasucumst, o M[]] Xi] = [ M[X].
=1 i=1
ycts Z & col(X,Y) — uenpepniBHasz asymepmas CB, Torpma mo
cpoiicram 7) f(z,y) u 8) f(x,y) numeeM

+o0 +00 400 400
M[XY] = J J zyf(z,y)dzdy = J J zyfx(z)fy(y)dzdy =
o +oo o +00
= | efx@de | yfr(y) dy =MXMY]

O6mas dopMysa ZOKa3HLIBAETCA TO HHAYKIMY.
n n n—1 n
3) D[ X = L DX]+2Y 3 k. Hyers Z 2 col(X,Y),
i=1 i=1 i=1 j=i41
rorga ro csoifcry 1)M [X]

DX +Y]=M[(X+Y -M[X +Y})? =

=M[X +Y — (mx +my))?] = M[((X — mx) + (Y —my))?] =

=M[(X — mx)?] + M[(Y — my)?] + 2M[(X — mx)(Y ~my)] =

=D[X]+D[Y] + 2kxy.

Ananmoruyno goxa3niBaerca ¢opmyna u g auckperHoix CB X u Y.
Obuiaa popmyaa JOKa3bIBAETCA 110 HHAYKIHH.

4) Eciu CB X;, i = 1,7n, nonapHo Hexoppeiauposansl, T.e. ki; = 0
npu % # j, To u3 cpoiicra 3)M [X] crenyer

D[Z": x| = E:jl D[X].

i=1]1

5) |rij| < 1 npu i # j. O6osnauum X éX,-, Y -A-Xj. Hycts ox > 0,

*A X-m *A Y —my
oy > 0. PaccmoTpuM Hopmuposannsie CB X= X y= LI
ox gy

* *
s koropeix D[X] = D[Y] = 1. ITo onpegesnennto 10.8 nonyuaem rxy =
=k .. Tooromy, M0 IOKA3AHHOMY BEILIE CBOHCTBY

D[X + Y] = D[X] + D[Y] + 2k, . =2+ 2rxy.

* *
Tax Kax gucrepcus He MoxeT OuTH orpuuarensHol, T.e. D[X 4+ Y] > 0,
TO nojiydaeM HepaseHCTBO 2 + 2rxy > 0. Orciofa ciepyer, 410 rxy =2
Z2 -1
-4



122 CIYYAWHBEIE BEKTOPH [TJI. I

* *
Paccmarpusas gucnepcuio DX — Y], MOXHO aHATOTHYHO MOLYYHATD,
9TO BBINOJHAETCA HEPABEHCTBO Txy < 1. Taxum obpasoM, |rxy| < L.

11.2. MHoromepHoe HOpMaJIbHOE pachapejejeHue.

A
Onpenenenue 11.7. Tosopsar, uro n-mepras CB X = col(Xq,...
., Xn) uMeer mnopmasvnoe (zayccoeckoe) pacnpedenenue, X o~
~ N(m; K), eciu ee NIOTHOCTb PAaCpeeNeH sl eCTh

fx(z) = ﬁexp{—%(z—m)ﬁ'{_lw— m)},

rae det K — ompemennTe b MONOXKUTENBHO ONPEAEACHHON MaTpuup!l K |
A A

m = col(my,... ,ms), £ =col(zy,... ,zn).
IT10THOCTH HOPMAJILHOTO PACIIPEETeHNsT MOXKHO 3aJiaTh TAKXKe 4epe3

amemMenTst o6paTHoii Marpunpt K ~! Takum ob6pa3oMm, KaK 3TO cAenaHo B
onpegenennu 10.11 npu paccMmorpennu asymepuoit CB.

CpoiticTBa HopMauabHOTO pacupepenenuns N(m;K)

1) M[X] = m, xoBapuauuonnast marpuna CB X pasna MJ|(X —
-m)(X-m)T]=K.

2) Tax xak marpuna K — HeBBIDOXKIEHHAs, TO KaxXJasd 1-s
koMmuoHeHTa X; BekTopa X pacnpeesieHa HOPMAJbHO.

3) Ecmm X ~ N(m;K), o Y 2 AX +b, e A — MaTPHIA
pasmepHocTt n X k ¢ rangA = k u b — BeKTOp pa3sMepHOCTH 71, MMeeT
pacupenenenne N(my; Ky ), rme my = Am +b, Ky = AKAT.

4) IIycts CB Y B a1 X1+...+a, X, ,coe X1,...,X, pacupemeneHnl
HOPMAJIBHO, a KO3DDUUUEHTEL ay,...,an € R' He Bce paBHBL HYMO.
Torma CB Y pacnpenesiena HOpMaJbHO.

5) Ecnn cliy4yaitHblil BEKTOP MMeeT HOpPMaJibHOE PAaCIpe/esieHHe, a ero
KOMITOHEHTHI TTONAPHO HEKOPPEIUPOBAHHB!, TO

f@re . 2n) = —L exp{—&%;ﬂi} ‘...

o1V2n

X ! exp{—(m"—_n—@z}=f1(1:1)-...-fn(xn),

OnV2T 202

1.e. CB Xi,...,X, He3aBucumol. Ho U3 He3aBUCHMOCTH ClIEAYET HEKOD-
PEJIMPOBAHHOCTD (CM. CBOHCTBO 3) kxy ), TO3TOMY JUlsi HOPMAJBLHOTO pac-
npeJleJIeHNsT YCIOBUSl HEKOPPEJUPOBAHHOCTH M HE3aBHCHUMOCTH 3KBHUBa-
JIEHTHBL.
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11.3. Bupxkesoii napagokc. PaccMoTpuM oGONBITHBIR 3KOHOMHM-
geckuit npumep. Ilycts uMeerca HadanbHbll KanuTai K, koropslit Tpe-
Oyercs ypesn4uTh. [Ji 3TOro MMEIOTCA JiB€ BO3MOXKHOCTH: BKJIAIBIBATH
AEHbI'M B HAUEXHbIM OaHK M NOKynaTb Ha OHpike aKUuUH HEKOTODOIi
KoMnaumu. Ilycts w — moma KanuTasa, BKJIaAbIBaeMas B DaHk, a v —
JOJIA KalluTaja, pacxojpyemasd Ha npuobperenme axuuii. OueBHAHO, 4TO
0 € u+v £ 1. IIpeanonoxxum, 6auk rapantupyer b X 100% > 0 roposbix,
a aknuu nopunocst X X 100% rogosoix. Tak kak npeamofiaraeTcs, YTO
H6aHK abCOMIOTHO HageKeH, To b fABisieTca Hecty4aitHo# BemnuuHoi. Cro-
HMOCTb aKIHif, KaK IIPABHJIO, MEHSETCS B TEYEHHE [OAA, T. €. X sABJISIETCS
cayydaiiHoit Besmyuunoii. Jonycrum, uro npuobperenne akuuii B cpeaneM

Honee npubLUILHO, YeM BJIOXKEHHE CPeACTB B OaHk, T.€. mx 2 M[X] >
> b > 0. Ho npu 370M HMeeTCsl HEHYJIEBas BEPOATHOCTDH TOr0, YTO KUK
obeciigHsaTcst ¥ MBI HOTEpsieM BCe JEHLIH, BIoXenHnble B aknun, P{X <
<-1}=e>0.

Takum 06pa3oM, MBI MOXKEM HAAEHTHLCS, YTO Yepe3 ol KaluTal
cocrasut Bennunny K; = K(1+bu+ Xv), Koropas siBjisieTcst city aiiHOM.
PaccMoTpuM Takke oxKuJaeMoe 4epe3 rofl CPefHee 3HAYCHUE KAITHTAJIA:

Ko(u,v) 2 MIK(1 + bu + Xv)] = K(1 + bu + mxuv).

ITocraBuMm 3ama4y pacnpeme/iuTh KAluTaJa TAKHM 00pa3oM, YToObl MaKCU-
MU3UPOBATL CPENHUN JOX0H 3a TOH;

Ko(ug,ve) = max Ko(u,v).

+v<l,u20,v20

HerpyaHo HaliTn pemenune 3Toil TpocToil 3adawu auketinozo npozpam-
muposarusi. Tak kax mo ycjosuio 3agauu my > b > 0, To, oueBUIHO,
BCe JEHbIM HYXXKHO BKJIAABIBATH B aKIMH, KOTOophle B cpeaneM 6GoJee
upuObLIbHBI, YeM BaoxkeHue B OaHK, T.e. ug = 0, vy = 1. Ilpu Taxoit
CTPATEruu Cpejiliee 3HAYEHHE KAIMTAJIa Yepe3d rof, OyAeT MakKCHMaJibLHO:

Ko(UQ,'Uo) = K(l + 171)()

BuoisicnuM, K yeMy IPHUBEJIET TaKasl CTPATErns YIPABICHHA KAITHTAIOM,
ecIM MpUMEHATh ee MHOTOKpaTHo. Ilyere X;, i = 1,m, — CoKeroublii
MPHPOCT KaluTalja 3a cueT npuobperenuns akuuit. IIpeanonoxnm, yro CB
X;, i =1,n, Hesapucumsl. IIycts u; =0, v; =1, i = 1,n, T.e. exerogHo
[IOKYNAIOTCH TOJBKO AKIMK, KOTOPBIC B CpejieM Gosee MPpUGBLILHBL, deM
Bioxkenue B Gank, M[X;] = mx > b > 0. Torna cpennee snauenwme
KallUTaJjla Yepe3 7 JIeT COCTABUT BEIAUYHHY

K, 2 M[K 1+ x)| =& T+ MIX) = K(1+ mx)™

=1 i=1
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3necey ucnonb3osanock ceoiictBo 2)M[X]. Tak kak O IPeANONOKEHUIO
myx >0, T 1+ mx > 1. [lostomy npu n — oo monyudaem K, —
~ 00. O6pa3HO roBOPs, IPH TAKOM YIIPABJICHHH KAIIMTAJIOM MOXKHO CTATh
HEOTPAHHYEHHO GOTATHIM «B CPEJIHEM».

IMocMoTpHM, YTO MPOUCXOLUT C BEPOSITHOCTHIO HAIIETO PA30PEHUS DU
BLIOpaHHOH CTpaTeruu

P(B,) 2P(A; +...+ 4y),

A .
rae cobbitue A; = {X; : 1 + X; < 0} xapakrepusyer pasopenue B i-it
A
rof, a cobertne B, = A; + ...+ A, — BO3MOXHOCTb Pa30PEHUA XOTH ObI
O/IMH pa3 3a 71 JIET.
PaccMorpum nporusononoxuoe cobbrrue B, = N\ B,,. Bocnoms3osas-
much cBoiictoM 11)A, Haxonum

n
Bn=HZi, rae —A—iZ{X,'21+X,'>0}.
=1

Taxk xkak CB X; He3aBHCMMEBI, TO HE3aBHCUMBI TakKxke cobbiTus A;, 1 =
= 1,n. [Tostomy umeem

P(B,) = ﬁ P(4;) = ﬁ P{X;+1>0}.

=1 1=1

Ho no npegnonoxennio P(4;) = P{X; < -1} =¢ > 0, 1. e. ¢ Henyneso#
BEPOSITHOCTBIO MOXKHO IIOTEPAThH BECh KamMTaJ B KaXABI 1-#t rom.
Mostomy P(A4;) =1—-P(4;) =1 —¢ < 1. Orciona cneyyer, 9ro

P(B,)=(1-¢€)" =0 mpu n— oo.

A creposarensuo, P(B,) =1 —P(B,) = 1 npu n — o0, T.e. Bepo-
ATHOCTb DA30DEHHMS [PH BLIOPAHHON CTPATErHH CTPEMHTCH K EMHUIIE.
U 370 HecMOTPst Ha TO, YTO CPEIHUN JOXOM CTPEMUTCS K GECKOHEUHOCTH.
B sToMm u cocrout buporcesoti napadore, K KOTOPOMY Mbl IIPHILIHN, DELIUB
NOKy[aTh JHUUbL ONHM AKIMH, TpeHeOperas BO3MOXKHOCTBIO MONYYEHUS
B GaHKe XOTb M HeBOJbILIOH, HO 3a4TO TapaHTUPOBaHHON, NpubbuH. DTO
3HAUMT, YTO HE CJIE/lyeT «CKJaJbIBAThL BCE AHIA B OJHY KOD3HHY>.

Ha npaxtuke, utoGnl u36eKaTh 3TOro MapafoKCa, MCIOIL3YIOT TaK
HA3LIBAEMYIO A02aPUBMUNECKYI0 cmpamesuro, KOTOPasl ONPeNessieTCs U3
CJIeIyIOMErO YCIIOBUSL:

Lo(uL, vL) = u+v<{1,13§0,v>0 M[ln(l + bu + X'U)],

T.€. U3 YCIOBHS MAaKCUMH3AIMU CPeNHel CKOPOCTH POCTa KamuTajta. B

A
YaCTHOCTH, WHOIZa npeamnonarator, 410 CB Y = 1 4+ X umeer norxop-
MaJibHoe pacnpenenenue (cM. onpesenenune 7.5). Ilpm norapudmudeckott
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CTpaTeruy KalluTaJl paclpeensercs, KaK IPaBujIo, B HEKOTOPBIX NPOIOD-
IUAX MeXAY NOKYNKOH akuuiil u BjoxkeHueM B GaHK.

Ciegyer Takke OTMETHTb, 4TO PACCMOTDEHHBI! MPHMEP XOPOLIO
AJLTIOCTPUPYET OCOOEHHOCTE OBEAECHM CJIy4YaifHOM [MoCe 0BaTeIbHOCTH

n
Zn 2 K [T (14 bui + Xiw)
i=1

npu n — oo. B omiMdme 0T [eTEPMUHMPOBAHHON I1OCJIEIOBATEILHOCTH
cryyaitHasi HOCJIeOBATENBHOCTh MOXKET CXOJAUTCA B Pa3HBIX CMBICIAX U
K pa3HbIM 3HauyeHHAM. B naHHoM npumepe ecam u; > 0 w v; = 1, TO
Zn —% 0O B CPeJHEM H B TO Xe BpeMs Z,, — 0 110 BepOsTHOCTH.

11.4. TurnioBbie 3aga4u.
Sagaua 11.1. Hna coyvaiiaeix Besmuud X u Y, pacCMOTPEHHBIX
B 3azia4e 9.2, NpoBEpUTH CNIPABEIINBOCTD CIAEAYIOIINX PABEHCTB:

M[X + Y] = M[X] + M[Y], D[X + Y] = D[X] + D[Y] + 2kxy. (11.1)

Pemenne. Jlns IpoBepKH yKa3aHHBIX DABEHCTB HailJeM HeobXomm-
mpie 3navenust M(X], M[Y], D[X], D[Y], kxy, Bocnoas3oBaBmuch

NOJIyYeHHBbIMHU B 3afade 9.2 pagaMu pacnpenene}mﬂ CBXuVY:
1

2
M[X]= 3" @ipi= 5, M[Y]= Zy]p]~1 ~+2 1_u
=1 i=1

D)= M= (-2)' (1= 1) 1L

1=1

D[y} = Z(yg MIY])*p

Xy = Z Z(xl M[X])(y; — M[Y])ps; =

i=1{=1

2 3
=1.1 3.1 un_3
——g‘izzl.’z,y,p,]—M[X]M[Y]—lg-i-Q 1 3 28 - 16

Taxum obpasom, umeem

M[X] + M[Y] =

[y

Lyl
8
D[Y] + D[X] + 2kxy =

5
Ev
31 _3_ 71

1
iTat? w6
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71

A
51 @ TRe Z=X+Y.

Cornacuo 3amave 9.2, M[Z] = —1{; , D[Z) =
CunenoparensHo, cnpaseaauBsl pasencrsa (11.1).
Orrer Pasencrsa (11.1) BepHb.
3agava 11.2. [lana KoBapUAIMOHHAS MATPUIA CJIYYaifHOTO BEKTOPa
Z = col(X1, X2, X3):
16 —14 12
Kz=|kgjl|=| -14 49 -21 .
12 -21 36

Cocrasuth Koppenanuonnyio Marpuny Rz = ||ri;l].

Pemewnune. [lockonbKy no onpeneneHnio

r..____,ﬁ__
” ki - kjs
TO
-14 14 1
T =72 =733 = 1 T12=T21=———,1—(5—74—9=—"2—8=—§§
SIS - S - SN ) BUSNSRE ) WU |
13 N= e T g TBTIRT e = T 5 T )

1 -1/2  1/2
Orser. |jrj||l = ( -1/2 1 -1/2 ) .
1/2 -1/2 1

Bamava 11.3. Ussecrno, uro D[X] =1, D[Y]=2, D[X +Y] =3.
Haitru kxy .

Pemenue. cronssys dopMyny Jisi AUCIEPCHH CYMMBI, IIOJLY4aeM
DX +Y]=D[X]+D[Y]+2: kxy,

OTKy/a

kxy = 3 (D[X +Y] - D[x] - D[y)) = 22=% =0,

Otser kxy =0.

3agaua 11.4. Ha crose HaJIOrOBOTO HHCHEKTODA JIEXKAT TPH JEKJIa-
panuy OT NpeiCTaBHTeNel Pa3jIMYHBIX I'PyNN HaceseHus. BepositHOCTH
COKPDBITHSI JOXOJOB IIPH 3aIIOJIHEHHH ACKJIAPAUHY JJIS OZHOTO NPEACTABH-
TeJisl KaXkJod rpynnst pasHbl coorBercTBenno 0,05, 0,1 u 0,15. Ilpemno-
JIOXKHUM, 4TO COKDBLITHE J0XOXOB oBHapy»XHuBaeTcst npu nposepke B8 100%
cayqaer. Hafitu cpequuit oxon rocygapcrsa OT NPOBEPKH 3THX JAEKJa-
pamuii, eciim cyMma Hajaraemoro mrpada npu oOHAPY?KEHHHM COKPBITHS



§ 11) MHOTOMEPHBIE CJIVHAMHBIE BEJINYNHDI 127

JOX0Ha COCTaBMseT 1o rpynnaM HaceseHust 100, 250 u 500 MUHMMAaJIbHBIX
OKJI3QJTOB COOTBETCTBEHHO.

Pemenue. Paccmorpum ciywaitnyio BenuuuHy X , paBHYIO JOXOIY
rocyapcTBa OT NMPOBEPKH Tpex JeKjaapanui. B 3amave Ttpebyercst HaiiTn
cpednutl doxod, T.e. maTemaruueckoe oxunanue CB X . Moxuo Halitu
M[X], nocrpous psax pacnpenenennss CB X u BOCHONB30BaBLIACH OIpe-
JelIeHUeM MaTeMaTudecKoro oxxujanus. OQHAKO NMpOIeAypa MOCTPOCHHS
psipa pacnpenenenna CB X npencrtaBasieTcss {OCTATOYHO TPYLOEMKOI.
JanHast 3afjadya HoIycKaeT bosiee mpoCToe pelieHue, OCHOBAHHOE HA HC-
[Oo/Ib30BanuK pacnpesenenus: Bepuynmu. Cayuaiinas peauanaa X MoxeT
OBITh IpEACTABJICHA CISAYIOUUM 06pa3oM:

X =100X; + 250X, + 500X,

rae X; ~ Bi(lvpt)a 1= ma p1 = 0,05, pp =0,1, p3 = 0,15.

Cnyyaitnass penuumua X;, HMeoIlas paclpejelleHue DBepHyJutH,
OPUHUMAET 3HadeHHe 1, eclu 1-il TONABIHUM JEKIapaIMio CKPHLIBAET
moxom, u 0 — B nporusHoM ciydae, mpueeM MI[X;] = p;, i =
= 1, 3. Bocnonp3yeMcst CBOACTBAMN MATEMATHYECKOTO OXKHAAHUS IS
perancrenns M[X]:

M][X] = 100 M[X;] + 250 M[X,] + 500 M[X3] =
= 100p; + 250p, + 500p3 = 105.

OTeeT Cpemauit HOXO/ rOCYIapCTBa OT UPOBEPKHU MOJAHHBIX TPEX
Jeknapaluil coctaBuT 105 MUHUMAJIBHBIX OKJIAHOB.

3apmaua 11.5. Ussectro, uTo ciayyvaiinsti Bektop Z = col(X,Y), rue
CB X — poct Hayraj; B3aTOoro B3powioro myxumibi 1 CB Y — ero
BEC, YZIOBJIETBOPUTENBLHO ONKUCHIBAETCI JBYMEPHBIM HOPMAJIbHBIM 3aKOHOM
pacnpefiefieHusl C MareMaTHIeCKMM OXuzgaumeM myz = col(175,74) u
KOBapPUAIMOHHON MaTpHIei

49 28
KZ:”kiJ'” = ( 28 36 )

CunTaeTcs, 9TO YeIOBEK CTPAJIaeT H3OBITOYHBIM BECOM, €CIIH BBIIIOIHSICT-
cs mepasenctBo X — Y < 90. Haliti: a) maTemaTndeckoe OXuIaHue X
ICIIEPCHIO XAPaKTePHCTHKY M36biTouHOro Beca X — Y'; 6) BEpOSTHOCTD
TOrO, YTO HAyTraj BHIOPAHHBIR MYXXYMHA CTPAJAeT U3BLITOYHBIM BECOM.

Pemenne. a) Tak kax Bektop Z = col(X,Y) pacnpezesen HopMas-
HO, TO HOPMAJILHO PaclpejiejieHbl H ero Koopaunathl: X ~ N(175;49),
Y ~ N(74;36). Teneps, cornacuo csoiictsy 2) N(m; K), pasnocts X —
— Y pacnpezenesa HOPMaJbHO. BBIYMCINM NapaMeTphl 3TOrO 3aKOHA
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pacHpeJesIeHust

M[X — Y] =175 — 74 = 101;
D[X — Y] = D[X] + D[Y] — 2kxy = 49 + 36 — 2 - 28 = 29.

6) Takum obpasoM, X —Y ~ N(101;29), u cirenosarensho

P{X -Y <90} = % + &, (ﬂ%) ~ 0,5 — Bo(2,04) ~0,021.

Orser. a) M(X -Y] =101, D[X -Y]=29;6) P{X -Y €90}~
~0,021.

§ 12. Bagauyu Qs CaMOCTOSITEILHOIO pElIeHNUs

1. Mycts F(z,y) — dbyukuus pacrpeiesieHus CIyqaitHOrO BEKTOpa
Z = col(X,Y). Byner nu F(z,0) dbyuxuuefi pacupeaeseHuss HEKOTOPOit
Cay4aiigoit BeJIMYuHbI?

2. CB X ~ Bi(1;0,2), Y ~ Bi(1;08). Janxs CB Z = X +
+ Y Boruncnars Fz(1), cuurtas Bce cobpitust, cps3annbie ¢ X u Y,
HE3aBUCHMbBIMH.

3. Cayuafiubte Beauuunnt X ~ N(G;1), Y ~ E(1). Boraucnuts
M[X3 -Y?].

4. TogbpaceBaloT Tpu HrpaibHble KocTh. PaccMaTpupaloTes cryuait-
Hble BeNMMYMHB: X -— KOJMYECTBO KOCTeH, HA KOTOPHIX BHINANO INECTh
04KOB, ¥ — KONMYECTBO KOCTel, Ha KOTOPHIX BBINAJIO MATL 09K0B. Haiiru
M[X + Y] u sakou pacupenenenusi CB Z =X +Y.

5. 3ajan 3aKOH pacnpefeseHus ciy4aiinoro sexropa Z = col(X,Y)
(cm. Tabu. 12.1). Tpebyerca:

Ta6annal12.1 a) HaliTH 3aKOH PacIpeiesIeHus CILyqaifHoR
X | -1 1 pesmuunbl X + Y
1 176 [ 1/3 6) TIpOBEPUTH CIIPABEAIHBOCTD PABEHCTB:
2 0 |1/6
3 1/3] 0 M[X +Y] = M[X] + M[Y],
D[X + Y] = D[X] + D[Y] + 2kxy.
6. Hatttu xoBapuanuio k.x, rme X — Hekorcpass CB, a ¢ —

KOHCTaHTa.
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7. B npogpyxumu 3aBoya 6pak Bejenctsue gedexrta A cocrasisier 3%,
a BeteacTeue gedexrta B — 4,5%. Tognaa npoaykuus cocrasiusier 95%.
Ha#tit Koabdunuent koppensunu gedextos A u B.

8. Cuayuaiinbiii BekTop Z = col(X,Y) uMeeT COBMECTHYIO TNIOTHOCTD

a

(1+ 22 + 22942 + y?) :

a) HaliTH HEM3BECTHYIO KOHCTAHTY «;

6) uccienoBath BeauuuHGl X M Y Ha HE3aBHCHMOCTbH M HEKOPpeJH-
POBAHHOCTD.

seposiTHoCcTH f(Z,Yy) = Tpebyercs:

9. Crnywattnniit Bexktop Z = col(X,Y) nmeer hyHKuuIio pacrpeese-
HUS

F(z,y) = 14+e Qetmy) _o=As _ o=y >0, 420,
24 0— B OCTAJbHBIX CJIydasiX.

Haitru yacrawie pacnpegenenuss CB X u Y. UccnenosaTs aTy BeNHInabl
Ha HE3aBUCHMOCTb U HEKOPPEJIUPOBAHHOCTD.

10. Ssasercs mu Gynxuus F(z,y) = -y, rae z, y € R!, dyuxnpei
pacnpe/ieJieHust HEKOTOPOTO Cilyv1aliHoro BeKTopa’

11. HAsnsercs sm QyHKIHsS

1

F(z,y) = = (-g +arctg:n> (% +arctgy), z,y € RY,

dyuxupeit pacpeesieRus HEKOTOPOTO CJy4alHOTO BEKTOpaA?!

12. Tlycre f(z,y)-— IIOTHOCTH BEPOSITHOCTH CIIy4YailHOrO BEKTODA
Z = col(X,Y). Byaer mn f(y,Z) DIOTHOCTLIO BEPOSITHOCTH HEKOTODOTO
ciyqaifHoro BekTopa?

13. Mssecrro, yro M[X] =1, M[X?] = 2. Haittn kxx .

14. Ussecrno, uro CB X ~ E(1), D[Y] =2, D[X —Y] = 3. Haiitn
kxy .

15. Haittu xo3chduimenT KOPPesiuuy MexAYy CHyYaiHbIMU BeJIn-
Hamu: @) X wu Yé18X;6) XuYZ27-2X.

16. Vseecrno, yro CB X ~ R(-1;1). Ilycrs Y 2 cos X. Haiitn
kxy .

17. Kompmamusa pemuia OCYUIECTBHTH TPH HE3ABHCHMBIX MPOEKTa
0 CO3NAHMIO YHHMKAILHOM NPOAYKHIHM B €JWHCTBEHHOM 3K3EMILIADeE.
3arpaTbl Ha OCYIIECTBJEHHE KaXJOr0 IIPOEKTa OAMHAKOBBI M DaBHBI
1000 y.e. Ilena sk3eMmisfpa HOPOAYKIIMHM, IOIYYEHHOTO B pPe3yJbTaTe
OCYHIECTBJIEHHSI TIEPBOrO IPOEKTa, B 3 pa3a INpeBbIIIaeT 3aTPaThl Ha
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ero cosganve. Jljs ocTaBIIMXCSL ABYX IPOEKTOB COOTHOMEHHE IIEHBI
K 3aTparaM pPaBHO COOTBETCTBEHHO & u 7. BepositHocTM TOrO, 4TO
TIOJTyYEeHHbIE TPH IKIEMILTSAPA HPU YCTAHOBIEHHBIX lEeHaX HalnyT cObIT,
pasubl coorBercTsenno 0,9, 0,7, 0,55. Hafitu, Bo cKonbKo pa3 cpegHuit
JOXOJ, OT MPOAArKH BCell MPOAYKIMHM IPEBLICHT CyMMapHbIe 3aTPATHl Ha
€€ IPOU3BOACTBO (IPH YCIOBHM HEM3MEHHOCTH LEH).

18. V¥ xaxJ0ro u3 ABYX OCHOBHBIX IPEIBLIOODHBIX 0/I0KOB mapTuii u
obbeguHeHUT HMeeTC s CIIUCOK M3 TpeX HauboJiee BEPOSTHBIX KaHAUAATYP
Ha BBbIJBUIKEHHE B KAYECTBE MIPETEHICH-
Ta6auua 12.2 Ta Ha mocr npesmjeHta. PaccMoTpum
1 5 3 cryqainsrit sexktop Z = col(X,Y), rae
173 [1/3 [ 1727 X — HoMep IpeTeHIeHTa, BhIIBUIaEMO-
/27 | 19 | 1/27 ro Jjisi (DUHAJIBHOIO Typa FOJIOCOBAHMS
1727 | 1/27 | 1/27 B coucke nepsoro 6noka, a Y — aHa-
JIOTHYHBI! HOMED MPETEHIEHTa B CITUCKE
Broporo 6ioka. BepogrHocTh mosBne-
HHsl Pa3JIHYHbIX Nap B (PUHAJBLHOM TYDe T'OJIOCOBAHMA, COIVIACHO OIEHKaM
9KCIIEPTOB-TIOAUTONOTOB, oTpaXkeHa B Tabs. 12.2. Onpegenury Hanbonee
BEPOSITHBIX MPETEHJEHTOB OT Kaxaoro 6moxka u xoadduiuesT Koppes-
AU MEXKIAY HOMEDAMM IPETEHAEHTOB B (PUHAJIBHOM Type I'OJIOCOBAHHSL.

wwwﬁ
h<

19. Bpak B mpoxykuuu 3aBoga screncTsue gedekra A cocrasun 6%,
npuYeM cpeay 3abpakoBaHHOM Mo mpu3Haky A npomykuuu B 4% ciyvaes
Bcrpedaerca gedekt B, a B npoaykiun, ceobonHoii ot gedexrta A, redexr
B Bcrpeyaerca B 1% cnyvaes. Halitn BepoaTHOCTD BCTpeTHTh medbekt B
BO BCEH MPOAYKIMH M KO3((DUIMEHT KOPPENSIUA MEXIy pU3HAKAMH A
u B.

20. Pacnpenesenue caydaitnoro Bektopa 3anauo Tabm. 12.3. Haiitu
3aKOH pacHpeNeseHus Clay4daiHoi
Ta6nnua 12.3 BEJIMYUHbLL

X\Y| -1 o 1 U=X24+Y%2-1.
=1 0,07 0,I {0,13
T 0,2 [ 0,23[0,27

21. JIpe HesaBucuMBbIE Ciy4aitHble BenMuuHB! X # Y IONYMHEHH!
nokasarensHoMy 3akoHy: X ~ E(\), Y ~ E(u). Hanucare Beipaxe-
HHE COBMECTHON INIOTHOCTM BEPOSITHOCTH H (YHKIMH DaclpeIe/eHH.
IMoxcunuTaTh BEPOATHOCTL MONaJaHuA B KBaapaT ¢ Bepmmunamu A(0,0),
B(1,0), C(0,1), D(1,1).

22. HaiiTn BeposSTHOCTH TOro, 4TO CjIydailHo OpolIeHHas TOYKa C
koopamHatamu (X,Y}) nonagzer na obnacrts [J, onpejeneHHyI0 HEpaBeH-
creame {1 <z £ 2,1<y< 2}, ecsn byHKuMA pacnpeeieHusT KOOPJHHAT
3TOH TOYKM paBHA

7 _f1-2- o= L 97" £ >0,y>0,
(xa y) - 0
- B OCTAJIBHBIX c.nyqa.ﬂx.



§ 12] 3AJAYU )1 CAMOCTOATENABHOTrO PELIEHUS 131

23. Cuyuaiinsiii Bektop Z = col(X,Y’) HMeeT COBMECTHYIO INIOTHOCTD
BEPOSITHOCTH

Flay) = { deyem @, 220, y20,
’ 0— B OCTAJIBHBIX CIIyYasX.

Haiiti KOppeaaiuonnyo MaATPUIy CirydaiiHOrO BeKTOpa Z .

24. IlnoTHOCTH pacupejelleHUst BEPOSTHOCTel CJIyyaifHOro BeKTOpa
Z = col(X,Y) umeer Bug

floy) =4 @v+y’), 0<2<2 0<y<2,
V=Y 00— B OCTAJILHBIX CJIyYasiX.

Haitru:
@) HOCTOSHHYIO C;
6) BepositHocTs P{X +Y < 2};
6) dynkuuio pacnpenenenus CB X .

25. 3anana (QyHKUMsS paclpelesieHUsl CJIydYailHOTO BeKTopa 2 =
=col(X,Y):

_J1=277 27427V, 120,y 20,
Fz,y) = { 0— B OCTAJIbHbIX CILyYasX.

Haitru:
a) IByMEpHYIO ILIOTHOCTh PACIPE/IeJEHHs CIyYaliHOro BeKTopa Z ;
6) BEPOATHOCThL MONAJAHHA CIyYaliHOM TOYKH C KOODIHHATAMH Z
B Tpeyrojibuuk ¢ BepuwnHamu A(1,3), B(3,3), C(2,8).



Fr'TABA IV

CJIYYAMHBIE [TIOCJIEJOBATEJIHLHOCTHN

§ 13. 3akou DombIINX YMCEa

13.1. Buapr cxogumocTtn nociaenosarensnocreit CB. B m. 1.3
DM OIIPE/IeJIEHHH BEPOSTHOCTH YKA3bIBAJICA SMIuUpUYecKuii PaKT, cocro-
AWHE B yCTONYHBOCTH YaCTOTHI HOSBJIEHUs COOBITHS A B MCCIELYEMOM
onpiTe G TPH IOCAEIOBATEABHOM €r0 NOBTOPEHUH. DTOT IKCIEPUMEH-
TaJibHBIA (PpakT MOXKeT 6LITh O6OCHOBAH MATEMATUYECKH C IOMOIIBIO 3aK0-
Ha Goapmux yuces. Ho pjst 970ro HaM moHa{oBATCA HEKOTOPbIe IOHATHS,
XapaKTepU3YIOIMe CXOIAUMOCTE NocieioBaTensioctu CB.

Onpenenenne 13.1. DBeckoneuynas: mocnenosarensHocts CB X, ,
n = 1,2,..., ompeieneHHasi Ha OJHOM IIPOCTPAHCTBE 3JIECMEHTADHBIX
coborruit §), HasmBaerca caywalnol nocaedosameavrocmoto (CII) n
obGoznavaercs {X,}, n=1,2,...

3amevanue 13.1. Ecium mociie1oBaTeNbHOCTb COCTOUT U3 JeTEPMU-

HUPOBAHHBIX BEJINYUH I, , TO FOBOPST, YTO NOCAEAOBATELHOCT CXOLUTCS

K Bemmuuue z (3710 0Bo3Bavaercs x, — ¢ wm lim z, = ), eciu A
n—roo

moboro & > 0 maiimercs takoe N > 0, uro |z, — z| < € s BCEX N =
> N . IlonpobyeM yTOYHHUTD CMBICH 9TOTO MOHATHS JJIS CIy4daifHol rocie-
nposatenbHocTH. Tak Kak jyis joboro 7, Booblie roBopsi, MOXKeT HalTHCh
takoe £ > 0, uTo ciy4aiinoe cobpitie {w: | X, (w) — X(w)| 2 €} # &, 10
HEJIH3d TOBOPHUTH O CXOIMMOCTH CJIyYaiinoil mocmenosaTeabHocT X, K

B NPHUBEJEHHOM BbILIE JETEPMHHHPOBAHHOM CMblcie. MbI paccMoTpum
YeTHIpe BUAA CXOAUMOCTH mociemoBarenbrocTeil CB. B pansrelimem jis
KPATKOCTH 3allACH MBI MO-TIPEeXHEeMy He OyJeM yKa3blBaTb 3aBHCHMOCTD
CB X,(w) oT aneMeHTapHOTrO COOBLITHA W .

Onpenmenenne 13.2. Ilycrs F,(r) — dyukuusa pacupejeiienus
CB X,,rme n=12,..., u F(z) — {dynknus pacupegnenenuss CB X.
Cl {X,}, n=1,2,..., czodumcsa no pacnpedeseruro x CB X upu
n — 00, ecyn HoCTeoBaTe bHOCTh hyHKuuit pacupenenenua F,(z) CB
X, cxopurcs x dpynkuun pacnpenenenns F(z) CB X B xax/oii Touke z
HenpepsieHOCTH GyHKIuMn F(z), T.e. F,(z) - F(z) npx n — co. dror

BUJ, CXOAUMOCTH bynem obosnavatrs X, —f—) X.
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HDpumep 13.1. Toscaum Ha mpuMepe Caydaif, koraa Fy,(z) cxomur-
cs1 x F(z) Bo Bcex Toukax, 3a MCKAIOYEHHEM TOYEK Pa3pbiBa (PyHKIMH

F(z). lycrs ¢ Bepoarrocthio 1 X, =1/n, n=1,2,..., u X =0. Ina
HUX
|1, z21/n, _J L z=0,
Fn(x)—{o, z < 1/n, F(x)‘{o, z < 0.
Ouerugno, uro F,(z) — F(z) upu n — oo mus scex z # 0. Ho
F,(0) = 0 mus Bcex m, a F(0) = 1, mosToMy MOCIEROBATENLHOCTD
{Fn(0)}, n=1,2,..., ne cxogurca k F(0). Ho Touka = 0 sBasercst
TouKOl paspeiBa ¢pyukuuu F{z), nosromy cormacuo onpegenenuio 13.2
F

X, — X.
Onpegenenue 13.3. Cnyuaitnas nocnesoarensHocts { X, }, n=
=1,2,..., cxodumca nowmu naseproe (m.H.) Kk CB X npu n — oo, 410
1I.H.
3alHCHIBaeTca Kak X, —— X, ecan
p {w: lim X,(w) = X(w)} =1
n—oo

I1.H.
OueBugno, uro ecan X, X, TO BEpOSTHOCTH COOBITHS,

COCTOSAIIEro U3 TAKHX W, YTO MOCIENOBATENLHOCTE {Ty, } peasm3anuit CB
X, (w) ne cxomuresa k peanusaumu z CB X(w), pasua mysmo:

P {w: lim X(w) # X(w)} = 0.

TakuMm 06pa30oM, CXOIUMOCT MOYTH HABEPHOE CIIyYaifHOM noCie/[0BaTe b
HOCTH noHmMaercs no peaausamusMm CB X,, w X u B 3TOM CcMBICTE
IIOXOKa Ha, CXOAUMOCTDL JeTePMUHUPOBAHHOI 110C/IE0BATENLHOCTH.

H.H.
Kpome Toro, MOXKHO ITOKa3aTh, YTO CXOOUMOCTE X, — X paBHO-
CHJIbHA, TOMY, 4TO #jisi Bcex € > 0 MMeeT MecTo

lim P{sup |Xm—X]<s}:1.

n—o00 m2n

Onpenenenne 13.4. Cayuaitnas nocremoparesbuocts {Xp}, n =
= 1,2,..., cxodumcsa no eepoamwocmu x CB X mpu n — oo,

P
YTO 3aIuchBaeTcst Kak X, — X, ecnn musa Bcex € > 0 cnpaBenuBo

lim P{|X, - X|<¢e}=1 wm lim P{{X, - X|>¢e}=0.
n—oo n—oo

CxomuMocTs ILH. Jjd CIy4alHOW NOCHemoBaTENbHOCTH BIEYET 3a
cob0t ¥ CXOAMMOCTD 10 BepoaTHOCTH. JeficTBuTensHo,

{w: | Xp(w) — X(w)| <€} 2 {w :osup [ Xpm(w) — X(w)| € e} .

mzn
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IloaTomy

lim P{|X, - X|<¢e} 2 lim P{sup [ Xm — X| gs} =1.
n—o0 n—o0

mzn

Nz CXOUMOCTH IIO BEPOATHOCTH HE CJieAyeT CXOOUMOCTD II.H.

P F
Ecm X, —— X, 10 MOXHO Jo0Ka3arh, uro u X, — X.

O6paTtHOe yTBEpXKIAEHHE, BOOOLIE T'OBOPS, HEBEPHO.

Samevanue 13.2. B 6upkeBoM mapagokce Mbl HMeNH CXOZMMOCTD

Zn—L)O.

Teopema 13.1. (Hepasencmeo Hebmwesa, ycurennuiti sapuanm).
Iyemv v -4 abcomomnud momenm CB X xoneuen, m.e. M[|X|"] <
< o00. Tozda dan scex € > 0 ewnoansemes nepasencmeo P{|X| 2 e} <
< M[X[/e

HoxazaTteabcTso. Jjis HpOCTOTH JOKA3aTENbCTBA IMPEATIONG-
xuM, uro ¥y CB X cymecTByeT IIOTHOCTH pacupejienenust fx{z).
Torna, ucnosssys croitctso 3) f(x), umeeM

“4-00
MIX[}E [ el fx@)de> [ |af fx(a)de >
—e [z]>e

> | fx(@)de=P{X|> ¢},

Jai ¢

OTKYAda cjieayeT NJOoKa3blBa€eMO€ YTBEP2KICHHE.
PaCCMOTpHM BaYXHBIU YaCTHBIN cnyqaﬁ IPUBECACHHOI'O HEPpaBEHCTBA.

[Hycts CB Y 2x- mx, TOe mx 2 M][X]. Torza, nonarast B HEDABEHCTBE
Yebrniniepa T = 2, NOIyYUM

M|X — mx[?] A DIX]
g2 g2

P{IX —mx|2e} <

3ameuanue 13.3. [JaHHOe HepaBEHCTBO, MO3BOJSIOUIEE OIEHHUTH
cBepxy BepoATHOCTH oTkjoHenus CB ot ee MO ma ociose undopmanun
JMIIL O €€ JUCIEPCHH, IIHPOKO HCIICJIb3YETCH B TEODUH OUECHUBAHUS U
YOPaBJIE€HUA CTOXACTUYECKMMH cUCTeMaMH. B nmreparype wame Bcero
UMEHHO NOC/Ie/IHee HEPABEHCTBO HA3HLIBAIOT HEPaBEHCTBOM Yebbiiiena.

Onpegeneunne 13.5. Ciyuaitnag nocieposarensuocts {X,}, n =
=1,2,..., cxomutrca k CB X e cpednem xeadpamunecxom mpu n —

C.K.
—+ 00, YTO 3amUCEIBaeTCA Kak X, — X , e M||X,, — X|?| — 0 npu
n-—oo.
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C.K. P
Hoxaxem, yro eciu X,, — X, o X,, —— X . JeficrBuTenpHo,

paccmorpum CB Y, 2 X, — X . B cuny nepasencrsa Yeboimesa ana CB
Y, uMmeem

M[Y7] & M[X, - X}’]
£2 - £2 :

P{[Ya| > e} <P{[Ya| 2 e} <

Hostomy, ecm X, ——+ X, T.e. M|[|X,, — X|?} - 0 npu n — oo, TO
st moboro € > 0 pomomusercs P{|Y,| > ¢} — 0 upu n = oc, T.e.

P
Xn —— X . W3 cXoauMOCTH TI0 BEPOSTHOCTH HE CJIEJyeT CXOAUMOCTh B

Cpe/iHeM KBaJPaTHIECKOM.
CBs3p MEXK/y Pa3/IMYHBIME BUAAMH CXOAUMOCTH yAOOHO IpeJCTaBUTD
B BH/e JIoru4eckoit cxemsl (puc. 13.1).

XX N
P F
CK. /v

Puc. 13.1

13.2. CxoauMocTh yCpeaHEeHHOM cyMMmbl He3daBucumeix CB.

Onpenmenenue 13.6. Bynem rosopurs, uro ciaydaitias nocienosa-
tenphocth {X,}, n=1,2,..., sABAfeTca nocaedo8amesoHOCINGIO HE3A-
sucumuz CB X, , ecnu npu qobom n CB X 1, ., X, HE3ABUCHUMEIL.

PaccMOTpHM yCpeOHEHHY IO CyMMY Yn Z X mesasucumbix CB
k=1

Xp, my 2 M|X;], & =1,n. Ucnons3ys csoiicteo 4)M [X], nonyunm

MIY,] =

:II—*

f: (X & % S mx, DIY.]= iz fj D[X].
k=1 k=1 k=1

Onpenenenune 13.7. Bydem roBoputh, 4TO K NOCIAEJOBATEIBHOCTH
{X,}, n=1,2,..., nezaBucumbix CB npumenum saxon 60AbwUT wuces

(3BY), ecan |Y;, — M[Y,]| RN opu n — 0.

Teopema 13.2. Ecau dan nocaedosamesvrocmu {X,}, n =
= 1,2,..., nezasucumwmz CB ewnosnsemes ycaosue ]Lm DlY,] =0,
n o0

mo X smoti nocAedo6amEeNLHOCITIU, NPUMEHUM 3AKOH boavwux wucea.
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JdoxazaTenbcTBOo. YTBEDXKIEHHE TEOPEMBI DPABHOCUIBHO TOMY,
4TO

lim P{|Y, - M[Y,]| > ¢} =0.
n—oo
ITo mepaBencTBy Yebnimnena

D[Y.]
2
P
CornacHo ycI0BHIO TeopeMsl, momyyaeMm: |Y, — M[Y,]| —— 0.
VrBepxpenne TeopeMmbl ocraercs BepubiM, ectn CB {X,}, n =
= 1,2,..., ABIAIOTCA JIMIIL TOTAPHO HEKOPPEJMPOBAHHLIMH, TAK Kak
csoiictso 4)M [X] coxpanserca u jas Hekoppesuposanasix CB.

P{[Y, - M[Y,]| > e} < P{|Yn - M[Yy]| 2 €} <

Teopema 13.3. (Teopema Yebmwesa). Ecau nocaedosamesvrocms
{X,} obpazosana nezasucummmu CB, ducnepcuu KOmMopHwT pasHOMEPHO
ozpanuNeNb, . 6. CyujecTéyem maxasx xoncmanme ¢, wmo D[X,] <

L c dasscer n=1,2,..., mo x amoti nocaedosamesvHOCU NPUMEHUM
30K0H BOABUWUT YUCEA.
Hoxasatenscrso. Tax kak D{X}] < ¢ g Bcex k=1,2,... , 1O,

ucnonb3ys csoitcrso 4)M[X], momyunm

3o

DY) = & $° DXy <
k=1

Ho ¢/n — 0 upu n — 0o, T.e. yciosue Teopems! 13.2 BBIONHEHO B K
nocnenosarensioctn {X,}, n = 1,2,..., npuMenuMm 3akoH Gosbluux
qHCcelI.

Teopema 13.4. Ecau nocaedosameavrocms {X,}, n=1,2,...,
obpasosana nezasucumvimi, CB ¢ 0dunaxosumu pacnpedeseHuamy u Ko-
newnoti ducnepcuetd D[X] < +oo, mo x smotl nocaedosamenvrocmu

P
NPUMEHUM 3AKOH DOAVWUL “ucen, npuvem Y, —> Mx, [Je mx =

=mkéM{Xk], k=1,2,...
Hoxasarenncrro. B gannom caydae D{Xi] = dx < oo s Beex

k=1,2,... TlostoMy ycnoBue Teopembr Hebnimena BoinosHeEo. Kpome
Toro, M{Xk] 2 mk = mx aas Beex k = 1,2,... Tostomy
1 n
M[Y,] = — > my = mx,
k=1

P
oTKysa caexyert, 4rto |Y, —mx| —— 0.
Onpepenenne 13.8. ByneMm ropoputs, 4TO K IOC/HEA0BATEBHOCTH
{Xn}, n = 1,2,..., mesasucumeix CB npumenum ycurennwiti 3axon

boavwuz wucea, ecmu Y, — M[Y,]| =25 0 npm n — 0o.
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W3 ycunensoro 3akona Gonbpimx 4YHcen clexyeT 3akKoH OOJILIIMX
4YHCeN, TaK KaK M3 CXOAMMOCTH IOYTH HABEPHOE CJIEAYET CXOJHUMOCTBH MO
BEPOSITHOCTH.

Teopema 13.5. (Teopema Koamozoposa). K nocaedosamervrocmu
{Xn}, n = 1,2,..., nesasucumwz odunaxoso pacnpedesenrnr CB,
Y KOMOPUOL My KOHEUHO, NPUMEHUM YCUACHHBIT 3aKOH BOADUUT HUCEA,

m.e. Y, 2 X -

B nauuoit Teopeme, B owmmdune oT Teopemnl 13.4, He Tpebyerca
cyuiecrsopauusa gucrnepcuu CB X, . Ho nokazareancrso 910t TeopeMbl
BHAMUTENIBHO CJIOXKIEee, MeM J0KAa3aTeIbCTBO TeopeMbl 13.4, NosToMy MBI
HEe IPHBOAUM €ro B JaHHOH KHUTE.

Bameuanue 13.4. 3axow GONLHIMX YHCEST — 3TO, IO CYTH, CBOHCTBO
ciay4aiinoit nocneposarensuocty {X,},m = 1,2,..., cocTosimee B TOM,
YTO CIyvaliHble OTKJIOHEHHS OTAENILHBIX He3zaucumbix CB X, or nx
obmero cpetHero 3HavYeHHst M x NPH DOABNIOM T B CBOEH Macce B3aUMHO
moramarrcs. [Joaromy, xorst camu Besiwuunsl X, Ciay4aiiHbl, HX CDeJHEE
apudMeTHYeCKOEe 3HAYEHHE TIPH JOCTATOYHO OOMBIIOM 71 NMPAKTHYECKH
yIKe He Cy4aiiio u 6m3ko K mx . Takum obpasom, ecsu MO my CB X,
3apaliee HEH3BECTHO, TO, COTJIACHO TeopeMe 13.5, ero MOXHO BBIYHCIUTD
¢ M060R «CTEleHbIo TOYHOCTH» € MOMOIIbIO CPEAHEro apudMeTHIeCKoro

Al
Y.= — Z X . Ho nmpu 3TOM BCTaeT BOIpOC: B KAKOM CMbICIE MTOHHMATD
n

k=1
TOYHOCTDL NpuOJUKenust Y, =~ myx ! OTBeT Ha 3TOT BOnpoC Oymer JaH B
cneaylomeM naparpadge.
PaccMoTpum ombIThl, IPOBOAUMBIE O cXeMe BepHYJLIH, B pe3yibTaTe
A
KOTOpBIX cobuiTHE A («ycmex») mpoucxoaut ¢ BeposiTHoCcTHI0 p = P(A).

A
PaccmorpuMm vacrory «ycuexos» W, (A) = M/n, tne M ecTs uucio
«ycrexoBys upu n ucusiranusix. CiydvaiiHaa penuumna M umeer GuHO-
MuanLHoe pacnpenenenue Bi(n;p).

Teopema 13.6. (Teopema Bepryaau, ycurennwiti sapuanm). Ya-
CTROA «YCMETO06» CTOGUMCA TOMMU HABEPHOE K GEPOAMHOCTIU «YCTLETA»,

m.e. Wa(A) 22 P(4) £p.

HoxkaszatenbcrBo. Tak xax M umeer GuHOMMAJILHOE PACIpene-
jeHue, TO wacToTy ycuexoB W, = M/n MOXHO HpPeJCTABATL B BHIE
YCPEOHEHHOH CYMMBbI HE3aBUCHMBIX OJIMHAKOBO pacnpenesienunix CB X,
k = 1,n, umeromux pacnpeaenenue Bepuyim, co sHadenusMu zp = 0
min zi = 1. Ilpuvsem P{X; =1} =p, P{X; = 0} = q. ITosromy

M 1 &

Y, = — = kz: Xi, tme M[Xi]=p, D[ Xi]=pq, k=1,2,...

=1

Torma mo TeopeMe 13.5, Tak KaK BHUIOJHEHO YCJIOBHE My = p < 00,

mnonyyaeM M/n LN p.
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3amevanune 13.5. Camomy SlkoBy BepHyanu npuramjiexur Ho-

KazaTeiabcTBO Gostee ciaboro yrpepxpmenus, uro Wp,(A) _F, P(A).
Teopema BepHysm oGbsiCHSET CMBICA CBOHCTBA YCTONYHBOCTH 4aCTOTbI
W,(A) = M/n, xoropoe MBI paHee IPHHAMAJH KAK KCIIEPUMEHTAJIbHBLIH
¢daxr. Takum 06pa3om, Teopema Bephyiuin siBisieTcst «liepexosHbIM MO-
CTHKOM» OT TEOPHH BEPOsSITHOCTEH K €€ IIPUIOKEHHAM.

13.3. Tunosble 3aa4M.

3anmava 13.1. CyrTouHblil pacxo[ 3JIEKTPOIHEPIHH I JIMYHBIX
HY>X [l B HaceJleHHOM IyHKTe coctasiser B cpeaieM 4000 kBt - 1. Ouennrs
BEPOATHOCTbL TOTO, YTO B O/myKaiflline CyTKH PAaCXo[ JIEKTPOIHEPIHH B
3TOM HacejeHHOM IyHKTe He rpesbicuT 10 000 kBt 4.

Pewenue. Hycrs cnyvaitnas penmuuuna X — pacxof 3JIEKTPOIHEDP-
run B Tevenue cytok. Ilo ycnosmio M[X] = 4000. Iockonsky CB X
HEOTPHUIATENbHA, TO, IPUMEHss HepaBeHCTBO ebwimesa gna r = 1,

TIoJty yaem,

P{X > ¢} <P{X >} < M

€
Takum obpazoM,

4000
10 000

P{X > 10000} < =0,4.

CrnenoBarensHo,
P{X £ 10000} =1 - P{X > 10 000} > 0,6.
OrBet Onennbaemas BepoATHOCTL He MeHbIne (,6.

3agaua 13.2. Hexoropslit mepuos BpeMeHd Ha OHpXKe COXPAHSIICS
OTHOCHTEJILHO CTabHILHBIH Kype BaioTbl. Ha ocHoBanun manubix 6upxke-
BOM CTATUCTHKH 3a 3TOT NEPHOI Oblja COCTaBJEHa CIeAyromasi Tabauna
BO3MOXKHBIX 3Ha4YeHU U3MEHEHHUs KypPCa BaJIOT:

Ta6auma 13.1

Boamoxnoe n3Menenue Kypca, % | —1 | —0,5 0 0,5 1
BepositHocTb u3MeHeHUs 0,1 0,3 0,5 | 0,05 | 0,05

C nomompio HepaBeHcTBa YebbllieBa OUEHUTH BEPOATHOCTH TOI'O, 4TO
npousoiieT U3MEHEHHE Kypca BaJioThl He bonbine yeM Ha 0,6% .

Pemenue. ITycts CB X — usMeHeHune Kypca BaIOTHI (B MIPOIEHTAX ).
Tpebyercss ouenuts BepositHocth: P{|X| < 0,6}. Bocnonsayemest miust
3TOro HepaBeHCTBOM Jebblinesa:

_ M[x?)

(0,6)*

P{|X| <06} =1-P{|X|>06}>1
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Yrober Boluncimts M[X?], mocrpoum pan pacnpenenenns CB X2

(em. Tabn. 13.2). Torma
Ta6bnuna 13.2

2 p— . . Pt
M[X?] =0,25-0,35+ 1 - 0,15 = 0,2375. T o Tom | 1

P |o5]035]015

Taknm obpazoMm, umeeM

0,2375

o 0,34.

P{|X|<06}>1-

3aMeTuM, YTO MOXKHO BBIYHCIMTH TOYHOE 3Ha4deHwe 3TOH BepOsITHOCTH,
TaK KakK HaM M3BecTeH psin pacupeneyiennss CB X . JleificTBuTesbHo,

P{|X| <06} =1- P({X = -1} +{X =1}) =1-01-005=0,35.

OTMmeTM, 9T0 NoJyvyaeMasi C IIOMOIIBIO HepaBeHCTBa UebbiieBa OleHKA
0Ka3biBaeTCd BecbMa rpyboit.

Oreer Huxnas rpanuna oineHku BepostTHocTH pasHa 0,34, a
VMCTHHHOE 3Ha4YeHue BepoATHOCTH pasHO (,85.

3apgaua 13.3. 3amaHa NocHeIoBATENbHOCTL He3aBucuMbix CB
X1, Xo,...,Xn,..., IpUUEM DHJI
pacnupenenenusi CB X, mpencras- Tabnuna 13.3
aeu taba. 13.3. Ilpumenum i K X, | —om 0 N

3TOH IOCJIEJOBATENbHOCTH 3aKOH
60ABMINX YUCea?

P 1/(2n) | 1-1/n | 1/(2n)

Pemenue. [IpoepuM, BHIIOIHAIOTCS JIU YCIOBHUS TEOPeMbl ebbiiie-
Ba. [dna sroro naitmem aucriepcumo CB X, . OgueBugno, 9410 MaTeMaTude-
ckoe oxkupganue X, papuo 0, mosTomy

D[X,] = M[X2] = (VR)® - ~ =1.

Takum o06pa3oM, AUCHEDPCHU CIy4YalHBIX BenuumH X,, n = 1,2,...,
OorpaHMYeHbl B COBOKYIHOCTH KOHCTaHTOH ¢ = 1. CrenoBatespbHO, CO-

rinacHo TeopeMe Yebwimesa, K mociaenoBarenbHocT Xi, Xo,... , Xn,- - -
npumerum 3BY.
OtrseT K nocrenosarensuoctn Xy, Xa,... ,X,,... apumenum 3BY.

3agxgava 13.4. BeposaTHOCTE TOrO, UTO NpPH ONYCKAHUH OIHOIO
XKETOHA IIPUEMHHUK HIPAJBLHOTO aBTOMATa CpaboTaerT NpPaBUJIBHO, paBHa
0,95. HaiiTy MHHEMAaJIbHOE YHCIO >KETOHOB, IPH OIIYCKAHUH KOTODPBLIX B
UrpaJibHBIE aBTOMAT, YacTOTa HPaBHIBbHON paboTel aBrOMaTta ObLIa GBI
3akmiodeHa B rpannnax ot 0,93 no 0,97 BKIIOYHUTENHHO C BEPOATHOCTDIO
e menee 0,93. Ilpumenuts nepasencrso Uebblimena.

Pemenue. Ilycts cayvaitnas senuyuna X; npuHUMaeT 3Havyenue 0,
€C/IM TPHUEMHHMK WCPAJbHOTO aBTOMATa CpaboTaeT HENPaBUIBHO MPH



140 CNYYANHLIE NOCNEAOBATENLHOCTH [TJL. IV

1-M OIyCKaHHMM XKETOHA, U 1, eCJIM HPH % -M OIYCKAHHMY JXKETOHA [IPUEMHUK
HI'DAJILHOTO ABTOMATA CPaboTaeT MPaBWIIBHO, i = 1, n. Pajx pacupemesne-
uua taxoit CB X;, npu moboM i = 1, n, jan B Tabx. 13.4.

st pacupenenenus Bepuynu

M[X;] = 0,95, DI[X;]=0,05-0,95 = 0,0475.
O603Ha4YMM YacTOTy NPABAILHON pPaboThl MIPANBLHOTO aBroMaTa W,.

n
Torna W, = 1 > X;. Cuuras cnywvaiinbie
n

Tabnuna 13.4 i=1
BeJTHYMHLI Xq,..., X, HE3aBHCHUMBLIMH, HOJY-
Xi 0 ! qaeM
P 0,05 | 0,95
1 n
1 C 1 0,0475
D[W,] = — Z = - Dlxi]= =22

I/ICKOMyIO BEPOSATHOCTh MOXKHO 3aIllCaTh KaK

P{0,93 < W, < 0,97} = P{0,93 — M[W,] <
< W, — M[W,] < 0,97 — M[W,]} = P{|W,, — M[W, ]| < 0,02}.

Ilo nepaBencTBy Yebblnena mosrydaem

P{[W, — M[W,]| > 0,02} <

CienoBaTenbHO,

P{|W,, — M[W,]| < 0,02} = 1= P{|W,, - M[W,]| > 0,02} > 1 — ==

Takum 0bpa3oM, uckoMmas BepoaTHOCTb Oyzet He Menee 0,93, ecu 6yner
BBLIMTOJIHEHO HEPABEHCTBO

1- lﬁiﬁ > 0,93.

Pa3pemasg 370 HEPaBEHCTBO, MOJIY UM

5, 118,75

n> oo = 16964

OreeT HUcnons3ys nepapencrso YebninieBa, HONy4aeM OUEHKY MH-
HUMAJILHOTO MMCJIa YKETOHOB, paBHyI0 1697 >Keromnam.
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§ 14. IlenrpanpHas npeaejbHasa TeopeMa

14.1. CxoanMocTh HOpMUPOBaHHOM cyMMBI He3aBucuMbIx CB.
Paccmorpum HopMUpOBaHRYO CyMMy Z, HezapucuMmbix CB Xi, k=1,n:

72 (330 -M[3x0]) = & 3 o-m,

=1
rae no ceoitctey 4)M [X] umeer MecTo CoOTHOUIEHHE

n

22D[3 X = éD[Xk] - éaz,

i=1

TaK Kak op = D[Xk] my = M[Xk] Taxk Kak Z, SBISETCS HOPMHUPO-
BanHO# CB, T0 mo croiicrey 5)mx M][Z,] = 0, D[Z,] = 1. Usyunm
nosegenue nociegopareasHocty CB Z, npn n — oo.

Oupenenenue 14.1. Byznem roBopurs, 4T0 K II0C/IE10BATEIBHOCTH
{X.}, n=1,2,..., nezaBucuMbix CB npumenuma yenmpaionas npe-
deavnan meopema (LIIIT), ecnu mocnenosaremsuocts CB Z, cxomures
o pacnpeaesennio kK CB U, umeronieit CTaHgapTHOE HOPMAJIbHOE paciipe-

penenue, U ~N(0;1), T.e. Z, L) U.

Bameuanue 14.1. Kak ormMevasoch Bbllle, 3aKOH OOJLHIMX YH-
ceJst — 3To, 10 CYTH, CBONCTRO NIOCIeN0BaTe/bHOCTH He3aBucumbix CB X,
(cMm. 3ameyanme 13.4), KOTOpOE BBHIMONHAETCA IIPH ONPEIETEHHBIX YCIIO-
BHSX. AHAJIOIMYHYIO MHTEPIIPETAIUIO UMEET U LeHTpaJIbHAs IpelesibHasd
Teopema. HasBanue «leHTpabHas IIpeJeibHasi TEOPEMay, Ha Halll B3IVIS,
HEe OYeHb TOYHOE, TAaK KAK MO CMBICIY — 3TO CBOMCTBO, a He Teopema. Ho
TaK KaK B JUTEpAType 3TO MOHSTHE 3aKPENUJIOCh, TO U Mbl OyjeM ero
npuaepxuBarbea. PyupaMentansiasa pons HIIT B Teopun BeposTHOCTEH
COCTOHT B TOM, 4TO IIPH BECbMa OOIMHMX MPEAIIONOKEHHAX CYMMa, GObIIO-
ro YHCIa He3aBUCHMBIX (OTHOCHTEIbHO Manbix) CB ymosnersopuresnnHo
ONMCHIBAETCS HOPMAJIbHEIM 33KOHOM. DTHM (HhaKTOM U OObSIICHAETCA OYeHb
HIMPOKOE PACIpPOCTPAHEHHEe HOPMAJILHOIO 3aKOHA, Ha IPAKTHKE.

Onpenenenue 14.2. ByneMm roeopurb, YTo MNOCIEAOBATENBLHOCTH
{Xn}, n=1,2,..., nesaBucumnix CB ygosuersopser ycaosuto Janymo-
64, ety

lim — Z M[| Xk — mi|?] = 0.

S
n—roo k=1
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Ilosicaum cMmebicn yeiosust JIamyHnosa. PaccMOTPUM 11 TPOU3BOJIBLHOTO

é > 0 cayuaitabie cobpiTusa Ay & {IXx — mi|/sn = 6}, k=1,n. Torna
no ceoitcty 7)P monmywaem

S M| X5 — mi?]
k=1

8353

IIo ycnoeuio JIanyHoBa MOCIENHEE BbIPAsKEHUE CTPEMHTCS K HYJIO IIPH
n — oo. TakuMm obpasom, Bce claraeMbie B HOPMHPOBAHHON cymme Z,
PABHOMEPHO MAJIbl B TOM CMbICJE, YTO BEPOSTHOCTb XOTs ObI OIHOTO M3
HUX NpeB30HTH BejmauHy & > 0 cTpeMuTcs K HYJIIO IPYU BO3PACTAHHH
YUCJIA CIIATAEMBIX.

Teopema 14.1. (Teopema Janynosa). Ecau nocaedosamenviocmso
{X,}, n=1,2,..., nesasucumoir CB ydosaemsopsem ycaosuio JIany-
noea u CB X, ee obpasyrowsue, umetom xoneunve MO u ducnepcuu, m. e.
m, < 00, 02 < o0, mox {X,} npumernuma yewmparvras npedeavra
meopema.

Hoxazarenncrro. Ilycrs

1>

n 2 1 &9 2 A oA
= Z Oy Zn = Z Xk, raoe oj = D[Xk], X=Xr—m
k=1 T k=1

Haiinem xapakTepuctudeckyio dbynkuuio gi(t) CB Xy, yuursiBas, 4T

i? = —1 u coryacHo coiicTBaM 2) U 5) mx : M[()%k)z] =o2, M[)o(k] =0.
Wmeem
AM ITo dpopmyse ||
ax@) 2 M [oxp {it T} ] = | Torroe |-
2,2
=M [lﬂt X +(”Xk) +Re(®) = 1= 25+ Re(0),

rJe AJIf OCTaTO4YHOTO uyieHa Ry (t) cipase/inBa OLEHKa
3 o 13
|Rk()] < M [| Xk .

Torna ans CB Z,, xapaxktepuctudeckasa pyHKIusa OyAeT UMeTh CIenyo-
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gz, (t) AM [exp{th } [exp{zt Z Xx }]

= M l:lg exp{ % }] = SeBaafPI[cchb[ =
- Fifen{ )] = flm (1),

Ioacrasnss seipaxkenne 15 gy (t/s,), nonyyaem

ITostomy
Ingz,(t) = 3 Inge (L) =]t +a) = a+o@)] =

R[] fega ()

n

Ho corniacHo nomy4ensoii ouenke aast Ry (t/s,) u no ycnosmio Jlsnynosa
OCTATOYHDIN WIEH B pa3joxenun Ingz (t) crpemuresa k mymo. Takum o6-
pasoM, 3akumouaeM, 310 Ing, (t) = ~t2/2 npu n — oo . Cneposarensho,
gz, (t) — exp{—t?/2} npu n — 0o. Ho gy(t) = exp{—t%/2} amnsercs
xapakrepuctuieckoii dbyukipeil 1ua CB U | umeromeit HopMmaasHOe pac-
npexenenne N(0;1). XapakTtepucrudeckas pyHKUMS OJHO3HAYHO OIpPe-

JensieT 3aKOH pacnpepenenust. [lostomy Z,, ——F—> U ~ N(0;1).

IIpumep 14.1. Paccmorpum nocnemoparesbnocts {Xp}, n =
= 1,2,..., He3aBUCHMBIX oAuMHakoBO pacupenenennsix CB X, ¢
xoneunbiMu MO, nucnepcueil u abcoNOTHRIM TpeThuM MoMeHTOM. Torna

_ 3
= MilXe—mxl]

oyvn

Takum obpasom, yciosue JIanyHoBa Bwimosmueno. [lostoMmy k uocneno-
BaTEJILHOCTH HE3aBHCHMBIX OJUHAKOBO DpacupefeieHHbix CB B mannom
oryyae npumennma LTIT.

Sameuanue 14.2. OrMeTuM, YTO CYWIECTBYIOT M ADPYTHE YCJIOBHS,
OTJIMYHBIE OT YCHAOBHsA JISIyHOBa, PH KOTOPBIX K IOCIEJOBATEILHOCTH
CB npumenuma [IIIT.

1 n
sp = \/nox, = S M[| X —m
" k=1
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14.2. CxogMMOCTh YacTOoThl. PacCMOTpEUM 4YacTOTY <«YCIIEXOB»

A
Wp(A) = M/n B cepuu U3 n NOCIEAOBATENLHBIX HE3aBHCHMBIX HCIILITA-
Huit B cxeme Bepuymmm. Ilpun fnokasarenncTse reopemsl 13.6 (Beprysum)
II0Ka3aHO, YTO YaCTOTY YCIEXOB MOXKHO IIPEJCTABMTHL B BHIE CYMMBbL

M 1 &
W, (4) 2 — = = > Xk, tme M[Xy] = p, D[X}] = pq. Torza mno

k=1
cBolicTBaM 1)M[X] u 4)M [X] noaywaem

MW, (4)] = + Z M{X,] =p, D[Wa(4) = ij[Xk B
k=1 k=1

PaccMmoTprM HOPMEPOBAHHYIO YACTOTY YCHEUIHLIX HCIILITAHIN

* Wn — M[W, M -
Wné___[__]:(wn_p) n_Mre
D[W,,] rq V1Pq
Tak kax cormacHo cpoiictBy 2)Bi{(n;p) Bumonnserca MIM] = np,

E 3
D[M] = npg, T0o W, MOXHO PacCMATPHUBATH TAKXKE KAK HOPMHPOBAHHOE
YHCJIO yCIEIHHBIX HCITBITAHMIL.

Teopema 14.2.  (Teopema Muyaspa—Janaaca). Ilocaedosamens-

HOCTNG {I/f/n}, n = 1,2,..., HODMUPOBAHNHLIT ™ACTNOML <YCTLETOB»
cxodumes no pacnpedesenuio k nopmasonoti CB U ~ N(0;1).

HoxazartenncrBo. [Iposepum ycnosue Jlanyuosa. CB Xi, k =
= 1,2,..., HE3aBUCHUMbLI ¥ OJMHAKOBO DACHPEAEJCHbLI, a HMEHHO: X}
IPMHAMAIOT 3Hadenust o = 1, z1 =0 ¢ Bepostooctamn P{X; =1} =p,
P{Xi =0} = ¢. IlosroMy B JAHHOM CIIyuae

n
s2 2 3" D[Xy] = nD[W,,] = npq,
k=1

I, KPOME TOTO,

M| Xy — M[X,]]*] = plzo — M[Xk]|® + qlz1 — M[X,]]* = qp(p® + ),

HO3TOMY
LY MU MU = o S et ) = A
vt npq e npq

Tlocmennee BoIpakeHWe CTPEMUTCS K HYJIO NIPH 7L — OO, T.€. YCIOBHE
Jlsnynosa smmonusercs. CienosaresbHo, K nocaegosarensiocta { Xy},

n=1,2,..., npumenuma LIIT, T.e. Z, ——F—-) U. Ho
n sp, = npg, M = P,
ZnéLZ(Xk_mk)'_‘ o~ Xi = (Wa=p),/ = EWn.
Snk=1 Z 7 P9
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3amMevanue 14.3. TlomyTHO MBI JOKA3aJH, YTO K IIOCIEIOBATENb-

HoctH HesaBucumsix CB X; ~ Bi(l;p), n=1,2,... npumennma IIIIT,
* F

B cooreercTBuM ¢ Tcopemoit Myaspa-Jlanimaca W, —— U, T.e.

* *
npu GOABMINX 7 MOXKHO C4MTaTh, 4ro, Wn = U. Ho W, = (W, —

- p)v/n/pqg, orkyma cuenyer, uro W, = {/pg/n Vf/’n +p. Takum
0bpa3oM, npu OOJBUIMX 7N B HEpBOM IPUOJUKEHHH MOXKHO IIPHHATD,
yTo 4Hactota W, gBAsSETCHA HOpPMaJjbHO pacnpeneneHHoir CB W, =~
~+/pg/nU +p c napamerpamu M[W,,] = p, D[W,,] = pg/n, T e. MoxHO
NpubJIMAKEHHO CIUTATh, YTO pacupelenenne W, sBiseTcss HOPMAJIbHbIM.

*

IMockonbky Wa= (M — np)//npq, To M =~ /pgnU + np a1 Mox-
HO HpHOMMXKEHHO cYUTaTh, 4To pactpenenenne CB M asnstercss HOp-
MalIbHBIM. TakuM 06pa3omM, Mel MOJAYYAEM A0KAABHYIO meopemy Myaspa-
Jlanaaca, B COOTBETCTBHH ¢ KOTOPOI

1 (k —np)?
P{M =k}~ —=—— exp{ ————— 7.
{ } /2nnpg P 2npg

Kpome Toro, seposrrocts P{l < M < k} momer GbITh Jierko oneHeHa,
COmIacHO unmezpaavroli meopeme Myaepa—Jlanaaca:

k—np l—np
Pl< MLk { —— | —Po| — |,
¢ <H °<s/npq) °<\/M)

rae $g(z) — dbyuxuus Jlannaca.

Hanomuum, uro CB M umeer GunoMuanbHOe pacipesiejieiie, BEposaT-
noctr Py (k) nyst KOoTOpOI CI0KHO BEIYUCISITL n1py Gonbiuux 7. [losromy
npu GoNbLIMKUX 71 IS OLEHKH COOTBETCTBYIOUWMX BEPOATHOCTEH YI06HO
HOMBb30BATHCA JOKaIbHOH (MHTErpaJbHOIl) TeopeMoit Myaspa~Jlannaca.

Ecnu n Besmko, a p Majo, TO B cxeMe BepHyJin MOXKHO HONLYIHTH
npyryio npubnmxennyto ouenky it P{l < M < k}. Cornacno Teope-
me 6.1 (Tlyaccona) npu ycinosun np=a > 0 6uHOMHBAILHOE DACHpECICHIe
CXOJMTCA IO PACIpPEIeIeHUIo NIPH N — 00 K pacupefenenuio Ilyaccona,

T. €.
k

P{M =k} = Cip"q" ™" = 77,

H CJ1eJ0BaTENbHO,

Q
™
=8,

[y

4

P{l <M <k}

Taxum obpasom, B cxeMe BepHYLNIH MOryT GbITH HCIIONH30BAHBI JBE
ANNPOKCUMAIINH.
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ITycts CB X ~ Bi(n;p), Torma Ajs BEIMUCIEHHS] COOTBETCTBYIOIHX
BEPOATHOCTEH MOYKHO NOJb30BATHCA ANNPOKCHMAIMAME, ONMMCAHHBIMU B
crenyomeit Tabiuue:

Tabnuna 14.1

E
[pu6nmxenne P, (k) ST P.(3)
‘ i=1
(np)* . E (np)t -n
ITyaccona e P > e P

i=l

_(k—ﬂp)z}
exp{ 2npq B (k—np) — &, (l—np)

V2mnpq N

Myaspa-Jlannaca

ITorpemnocTu aTux npubamkennit Jaubl B Taba. 14.2.

Tabuuna 14.2

[Mpubnuxenne ITorpewnocTs
Ilyaccona np®
2 | 2
Myaspa—Jlannaca i
V1pPq

14.3. Tunossle 3ama4m.

3amava 14.1. CorylacHO HAHHBIM CTATHCTHYECKOH CIIyKOBI 0BJIacTH
5,5% TpymocmocobHOro HacesleHHs cOCTaBasoT Gespaborhble. OUEHHTDH
BEPOATHOCTb TOTO, YTO B CiydaiiHo oTobpanHoit rpynne u3 1000 Tpyno-
crocobHbIX mons Ge3paboTHbix GyAeT 3akiaoueHa B rpanunax or 0,045 xo
0,065. Pemure 3amady ¢ moMompsio HepaBeHcTBa UebblmmeBa M TeOpeMBI
Myaspa—Jlannaca. OObsICHETE pa3/iHdue B Pe3yJIbTaTaXx.

Pewenue. Hycrs CB X; npunumaer 3navenue 1, ecnu i-i BhIGpaH-
HBIH YenoBeK — bGe3paborHblil, u 3HadyeHne 0 — B NPOTHBHOM CIydae;
i = 1, 1000. Cornacuo onpeznenennio, CB X; ~ Bi(1;0,055), M[X;] =
= p = 0,055, D[X;] = p(1 — p) = 0,0519. ons Ge3pabGOTHBIX MOXeT
OBLITH [TpEJICTABIIEHA CIIYyYailHON BeJHIMHON
;1000
1000 -

CornacHo ceoiicrsy 2) Bi(n; p)

M[M] =p =0,055, D[M]=p(l—-p)=5,19-10"5,
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Tenepb HEODXOAUMO OLIEHUTH BEPOSITHOCTH
P{0,045 < M < 0,065}.

IIposenem oueBnbIle IPeOOPA3OBAHUS:

P{0,045 < M < 0,065} = P{0,045 - M[M] < M - M[M] <
< 0,065 — M[M]} = P{|M — M[M]| < 0,01}

CoruytacHo HepaBeHCTBY JeObiIeBa, uMeeM

_ DIM] _ 519 = 0,481.

L= P{IM — MM]| > 0,01} > 1 - Fo5 =

CoryracHo nHTerpansHoil Teopeme Myaspa—~Jlannaca, numMeeM

P{0,045 < M < 0,065} =
_p {0,045 -M[M] _ M —M[M] _ 0,065~ M[M]} _
/oM S /Db S /DM
=P{ 001 _ _M-1000p _ 001 }N

S 0,72-1072 T /1000p(1 —p) | 0721072 [

0,01 _ B
~ 23, <m) = 2®(1,33) = 0,8164.

OrBeT OlueHka HUXKHEH TI'DAaHUIBL BEPOSTHOCTH, HOJydYeHHAs] C
MOMOLIBIO HepaBeHcTBa “lebbimena, pasHa 0,481. OneHka, nogyveHHast
¢ nomomsio Teopemsl Myaspa-Jlannaca, pasaa 0,8164.

3anmava 14.2. BepoaTHocTh TOTO, YTO NpU ONYCKAHHU OJHOT'O
JKETOHS, IPHEMHMK HIDAJBLHONO aBTOMaTa CpaboTaeT NMPaBWILHO, PAaBHA
0,95. HaiiTi MUHMMAJIBHOE YHCIIO JKETOHOB, TaKoe, YTOOb! IPH ONyCKAHNI
HX B UrPaJbHLI aBTOMAT, YaCTOTa IPABUIBLHON paboThl aBTOMaTa OBLIA
651 3akaoveHa B rpanuiax o 0,93 no 0,97 BKIOYUTENIBHO € BEPOSATHOCTHIO
ne menee 0,93. YTOUHHTD NOLYYEHHYIO B 33/a4e 13.4 OUEHKY ¢ IIOMOULBIO
TeopeMsl Myaspa-Jlamiaca.

Pemenue. Ucnonb3ys pe3ysbTaThl pelienun 3aJadn 13.4, uCKOMYIO
BEPOSITHOCTh MOXKHO 3aIHCATh KakK

P{0,93 < W,, < 0,97} = P{0,93 —- M[W,,] < W, — M[W,] <
< 0,97 — M[W,]} = P{|W,, —- M[W,,]| < 0,02},

rze M[W,] =0,95, D[W,] = 0,0475/n.
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Cornacro uHTerpannbHoil Teopeme Myaspa—Jlamnaca

P{0,93 < W,, 0,97} =
_p {0,93 — M[Wa] _ Wa — M[W.] _ 0,97 - M[W,] } ~
W] VPW S /DW]
~ (0,97 - M[Wn]> _ &, (0,93 - M[W,.]) _
VDIW,] D[W.]
= 0(9,1766 - 1072/n) — B (—9,1766 - 107%/n) =
= 260(9,1766 - 1072/n).

Bomronnenue ycnosus P{0,93 < W, < 0,97} > 0,93 osnauaer, 1ro

9,1766/n
28, < e ) > 0,93.

Bocnons3oBaBuincs Tabanuei s Gyakuun Jlamiaca, nogyaum

1,8119

2
m) = 389.80.

9,1766 - 1072y/n > 1,8119, wmm n > (
OrBeT OneHka MHMHHMAJNBHOTO YHUCHA JKETOHOB, NOJy49EHHas C
noMouiei0 TeopeMbl MyaBpa—-Jlannaca, pasaa 390 >xeroHam.

3agada 14.3. BepoaATHOCTh NOpakeHWs MMINEHM NPH OJHOM BbI-
crpese pasHa 0,75. Haiftu BeposiTHocTb TOro, uTto npu 200 BhICTpesiax
Mmulens Gyner nopaxena: a) 160 pas; 6) ne menee 140 pas.

PemeHue. a) B ganHoM cilyuae onblT IpoBOAUTCA 1O cxeme BepHyJ-
. 34eCh OJMH ONBIT BepHYJIH — OfMH BBICTPE 110 MUILICHH; <yCHEX» —
mopazkeHHe MUINEHH; BEPOATHOCTDh «ycmexas p = 0,75; KOJHICCTBO OIIbI-
ToB Bepuynnu n = 200. TouyHoe 3HaYeHHE BEPOSTHOCTH TOTO, YTO IPH
200 BpicTpenax MumeHsn Oyjer mopaxkeHa poBHO 160 pa3s, BBIYUCHASIETCS
no ¢hopmyne Beprysn:

Pogo{k = 160} = C333(0,75)1%°(0,25)*° =
200! 60 10 -
= m(o,m)‘ (0,25)%° ~ 1,7346 - 1072,
6) Tounoe 3Hayenme BeposTHOCTH Toro, 4ro mpu 200 BEICTpeNax
MulneHb 6yner nopaxkexa He MeHee 140 pa3, COOTBETCTBEHHO PABHO:

200 200 , )
Pyoo{k > 140} = 3 Pyofk =i} = > Cioo(0,75)4(0,25)200—% —
i=140 i=140
200
200! i 200—i _
> m(o,m) (0,25)*%°7* ~ 0,95461.

i=140
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Ilpu BHIYUCIIEHMM 3THX BEPOSITHOCTeH MOXKHO TaKXXe IOJIb30BATHCH
amnpokcuManueii Myaspa—Jlannaca (cM. gadee).

a) Ipubauzkennoe 3HayeHHe BEPOATHOCTH Toro, 4ro npu 200 BbicTpe-
Jax MuIIeHb 6yaer nopaxena posHo 160 pa3, BHIYHCIAETCA C IOMOMIBIO
JIoKaJbHO# Teopembl Myaspa~-Jlamnaca:

1
P. k =160} =~ X
200 } V27200 - 0.75 -0.25

1 (160 — 200 - 0,75)? : _a
-z ) ~1,7173-1072
XexP( 2 200-0,75-0,25 ) ’

6) MpubnmkeHnoe 3Ha<enne BEPOSTHOCTH TOro, Yo 1pu 200 BBICTpE-
Jax MuileHk 6yaer mopakena He MeHee 140 pa3s, BIYHQIAETCH C IOMOIIBIO
HHTErpajpHoil Teopembl Myaspa—Jlannaca:

Pz()o{k: 2 140} = P200{140 < k < 200} ~
< 200 — 200 - 0,75 140 — 200 - 0,75
Py | eee——rd—} | —m———==—1] .
/200 0,75 -0,25 /200-0,75 - 0.25
Bocnonnzosasmuch Tabnunamu 1ius hyukuun Jlamraca, moayaum
Pago{k = 140} = 0,94876.

OTseT a) Pyo{k = 160} ~ 1,7346 - 1072; 6) Pyoo{k > 140} =
~ 0,95461 .

§ 15. 3amaum oy cCaMOCTOSITEJILHOTO peHIeHUs

1. KonudecTBo BOABI, HEOOXOMUMOE B TeYEHHE CYTOK IPEAIPHSTHIO
IS TEXHUYECKUX HYXKJI, ABIAETCA CIyvailHOH BeJMYUHO, MaTeMaTU4e-
CKOe OKuaHne KOTopoit pasro 125 M 3. OuennTh BEPOATHOCTE TOI'O, YITO B
GamKaliinme CyTKH pacXon BOAbl Ha mpeanpusaTuu Gymer Menbiue 500 m3 .

2. OmnblT paboThl peKJaMHO! KOMITAHHH IOKA3BIBAET, YTO aIPecHast
peKJilaMa NPUBOIMT K 3asiBKe B ogHOM u3 20 ciry4yaeB. Komnanus pasocia-
Jga 1000 pexnaMHBIX HIPOCHEKTOB. IIoKaXkuTe, 4TO C IIOMOLIBIO HEPABEH-
crBa UebblllieBa HENb3sl OLEHUTH BEPOSITHOCTH TOTO, YTO YHCIO 3asiBOK
okaxercs Gonbmie 30 u Menbmie 60. VzsMeHHTe BEPDXHIOK I'DAHHLY TakK,
4TOOBI IPUMEHEHNE HEPABEHCTBA UeObleBa CTAI0 BOSMOXKHBIM, H OHEHU-
Te COOTBETCTBYIOILYI0 BEPOSITHOCTL. ¥ TOUHHTE IOJIyYEHHBIH PE3YIbTaT C
oMoupio TeopeMsl Myapa~Jlannaca.
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3. PasMep BHIILIATBHI KaXKJIOMY KiHeHTy bauka ciaydaeH. Cpeausist
BBIILJIATa OJNHOMY KiMeHTy cocTaBister 5000 emunui, a cpegHeKBaapa-
THyeckoe oTKJOHeHre — 2000 enuuuIl. BolliaThl OTHeNbHBIM KIIHEHTAM
HesaBucuMbl. CKOJIBKO HOJXKXHO OLITH HAJIMUHLIX JieHer B GaHKe, YTOObI C
BepoaTHocTbIo 0,95 mener xBaTmiio Ha obciyxuBanue 60 KineHTOB?

4. 3ajaHa IOCIEJOBATENbHOCTL HE3ABUCUMEIX CIyYalHBLIX BEJHYHH
Xy, X5,...,X,,... Pan pac-

Ta6bnuna 15.1 upegenenus CB X,, uMmeer By

taba. 15.1. [IpoBeputs, mpume-

Xn —5n 0 5n .
: - = HEM JIH K 9TOH MOCJIeNOBATENb-
P 1/(2n") | 1-1/n" | 1/(2n%) Hoctu 3BY.

5. OmnpiT paboThl CTPax0OBOil KOMIIAHHY IIOKA3LIBAET, ITO CTPAXOBOMH
CIIyyail MPHXOAUTCA IIPUMEPHO Ha KaXKIblil BOcbMO# noroBop. OLEeHHTE ¢
IOMOIIbIC HepaBeHCTBa Uebnlmena HEOOXOIUMOE KOJHMYECTBO 71 JOTOBO-
POB, KOTODBIE HYXKHO 3aKJIIOYHTBL, ITOOBI C BEPOSTHOCTHIO HE MEHbIIEN,
yem 0,8, MOKHO GBUIO yTBEPXKAATH, YTO HaCTOTA CTPAXOBBIX CIYyYaeB OT-
KJIOHMTCSI OT BeposaTHOcTH He Honee yeM Ha 0,01 mo abcomoTHOM Bemuyune.
VTOoUHUTE Pe3ysIbTaT ¢ HOMOINBIO TeopeMmbl Myaspa—Jlannaca.

6. Toprosas dbupma npogana 1000 enuuuny ToBapa, IOAyHas UpU
3rom npubsub 110 50 pybuteit ¢ kaxgoit eguuunibl. IapaHTUHHBIE pPEMOHT
dbupMa OCyIIECTBJSIET CBOMMH CHJIIAMH H TEDPIHUT INPH STOM yOBITOK
B 200 pyOGuseii. Halttu rpanuupbl MUHUMAJILHOIO 1O JJIMHE WHTEPBAJA,
BHYTPHU KOTOPOro ¢ BeposTHocThbIo 0,9545 3akmoueH f0xof (pUPMBI, ecin
B Cp€/IHEM TAPAHTUHHBIN PEMOHT HPHXOAUTCS HEJaTh B KaXKJIOM JECSITOM
ciaydae.

7. CxopocTb BeTpa B Te€YEHHE CYTOK B JAHHON MECTHOCTH SIBJISIETCSI
crydaitHoll BeJIMUMHOH, MaTeMaTHYeCKOe OXKHIaHUE KOTOPO# paBHo 6 M/c.
O1ileHUTH BEPOSTHOCTH P TOrO, YTO B OIuKaiiiiue CyTKH CKOPOCTh BeTpa
B 3TO#t MecTHoCcTH byner He Menbine 16M/c.

8. lucnepcust OTIENBHOrO pe3yabTaTa H3MepeHHs cllydaitHoi Bennin-
Hbl He npeBocxojuT 3. Ipouzsomurest 1000 He3aBuCHMBIX H3MEPEHHH ITOMH
BesimyuHbl. Kaxue rpanuubl MOXKHO rapaHTHPOBAaTh ¢ BepPOATHOCTBIO (0,95
JUIST pe3yJibTaTa U3MEPeHHs CpefHero apupMeTHdecKOro STHX BeJuduH?
HaTh 0TBeT ¢ HOMOIILI0 HEPpABEHCTBA JebbluieBa.

9. CpexHee u3MeHeHME Kypca aKiii KOMIIAHMH B TedeHHME OJHUX
6upxkeBbIX TOPros coctaBuio 1%, a cpeiHexkBaIpaTHUECKOe OTKIIOHEHHE
onenunsaerca Kak 0,5% . OuennTs BeposSTHOCTb P TOTO, YTO Ha Oimxaii-
UIMX TOpraxX KypC H3MeHUTCS MeHee yeM Ha 2%.

10. 3agaHa DOCIEIOBATENLHOCTh HE3ABHCUMBIX CIYYalHBIX BEJIMYUH
X1,X2,..., Xn,..., te X, ~ R(—1/n;1/n). IIpuMenuM Ju Kk 37O
TI0CJIEAOBATEILHOCTH 3aKOH OOJILIINX YHCEJ?
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11. Ilpeamonoxum, 4YTO CpeiHee BpeMA OMO3AAHMSA CTYJEHTa Ha
JIEKIIMIO COCTABJIAET OxHy MHHYTY. OLIEHHTH BEpPOATHOCTH p TOTO, 4TO
CTYZi€HT ONI034aeT Ha JIEKIHIO He MeHee YeM Ha NATh MUHYT.

12. IlpeamonoxxuM, 4TO B YCJIOBHAX NPeAbIAYIIel 33Ja4M JONOITHH-
TeJIbHO U3BECTHO, YTO CPEAHEKBAIPATHYECKOE OTKIICHEHNE BPEMEHH OII03-
JaHUs CTYAEHTa Ha JICKHMIO COCTABJIsSieT TakyKe OfHY MuHyTy. OLEeHHTb
MMHUMAJILHOE 3HaveHue ¢, npun xoropom P{X > z} 2> p, tme X —
cioy4aiiHoe BpeMsi OMO3/aHus CTyAeHTa Ha jekuuio, p = 0,1~ 3amaHHbLi
YDOBEHb BEpPOSITHOCTH.

13. B cpemnem kaxnasa 30-s1 Buaeokaccera, 3anucbiBaeMast Ha CTYAHH,
okaabiBaeTca GpakoBaHHON. OUEHUTH BEPOATHOCTL p TOro, uro u3 900
KaCCeT, 3AMMUCAHHBIX Ha CTYJHH, YMCI0 OpaKkOBaHHBLIX OKaXKeTCd B IIpelie-
aax ot 25 go 35. PemnTs 3ama4y ¢ momompio HepaBencTBa debbiliesa
¥ MHTerpayibuoit Teopembl MyaBpa—Jlannaca. CpaBHUTH [IOJy4YeHHBIE Pe-
3YJILTATHI,

14. Kakoe MuHHMAaJbHOE YHCJIO OIBITOB 71 CleLyeT IPOBeCTH,
y1o6Bl ¢ BeposTHOCTLIO (0,95 MOXKHO OBbUIO YTBEPXKAATH, YTO 4YaCTOTa
mosIBIIeHHsT COOBITUA ByleT OTIMYATHC [0 abCOMOTHOM BeJMYHHE OT €ro
BEPOSATHOCTH, paBHoil 0,6, He Gosee yem Ha 0,027 OTBeT faTL C TOMOLIBIO
HepaBeHcTBa eDblmeBa M HMHTerpasibHOM Teopembl Myaspa~Jlaniaca.
Ob6bsICHUTDL pa3JIMIHe Pe3yJibTATOB.

15. Brixog mpinuist B mHKyOarope cocraBiusier 75% oT uncia 3aJ10-
KeHHBLIX siunl. OIeHuTh BEPOITHOCTH p TOro, yro u3 1000 3amokeHHBIX
SIML, BBLIIYISTCS:

a) posHO 750 upLLIAT;

6) ot 720 mo 780 wplnIIsT.

16. B cpeanem kaxxapiit 30-# TeieBU30P, BLIMYCKAEMbl#t 3aBOIOM,
BBIXOJUT W3 CTPOSL N0 OKOHYaHMA rapaHTuitgoro cpoka. OIeHUTH ¢
moMotbio Teopembl Myaspa—-Jlannaca BeposithocTs p Toro, uro us 300
BBIIIYLIEHHBLIX 3ABOJOM TeJIEBH30POB He Gonee 10 mocTynut B rapaHTHIHBLH
PEMOHT.

17. Ilycrp B yCJIOBHM 33Ja4H 3 M3BECTHO, YTO B HAUaJIE OIEPAlMOH-
Horo aHsi B 6anke 6bino 350 000 equnui namrynbx AeHer. Kakos Gyuer
rapaHTHPOBaHHBIA ¢ BepoaTHOoCThIO 0,95 OCTaTOK 711 HAJMWYHBIX JEHET B
Hanke mociie BLILIATBI BeceM 60 kmuenram?

18. Ilex 3aBoja BHIIYCKAET INAPUKHU IS MONIIAMHUKOB. 32 CMEHY
npoussomurcs 10 000 mapuxos. BeposTHOCTL TOro, 9ro OAMH IIAPUK
oxaxercs aedextnbiM, paBHa 0,05. ITpuunnnt nedeKTOB OTAENBHBIX Ia-
PMKOB He3aBuUCUMBI. [IpoayKiysa DpOXOAUT KOHTPOJH CPa3y IOCHe H3ro-
TOBJIEHMSI, U Je(eKTHbIE WAPUKH CCHIAIOTCH B OYHKep Ji/isl IePEenIaBKH.
Onpesienurb, Ha KaKoe KOJMYeCTBO IIAPHKOB N AOJIKeH ObITh paccuuTan
6yHkep, 4ToObl ¢ BeposaTHOCTHIO 0,99 OH He OKa3aJCA IEepPENOJIHEHHBIM
1oCJie CMEHBI.



I''MTABA V

MATEMATNYECKAS CTATUCTUKA

§ 16. OcHoBHBIE BBIOOPOYHDBIE XapPAKTEPUCTUKU

16.1. OcHOBHbIE HOHSITUS. Mamemamuueckas cmamucmura —
HAyKa 0 MATEeMaTHYECKUX METOHAX, IO3BONAIUIUX MO CTATHCTHYECKUM
JIAHHBIM, HATPHMED 110 peaju3anusmM ciryvalinoit penmaunst (CB), mocrpo-
HUTH TEOPETHUKO-BEPOSITHOCTHYIO MOJEJL UCCIIEAYEMOIO SABJEHUS. 3aJAH
MaTeMaTHYeCKON CTATHCTHKHM SABJISIIOTCS, B HEKOTOPOM CMBICIE, ODpaTHbBI-
MM K 33Ja4aM TEeODHH BEePOSTHOCTEN. LleHTpasbHbIM MOHSITUEM MaTeMa-
THYECKON CTATHCTHKH SIBJIAETCS BLIOOpKA.

Onpegenenue 16.1.  Odnopodnoti emboprol (ewbopxroti) obse-

Ma n mpu n 2 1 HashBaeTcs CIy4aiiHbIE BeKTOp Z, £ col(Xy,...

., X,,) , KoMHOHEeHTEI KOTOporo X;, i = 1, 7, Ha3bIBaeMBIe JAeMENMAMU
evibopru, ABnsIoTcd Hesasucumbivu CB ¢ oo u Toit ke ¢yHKIHel pac-
npegenenusi F(z). Bynem rosoputs, uto suibopra Z, coomsemcmeyem
dbyuxkuun pacnpenenenus F(z).

Oupenenenue 16.2. Peaausayueld 6u6opru HA3BIBAGTCH HECTY-

qalHbIi BEKTOD 2n 2 col{zy, ..., Typ) ; KOMIIOHEHTAMH KOTOPOI'O SBJIAIOTCS
pealn3aiu COOTBETCTBYIOMIMX 3/IeMEHTOB BBIOOpKN X, i = In.

W3 oupegesnenuii 16.1 u 16.2 BeITeKaer, 4TO peanu3alnuio BulOOpKU 2,
MOXKHO TaK2Ke PaCCMaTPHBATbh KakK MOCIeNOBATENbHOCTh T1,... ,Ln U3 T
peanmzanuit oguoit u toit ke CB X, monydeHHBIX B CEpUN U3 7. HE3a-
BHCHMBIX OJIMHAKOBBIX OIBITOB, IPOBOJUMBIX B OJMHAKOBBLIX YCJIOBUAX.
IToaTOMy MOXKHO FOBOPHUTH, YTO BbIGOpKa Z, nopoocdera Haba0daemot

CB X, nMmeroweit pacupegeienne Fx(x) 2 F(z).

Onpenmenenune 16.3. Eciu xOMIOHEHTH! BEKTOPa Z,, HE3aBUCHMBI,
Ho ux pacnpegeienus Fy(z1),... , Fn(zy,) pasimmunsl, To Takyio BHIGOPKY
HA3bIBAIOT HEOOHOPOGHOY.

Onpepenenne 16.4. Muoxecrso S Bcex peanusanuii BHGOp-
KU Z, Ha3BIBACTCH 6n00POYHBIM TIPOCTMPAHCTNEOM.

Bri6opounoe NpOCTPAaHCTBO MOXKET OBITH BCEM 71-MEPHBIM E€BKJIHO-
BbIM mpoctpancreoM IR™ uiu ero yacteio, ecin CB X uenpeprisha, a
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TAKXKe MOXKET COCTOAThL U3 KOHEYHOI'O MJIM CYETHOTo Yucia Toyek 3 R™,
ecm CB X muckperna.
Ha npaxTuke upu ucciieroBaHMM KOHKPETHOI'O SKCHEPUMEHTA pacipe-

menenust Fy(x1),...,Fy(z,) CB Xi,...,X, peako GBIBAIOT M3BECTHDI
mosHOCTHI0. HacTo anpuopu (0 ONBITA) MOXKHO JIMMIb YTBEPKAATE, YTO
pacnpejenenne Fy (z,) = Fi(z1)-...- F,(zn) cnyd4aiinoro Bektopa Z,

HPUHALJIEIKUT HEKOTOpoMy Kiaccy (cemeiicty) F .

Onpegpenenue 16.5. ITapa (S, F) naswiBaerca cmamucmuneckot
MO0eAbI0 OIUCAHMS CEPHU OILITOB, IOPOXKAAIOMIUX BHIGOPKY Z, .

Onpepnenenne 16.6. Ecim pacnpemenenuss Fgz_ (z,,0) us xnac-
ca F oupejeneHbl ¢ TOYHOCTHIO JIO HEKOTOPOTG BEKTOPHOTO MapaMerpa
# € © CR®, To Takas CTATHCTHIECKASA MOJEdb Ha3bIBACTCH NAPAMEMPU-
wecrot, n obosnavaercs (Sg, Fyz, (2,,0)), 6 € © CR®.

B nexoTopsix caydasx BeIGOPOYHOE TPOCTPAHCTBO MOXKET HE 3aBUCETH
OT HEM3BECTHOTO apamerpa 8 pacupeneneuns Fz (zn,0).

B 3aBucHMOCTH OT BHIA CTATUCTHYECKOH MOMIENH B MATEMaTHYECKON
CTATUCTHKE (DOPMYIHDYIOTCS COOTBETCTBYIOUIME 3a4adu 1o 0bpaborke
undopManuy, cojepxauieiics 8 BeIbopKe.

A
Oupegenenne 16.7. CB Z = o(Z,), rae p{z,) — npoussoibHas
byHKIMs, oupenesieHHas Ha BLIOOPOYHOM NPOCTPAHCTBE S M HE 3aBUCS-
was oT pacnpenenewns Fz (z,,0), naspiBaercst cmamucmuxod.

16.2. Bapunauuonusiii pajx.

Onpegenenue 16.8. YnopajouuM 3JeMEHTH PeATM3anuu BbIOOD-
KI Ty,...,ZT, 10 Bospactanmio: (1) < z(® < ... < 2| rge pepxnuit
HHJEKC COOTBETCTBYET HOMEPY 3JIeMEHTA B YIOPAJIOYEHHOH NociIer0Ba-
renprocTd. OGosnauum uwepes X )| k = T 7, cryvaituple BeamauHmbL,
KOTOpBIE IIPH KaxKI0# pealu3aluy 2z, BLIGOPKU Z, upunumaior k-e (mo
BepxHeMy Homepy) snauenus z(F) . Ynopsimodennyo nocie0BaTe IbHOCTE
CB X ... < X™ maznator eapuayuorvim padom 6vibopru.

Onpegenenne 16.9. Dnements: X *) papuanuonnoro psia Ha3bl-
BAIOTCH NOPAJKOSHIMU CTNAMUCTIUKAMY, 3 KpaliHue YJIeHb! BaPUAIUOH-
moro paga X, X — sxcmpemarvromu nopadkosuimu cmamucmu-
Kamu.

Hanpumep, gust k=1 dynxuus o(z,) ans cratacraxun X (D = w(Z,)
OonpeNeNsAeTcs CIeAYomuM 06pa3oM:

¢(z,) =min{zz: k=T,n}.

Ecin ogroponuad Bbibopka Zy, COOTBETCTBYET pacupeneliesuto F(z),
to k-s nopsakoBasi cratncruxka X ¥ umeer caepyomyn GyHKIU0
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pacnpenesieHusL:

Fy(z) = Pfx(k) <:c} S CiF(@)F (L~ Fa)"~.
i=k

B gacthHoctd, i k=1 u k = n umeem

Fo(e)=1-[1-F@)",  Fnz)=[F()"

Ecau dbynkunsa pacnpenenenns F(z) umeer nnorocts f(z), To nopsag-
koBas craructuka X (%) umeer cremyiomyo mIoOTHOCTH pacmpenemeHus:

fw () = Gy F@I - PP (@)

Onpemenenue 16.10. Iopsaxopas crarucruxa X ("PH1) ¢ yome-
poM [np} + 1, rge [-] — nenmasm wacTh umcna, HasLIBaeTcA  ewbOPOUHOL
KEAHTMUADIO YPOSHA P .

Ecnu B Hexoropoit OKpecTHOCTH TOYKH &, INIOTHOCTH PacCIpelesIeHHs

p A

f(z) CB X wmuempepbizHa BMecTe c €€ NPOM3BOAHON M, KpOMeE TOrO,
f(zp) >0, 10

2
(X([””]“) - a:p) Z(fl (_z;; U wpuno oo,

rne CB U umeer pacnpenenenne N(0;1). Takum obpazom, mpu Gomin-
IHIMX 7. MOXHO CYHTATh, 4TO BhiGopounas xBanTmiab X (MP*D) 6iuska
K Tp, u, Bosee Toro, pacupenenenne cTaTHCTHKR X (["P1+1) poxker GbITD
p(l-p) ) _
nf*(zp)

ANNPOKCHMHPOBAHO HOPMAJILHBIM pacnpeseseHieM N (:I:p,

16.3. Bribopounaa ¢pyHknusa pacnpeejieHUs.

IlycTb cepusi u3 n MCubITAHUE DPOBOAMTCA 110 cxeMe Bephysum, T.e.
MCIIBITAHHS IIPOBOJAATCH HE3ABHCHMO APYT OT APYra U HEKOTOPoe CobbITHE
A 1pH KaxJOM MCILITAHHH MOABIAETCH C OLHOR U TOi 3Ke BePOATHOCTBIO

p2 P(A). Iycts M, (A) — cnyvaitnoe yucio nosiBieHult cobpitus A B

sTolt cepun, a W,(A) & M, (A)/n — 4acrora cobbiTHs A B cepum u3 1
MCIILITAHMIA.
Paccmorpum BoIGODKY Z,,, nopoxaennyio CB X ¢ dyuxuueit

pacnpenenenuss Fx(x). Onpesemum ans kaxpgoro ¢ € R' cobpitue

A, 2 {X < =z}, pna xoroporo P(A;) = Fx(z). Torma M,(A;) —
ciiyqaliHOE HCJIO 3/IEeMEHTOB BHIOODKH Z, , He TIPEBOCXORSALMX & .
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Ounpenenenue 16.11. Yacrora W,(A;) cobbitus A, kak HyHK-

mus ¢ € R, massiBaercs ewbopouroti (smnupuvecxot) dyrxyuetd pac-
npedeaenus CB X wu oboznauaercsa

Fi(z) & Wi(A,).

Hust kaxporo duxcuposannoro ¢ € R' CB F,(z) ssnsercs
CTATUCTHUKOMN, Pean3alusiMi KOTOpoii asnsarorcs unciaa 0, 1/n, 2/n, ...
., n/n, ¥ IpH 3TOM

P {F(z) = S =P(Ma(a) =k}, k=T

JTobast peammzaius Fp(z) BeiGopounoil dpyHKIuL ﬁn(x) ABJISIETCA CTY-
neHvaToil dbyHKuMeil, XapaKTepHbl BHJ KOTOpPOi mokasaH ua puc. 16.1.
B roukax z(V) < ... < 2™ rze £(®) — peasnsanus mopsaxoBon cTaTH-
cruku X®) | byuxmps F,(z) uveer ckauku Benmunsol 1/n u apisercs
HENpPEpHIBHOI crpasa.

AE(x)
1
2/n >
1/n| i
> T >
Ol £P 0. O Y

Puc. 16.1

Caoitcta Fy(z)
1) M [ﬁn(x)] = F(z), ana moboro = € R' u moboro n > 1;

I’J’\n(:c)—F(x)l I 0 npu n = o0

2) sup

:::EIR.I
a F@)(-F@) _ 1

) M| (Falo) - F@) | = dule) & TEEZLED o L,

n

4) (ﬁn(x) —F(z))/\/dn—(z) LN npa n — 0o, vae CB U umeer

pacnopejenenue N(0;1).

Ilepebie gBa cBOICTBa CBUAETEILCTBYIOT O TOM, YTO MPHM YBEINYCHHH
quClia 7. MCTIBITAHUM HPOMCXOAUT cOMMXKeHne BLIGopouHoit dyHKIUY pac-
TpeAeNeHus ﬁ,,(z) ¢ pynxuueit pacupegenenns: F(z) CB X . ITocnenuue
JIBa CBOMCTBa HO3BOJISAIOT OLUEHHTb CKOPOCTH 3TOTO CONMMKEHHS B 3aBHUCHU-
MocTH OT 00beMa 7 BHIGOPKH Z,. YTBepKIeHue 2) Ha3bIBaeTCs Mmeo-
pemoti [ausenxo-Kanmenau, a yreepxaeHue 4) sBiseTcss CleICTBHEM
meopemv. Myaspa—Jlanaaca.
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16.4. F'ucrorpamma. PaccMoTpuM npoueaypy zpynnupoéxu BuIGOD-
ku. [las sroro geiictBurensuyio ock R' = (—00,00) pasgemnm Touxamu
o, ... ,0y41 Ha |4+ 1 Henepecexaommuiicss nonyuntepsan (paspad) Ag =
= [ag,ar41), k = 0,1, Taxum obpa3zoM, YTO —00 = g < a1 < ...
<o <oy =400, ap € zV | o > 2™ . O6brano gymna pa3pagoB

Ay, k=1,l—1, pubupaercs ogusa-

Tabanua 16.1 KOBOI, T. €. pABHOM hy = (cr—ayr) /(-

fa,e2) | -+ | [ou-1,00) — 1). Vcnonp3yda peanu3anyio BapH-
- = ammonnoro pama () < .. < z(®)

Y51 P
IJIsT Kaxkaoro k-ro paspaga Ag, k=

=1,! — 1, BBIYMQIUM HACTOTY NONAIA~
HUS YJIEMEHTOB Peau3alid BbIOOPKHU
B aroT pa3pan. Iomyuaem P = Nng/n, Toe Nk — YACIO JIEMEHTOB
peanuzalnuy BeIOODKH Zzp , llonaBmux B k-l pa3psg. Ecmm paccMoTpers
allpMOPHYI0 BHIGOPKY Z, H ciy4aliHoe YuCIO IV 3JIeMEHTOB STOH BbI-
GOpKH, IOMABIINX B & -i pasps, TO nosyduM HAOOD CiaydaliHbIX BeJUYUH

Pk = Ny /n.

Ounpepnenenue 16.12. Ilocnenosarensnocts map (Ag,pr), k =
= 1,1 — 1, Ha3BIBACTCA CMAMUCTIUYECKUM pPAOOM, & €r0 PEATIN3ALUS
(Ak, D), k=1, 1, npeacrasasiercss B Buge Tabi. 16.1.

MNz06pa3um rpaduyeckn CTATHCTHIECKUM DA,

Onpenenenne 16.13. Ha ocu Ox 0TI0XKHM Pa3psiibl ¥ Ha HHX,
KaK Ha OCHOBZHHH, IIOCTPOMM IIPSIMOYLOJIBHMKH C BBICOTOH, paBHOIl
Pr/hk, kK = 1,1 — 1. Torma mnomaap KaxkAOTO NPAMOYTONbHEKA OyAer
paBHa Py . [lony4ennas durypa Hassisaercs cmoabyosot duazpammoti, a
KYCO4HO MoCTOstHHAS dyHKuust [, (z), o6pasoBannas BEDXHHMH TPAHSIMU
MIOJIyYE€HHBIX NPSIMOYTOIbHUKOB, — zucmozpammoti (puc. 16.2).

47w

P Py} Ps Pj1 _
o, 0 a O3 Oy Oy Oy OG- X

Puc. 16.2

Ilpu sTOM MoOMaraioT Tn(x) =0 gnga Bcex < ) U T 2 qp, TAK KaK
ng=0mu n; =90.

Ilycte mioTHOCTH pacupefenenusi f(Z) HempepblBHA M OrpaHHYeHA,
a KOJIM4IeCTBO pas3psnoB l, + 1 3aBucuT oT 06beMa 1 BhIDOPKM TAKUM
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obpasom, uro I, —+ oo, Ho npu srtom nfl, — oo (Hampumep, MOXKHO
BBIOpaTh I, = ¢;1 + cplnn, rae ¢, ¢; — HEKOTOpBIE IIOJOXUTEIbHBIE

koHCTaHTH). Torsa BHIGOPOYHAS IIOTHOCTH pacupenenenus fn(x), pea-
JIM3alIUAMA KOTOpPOl cilykaT rucrorpammbl f,,(Z), cxoqurcs 1o BeposT-

HOCTH K mioTHoctH f(z) nabmiomaemoit CB, T.e. fn(x) ——P—> f(z) npu
n — 0o ans moboro z € R!. Takum 06pa3oM, TPy OCTATOTHO «MEJTKOM»
pasbueHnn orpeska [a,q] u mpy 6oiabmoM 06beme BHIGOPKH N BBICOTHI
NOCTPOEHHBIX TPAMOYTOJIbHUKOB MOXKHO MPUHMMATH B Ka4eCTBE IpHOJIH-
JKEHHBIX 3HadeHui IIoTHOCTH f(Z) B CPEJHHX TOYKAX COOTBETCTBYIOLINX
uHTEpBaAJIOB. M3 aToro caeayer, 4TO FUCTOrPAMMy MOXKHO PACCMATPUBATH
KaK CTATUCTUYECKHI aHaJor IJIOTHOCTH PAaclpeliesicHds HabIogaeMoi
CB X. HUcnonn3ys rcTOrpaMMy, HEM3BECTHYIO TJIOTHOCTH MOXHO all-
MIPOKCHMHUPOBATDL KyCOYHO HocTosHHON dyukiueir. Ho ua maTemaTudecko-
ro aHaJNU3a M3BECTHO, YTO eCaH (DYHKIUS SIBISIETCS JIOCTATOYHO TJIAJKOII,
TO KYCOYHO JTUHEHRHAS allpOKCAMAIUA OKA3bIBAETCS, KK MPABIIO, JIyYIle
KYCOYHO IIOCTOAHHOH.

Onpegenenne 16.14. CriakeHHYI0 MHCTOrpamMMy B BHIE JIOMaH-
HO#, Y KOTOpO# NpaAMble JIHHUK ITOCIEIOBATEILHO COCNUHSIOT CEPeINHbI
BEPXHUX TpaHell IPAMOYTOJHHUKOB, 0OPa3yIOIIMX CTOJOIOBYIO JUArPAM-
My, Ha3bIBAIOT TLOAULOHOM %ACTLOM.

16.5. BoiGopounsie momeHTHI. Ilycts mmeerca Bwibopka Z, =
= col{Xy,...,X,), xoropas nopoxaena CB X c¢ dyukiueil pacnpene-
aenust Fx(z).

Onpegenenue 16.15. nst Beibopku Z, obbema 1 6u60poHBMU
HAYAALHBIMU M YUEHMPALLHBIMU MOMermamuy nopadxa v CB X mnasnisa-
wres crexyrouine CB:

~ Al C ,
Vr(n)ZEZ(Xk)a r=1a2a---;

- 1 & - r
fir(n) 2 =S (Xk—Di(n)", r=2,3,...

Onpenenenue 16.16. Bubopounvim cpednum u evbopounot duc-
nepcuett CB X Ha3biBaloTCA COOTBETCTBEHHO



158 MATEMATHYUECKAS CTATUGTHKA [TV

B manbHefimeM Mbl 6y/leM ACIONB30BATh COKPAINEHHbIE 06O3HAUEHHS
A A ~ A5 A
myx = mx(n), dx =dx(n), ecnn 3T0 He Oyzer npuBOAMTL K IIyTaHHIE.

IIycts mMmeercst Takxke BoIOOpkKa V, = col(YI,... Y,), mopoxieHHast
CB Y ¢ dbyukuweit pacnpegenenus Fy (y).

Onpegenenne 16.17. Bubopourvim x03PHuyueHmom Koppessyuy
CB X n Y na3ssBaior

z": Xy — mx)(Ye —my)

TXY = ===
nvVdxdy

TlycTs cymecTByioT UcchaeayemMble MOMEHTH Uy, f.. Torma cropaBes-
JIUBBI CJeNYIOlMe CBOHCTBA.

CpolicTBa BHIGOPOYHBIX MOMEHTOB My
1) M[7,.(n)] = v, ana moboro n > 1 u amus Beex r=1,2,.
2

)

) r(n)ﬂéurnpnn—)oo,u;nﬂlscexr—12 ;
3) fir(n) 2y 4, npu n — oo ammscex T = 2,3,.

)

) M

4) D[mx]| =dx/n, tne dx £ D[X];
5 [ ] n-l dx ;
n
6) (ﬁx—mx)/\/m SN npu n — oo, rae CB U umeer
pactpenenenne N(0;1);

7) (Ex—dx)/\/(m;—ug)/n N npu n — oo, rue CB U

umeer pacnpenenerre N(0;1).

Bropoe u TpeThe CBOWCTBA YKA3LIBAIOT, YTO C yBeJMueHUueM obbema
BbLIOOPKH BBEIGOPOYHBIE MOMEHTHI GyIyT CKOJb YrOAHO OJIN3KH K COOTBET-
CTBYIOUINM TEOpETHYecKUM MoMenTaM. [Ipumep HaxoxxJeHus1 0OBbeMa Bbl-
GOpKH, rapaHTHPYIOUIETO B ONPEAEIEHHOM CMBbICJE OJIM30CTh BEIGOPOIHOM
XapaKTEPHCTHKH K €e UCTUHHOMY 3HAYEHHUIO, npuBeleH B § 23.

W3 nepBoro CBOUCTBA BBLITEKAET, YTO MaTeMaTHYECKHE OXHIAHUA
(MO) BoIGOPOYHBIX HAYAJIBHBIX MOMEHTOB COBHAJAKOT C COOTBETCTBYIO-
NIMMHK 3HAaYEHUSIMH HadaibHBIX MomeHToB CB X, T.e. B 3TOM CMBICHIE
obsiagaror cBoiticTBoM «HecMelnennocTu». A MO BbiGopouHOit Hucnepcun

dx we cosmagaer ¢ gucnepcueit dxy CB X, t.e. B arom cmeicie CB
dx siBIfeTcs «cMeImeHHON» BHIGOpOUHOH XapakTepucTukol dy . I[ToaTomy

4acTO BMeCTO dx HCHONB3YIOT «UCTIPAGAEHHYI0» BHIGOPOYHYIO JUCIIEPCHIO

-~ A n = ~
Sx = —7 dx , ast koropoit M [Sx] =dx.



§ 16] OCHOBHBIE BBIBOPOYHBLIE XAPAKTEPYCTHKH 159

16.6. Tunossle 3amaumn.

3agaua 16.1. B MeTeoposoruu npuHATO XapaKTepU30BaTh TEMIIEPa-
TYypy Mecsia ee CpelHHM 3HaueHWeM (CpefiHee 3HAYEHME TEMIEPATYDhI
MecAIla paBHO CYMMe TeMIIEPATyp BcexX JHell JAHHOTO Mecala, JeXeHHOH
Ha 4YHCIO JHell B 3TOoM Mecame). B rtabn. 16.2 npuBegesnl 3uaueHus
cpenHeil TemnepaTyphl auBaps B r. CapaTose u I. AjaTbIpe.
Tab6nuna 16.2

Ton 1891 1892 1893 1894 1895 1896 1897
Caparos | —19,2 | —14,8 | =196 | -11,1 [ —9,4 | —16,9 | —13,7
Anatwipy | —21,8 | —154 | -208 | —11,3 | —11,6 | —19,2 | —13,0
Ton 1899 1911 1912 1913 1914 1915
Capartos —49 | =139 | —-94 -8,3 -7,9 -5,3
Anareipy | —-74 | —-15,1 | —144 | —11,1 | —10,5 | —7,2

Tpebyercsa N0 JaHHBIM PEAJIH3ALUSM HAHTH: @) BHIGOPOYHOE cpejHee
1 BbIOOPOUHYIO AUCNEPCUIO CpeJHel TeMmepaTyphl ssuBaps B r. CaparoBe
u r. Anarnipe; 6) BoibopouHBI KOI((PUIMEHT KOppensiuu cpexHelt
TeMriepaTyphbl suBapsa B r. CaparoBe M cpejHell TeMnepaTypsl SHBapsa B
r. AsaThipe.

Pemenue. Ilycts CB X — cpenusis Temmeparypa siHBaps B
r. Caparose, a CB Y — cpeausis temneparypa sinBapst B I. AJjarbipe.
B rtabanue npuseieHa peanusanus Iy,...,T13 BeiGopku Xi,...,Xis,
nmopoxaennoit CB X, u peanusauus yi,...,y13 BbiGopku Yi,...,Yis,
nopoxennoit CB Y. Buibopounoe cpeanee my CB X ana paunoi
peaju3anuu ITi,...,T13 PABHO

13
~ 1
myx = —1—3 ;zi ~ —11,87,

a BeIGopounoe cpeanee My CB Y paBHo

1 13
my = —1—3- :21 Vi N —-13,75.

Buibopoynas aucnepcus JX CB X nna paunolt peanusanuu (z1,...
. ,T13) paBHa

13
T _— i o — 2 ~
dy = 13;(m. (—11,87))2 =~ 22,14,

a BBIDOpOYHAs JHCHEepCHs Ey CB Y pasna

13
~ 1
dy = 35 3 (u: — (~13,75))" ~ 20,00.

i=1
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Ber6opounniit koaddunuent xoppensuyuu CB X u Y:

13
3 (@i = (~11,87) (y: — (~13,75))
Pxy = =2 ~ 0,95.

13/22,14+/20,09

Orsert x~—11,87, My ~—13,75, dx ~22,14, dy ~20,09, Fxy ~
=~ 0,95.

3agayva 16.2. B 1889-1890 rr. 6uin mameper poct 1000 B3pocimix
My2kunH (pabounx MockoBckux habpuk). Pe3ynbTaThl n3MepeHuil npes-
craBienst B Tabi1. 16.3 (panusie B3siter u3 [10]). Io umeromumes Habiro-
JEHUsM TpebyeTcs MOCTPOUTL FHCTOPaMMY.

Ta6nuua 16.3

pocT [cm] 143-146 | 146-149 | 149-152 | 152-155 | 155-1538

YHCHIO MYXKYHH 1 2 8 26 65

poct [eMm] 158-161 | 161-164 | 164-167 | 167-170 | 170-173

YUCJIO MYXKUHH 120 180 201 170 120

pocr [cM] 173-176 | 176-179 | 179-182 | 182-185 | 185-188

YHCIIO MYKYUH 64 28 10 3 1

Pemenne. Ilycts CB X — poct B3pocioro myxkuuusl. Torma

npuBeJleHHas TabJIHUA CONEPXKHT peausauuio Bobopru Xi,..., X100,

nopoxaenuoit CB X.

B jaunHOl 3ajjade pyNNmUpOBKa BBIOOPKH yXe MpOBeleHa: JefcTBi-
renpuas ock IR! pasnmenena na 17 momyuurepsanos Ay, k = 0,16, rae
Ag = (=00,143), A1g = [188,400), a ocramphble 15 MONyHHTEPBAIOB
HMEIOT OMHAKOBY10 piuHy h = 3. Bo Bropoit cTpoke Tabiuin npuBeIeHbl
uncna ng, k = 1, 15, paBHbIE KOJHYECTBY JIEMEHTOB BLIGOPKH, TOIABIIAX
B k-it pazpsg. Beruuciaum vacrory nomananus B k-it noxyuurepsad, k =
=1,15: P, = ng /1000, ¥ HOCTPOMM pealln3alHio CTATUCTHYECKOTO DPsIa
(cm. Tabm. 16.4).

Tabauna 16.4

Ay | 143-146 | 146-149 | 149-152 | 152-155 | 155-158
P 0,0003 0,0006 0,002 0,008 0,022

Ar | 158-161 | 161-164 | 164-167 | 167-170 | 170-173
Py 0,04 0,06 0,067 0,057 0,04

Ay | 173-176 | 176-179 | 179-182 | 182-185 | 185-188
Dr 0,021 0,009 0,003 0,001 0,0003

Teneps na ocu OX ornoxum paspsaasl Ak, k =1,15, u Ha HUX, KK Ha
OCHOBAHMH, HOCTPOUM IIPAMOYTOILHUKH BLICOTON Py (puc. 16.3).
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A
Six)
0,067
[—7 |
) s sonscssseneagsesg x
Puc. 16.3
§ 17. OcHOBHbIE pacnpefesi€eHUs B CTATUCTUKE

17.1. Pacnpenenenne Xxu-KBajapar.

Onpegenenne 17.1. Ilycte Ug, k = 1,n, — uabop us n

HE3aBHCHMBIX HOpMaabHO pacipenererusix CB, Ui ~ N(0;1). Torga CB
n
X, 2 U2
k=1

umeer pacnpedeaenue xu-xeadpam ( x*-pacnpedenenue) ¢ n cmenenAMU
60600, wTo obo3HauaeTCA Kak Xy ~ x2(n).

CeoiicTBa pacupejeneHus Xu-Kksanpat x2(n)

1) CB X,, mMmeeT CeAyolnyio MIOTHOCTD PaCHPEACICHHU:

1
(n/2)-1_—=z/2
flan) =4 AT~ ¢ 20
0, <0,

400
rae I'(m) 2 [ y™ leT¥dy — ramma-dymkuus. Tpabukn bynxuuit
0

f(z,n) (puc. 17.1), Haswnisaemble wpusvimu ITupcona, aCUMMETPUYHDBL U
HAYMHASL C N > 2 UMEIOT OOMH MaKCHMYM B TOYKe € =N — 2.

2) Xapaxrepucruaeckas dyukips CB X, nmeer Bugx

+o00
g(t,n) = J € f(x,n) dz = (1 — 2t5) ™/,

e <
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3) CB X, ~ x%(n) umeer ciemyromue MOMEHTSI:

M{X,]=n, D{X,] = 2n.

4) Cymma Jsoboro umcia m Hesasucumbix CB X, k = 1,m,
HMEIOIMX Paclpe/e/ieHHe XN-KBaJpaT C 7 CTelleHAMH CBOBOIbI, UMEET
”m

A
pacrpesiesieHue XIH-KBaJpar ¢ 1 = Y 7y CTENeHsMH CBODOJbI.
k=1

=Y

0 n-2

Puc. 17.1

5) Pacupenenenne xu-kpaapar obiagaeT CBOHCTBOM acumnmomuse-
cKoU HOPpMAALHOCTIU!

X—"_—q—F——)U IIPH N — 0O
fome P s

rne CB U wumeer pacnpenenenue IN(0;1). DTo o3Hadaer, uro npH
[0CTaTo4HOo GoLInoM 06beMe 71 BLIGOPKHM MOXKHO NPHUOIHIKEHHO CUUTATD
X, ~ N(n;2n). ®akrudecku T2 ANIIPOKCUMANUUS HMEET MECTO y¥Ke IPH
n = 30.

IIpumep 17.1. IlpuBenem npumep, B KOTOPOM BO3HMKAET DacIlIpe-
penenne Xu-kBaapar. [lycts BeIGOpKa Z, COOTBETCTBYeT HOPMAJLHOMY
pacnpenenenuio N(m;o?). PaccMoTpuM BBHIGOPOUHYIO JUCIEPCHIO

- 1 & .
dx = = Y (Xp — fnx)?,
mn
k=1
— A o~
roe mx — Boibopounoe cpemmee. lorma CB Y, = ndx / o? umeer

pacrpenesenue x2(n — 1) M He 3aBHCUT OT M .

17.2. Pacnipenenenne CTbIOEHTA.
Onpepgenenne 17.2. Ilycte U u X, — nesaBucumbie CB, U ~

~ N(0;1), X, ~ x%(n). Torma CB T, = U/\/Xn/n uMeeT pacnpede-

aenue Cmuiodenma ¢ n cmeneHamu c6060dvl, 4To 0003HaYAIOT KaK 1p, ~
~S(n).
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Ceo#ictsa pacupenenenus Crowojgesnta S(n)
1) CB T,, ¥MeeT IMIOTHOCTh PaclupenesIeHus

o r(R) ;_)L
st = iy (14

Ipaduxu unormocreit f(t,n) (puc. 17.2), Ha3bIBaeMbIE KPUSHLMU
Cmwioderma, CUMMETPHYHBL P BCeX n = 1,2,... OTHOCHTENLHO OCH
Op/THHAT.

2) CB T, wmeer MO, pasnoe M[T,] = 0 ans Bcex n > 2, u
pucnepeno D[T,] = n/(n — 2) npu n > 2. pr n = 2 gucnepcus
D[T,] = +0.

3) IIpu n = 1 pacnpesnenerue CTBIOAEHTa COBHAMAET C pacnpedeneru-
em Kowu, IIOTHOCTL KOTOPOro paBHA

1 1
f (t7 1) == .
wl4¢2
Ho, xak H3BECTHO, MaTeMaTHYeCKoe oxkupanue u gucnepcus CB Ty,
uMeromelt pacupegesenve Komn, He CymiecTByIoT, TakK Kak OeckoHedeH
npeges
lim I{a) = +oo,

a—0o0

a

Al
rue I(a) = - J
0
4) MoXHO noKa3aTb, 9TO IIPY N — 00 pacnpejeiienne S (n) acHMITo-

t

——— dt.
t2+1

F
TUYECKH HOPMaJbHO, T.e. 1, — U, rme CB U wumeer pacupeneiieHue
N(0;1). IIpu n > 30 pacupegenenne Ctoionenta S(n) mpakTudecku He
orsmuaercs or N(0;1).
Ilpumep 17.2. Ilpusegem npumep, B KOTOPOM BCTPEYAETCS PACIIpe-
genenune Croiogenta. Ilycrs BoIOOpKa Z, COOTBETCTBYET HOPMAJbHOMY
pacnpenenenuio N(m;o?). Ilycte fix — BhiGopounoe cpeauee, a dx —
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Bbibopounas qucnepcus. Torna CB

T?Lx - m
Vdx

umeer pacnpegesienne Croiogenta S (n — 1}.

To=vn—1

17.3. Pacopenenenne duiepa.

Ounpenenenune 17.3. Ilycrs Hesasucumbie CB X, u X, umeior
pachupejiefieHHsl XU-KBaJIPAT COOTBETCTBEHHO C T U 1M CTelleHsAMH CBOGOo-
A Xn/n
o1, Torma CB Vi = ,"/

’ Xm/m

cmenenamu c60600bl, YTO 3ANUCHIBAIOT KaK Vi, ~F (n;m).

umeeT pacnpedeaenue Puwepa ¢ n u m

CsoiicTrBa pacupemenenus Pumwepa F(n;m)

1) CB V, ;m umeer wiotHocTh f(v,n,m) =0 npn v <0 u

D(2m) 0 m 37!
fl,nym) = ——2—~——n?*m? ——— npu v>0.
’ rrz) (m +nv)™%

I'padmkn dbyukumu f(v,n,m), nasbiBaemble xpusumu Duiwepa, acuM-
METPHYHBI ¥ IPH N > 2 JMOCTHIAIOT MaKCHMAJIbHBIX 3Ha4YEHHH B TOYKaX

(n—2)m
= ————  OAM3KHMX K eAUHHUIE NpH DOJbUIMX IHAYEHHUSIX TN U 7.
(m+2)n
Tunoroit Bug kpueoit Puuepa npusesex Ha puc. 17.3.
A Ax)
I
0 (-2m x
n(m+2)
Puc. 17.3
2) CB V,,,;, uMeeT ciieqyrornie MOMEHTHI:
m
MV, )= ——= npu m > 2,
m— 2
2
-2
D{V.m] = 2m (m +n —2) mpu m > 4.

n(m —2)?(m — 4)

Opumep 17.3. Mycrs Z, = col(X3,... ,X,) — BbGOpKa 06BEMA T,
nopoxyennas CB X ¢ mHopmambHbIM pacnpemernenueM N(my;o?), a
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W, = col(Y1,...,Yy) — suibopka obbema m, mopoxuernas CB Y c
HOpMaJIbHBIM pacnpegesienneM N(my;o?), u CB Z, u W,, HesaBucHMBL.
Torma CB, o0pa3oBaHHas OTHONIEHHEM HCIPABIEHHBIX BbIOOPOTIHBIX
nuctiepeuit CB X u Y, T.e.

e
E
’I_I‘

Va,m

1

i (Y - y)?

uMeer pacnpegenenne F (n—1;m — 1).

§ 18. ToueuHbie OLeHKH

18.1. OcHoBHbIE IOHATUS.

Onpenencuue 18.1. Ilapamempom pacnpedenenus 6 € © C R!
CB X naspiBaeTca mobas uucioBag xapaktepucTvka sroii CB (mare-
MATHYeCKOe OXKUAAHUE, JUCHEPCHA M T.IL.) MaH Jjobast KOHCTAHTA, SIBHO
BXOAALIAS B BhIpaXKeHue A GYHKIMY pacnpeieleHus.

B obmem cnyuae OyzeMm mpennonararb, YTO IapaMeTp paclpenese-
Hus 6 MozxeT ObITh BeKTOpHBIM, T €. § € © CIR®.

B ciywae napamerpnueckoit cratuctudeckoit Monenn (Sq, Fz (z,,6))
TaKIM HAPAMETPOM PACIIPEIENEHNS MOXKET CJIyKNUTh HEM3BCCTHBINH BEKTOD
8 ¢ © C R*, xapakrepusyromuit pactnpeaeneane Fgz (z,,0).

IMycrs umeercs poibopka Z, = col(Xy,... ,X,) ¢ peanusanueii z, =
=col(zy,... ,zn).

Ounpenmeneuune 18.2. Toveunod (ewbopourot) oyenxoti HeusBecT-
HOro mapameTpa pacnpenenenust § € © C R® ma3biBaeTcs IpOU3BONbHAS

o~

cratuctuka 6(Z,), nocrpoennas no BeibOpke 7, ¥ IPHHHMAOIAs 3Ha-
YeHHUsL B MHOXKecTBe O .

—~

3ameuanue 18.1. Peamuzammio 6(z,) ouenxkn 6(Z,) npusuMaior,
Kak IPaBHJIO, 3a NMPUOMIKEHHOe 3HAYEHHE HEU3BEeCTHOro mapaMerpa 6.

flcHo, UTO cyuiecTBYeT MHOTO Pa3HBIX CIIOCODOB ITOCTPOEHUST TOUETHOM
OIIEHKH, KOTODBI€ yYUTHLIBAIOT THII CTATUCTHYECKONH Mmozenu. Insi mapa-
METPHUYECKOH M HemapaMeTpHYecKoil Momeseil 3T CitocobBl MOTYT OBITH
pasmraabl. PaccMoTpuM HEKOTODBIE CBOMCTBA, KOTODbIE XapaKTEPU3YIOT
Ka4eCTBO BBEJEHHON OIIeHKU.

Onpenenenne 18.3. Ouenka @\(Zn) mapaMeTrpa @ HaspIBaeTCA
necmewennot, eciim ee MO pasuo 4, T.e. M [g(Zn)] = 6 pns moboro
0eO.
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o~

Onpeneneune 184. Ouenxka 6(Z,) nmapamerpa 6 Ha3bIBaet-
ca cocmoamenvHot, eCiM OHA CXOOUTCHA IO BEPOATHOCTH K @, T.e.

a(Zn) Py npu n — 0o Jjis moboro 6 € O,

o~

Ounpepnenenue 18.5. Onenka 6(Z,) mapamerpa # Ha3biBaeTcs
CUABHO COCTOAMEALHOT, €CIA OHA CXONMTCS IIOYTH HaBepHoe K 6, T.e.

~ ILH.
6(Z,) ——> 6 npu n — oo mst ;moboro 6 € O©.

O4eBUAHO, YTO ECIU OHEHKA CHILHO COCTOATENLHAS, TO OHA SABJISETCS
TaK2>Ke COCTOATEJLHOM.

IIpumep 18.1. Ouerxa 51(Zn) 2 mx HemssectHoro MO 6, = mx
CB X snsiercst HecmeinenHoilt (1o csoiicTy 1) My ), a OLgHKa 82(Zy) 2
£ dx neussectroit qucrepenu 03 2 dx — cMemenoit, Tak kax M [2 X] =

n—1 ~ ) A~
= — dx (mo ceoitcty 5)x ). Oueska 63(Z,) = 5x saBasgerca
HeCMeIleHHOH oueHkoli dx mo ompemeneHuio Sy . Ecinm cymecTByror

MOMEHTH MY, dx, TO CHJIbHAA COCTOATEILHOCTh OUEHOK My, dx
rapaHTUpyeTcst cBoficTBamu 2), 3) Mx .

CBofcTBAMU COCTOSAITEIBHOCTH M HECMEIIEHHOCTH MOTyT O0JaJaTh
Cpa3y HEeCKOJIBKO OIEHOK HEM3BECTHOrO napamerpa 6.

Onpenenenue 18.6. HecMmemmennas ouexHka 5*(Zn) CKAJISIPHOrO
napameTpa 8 HasbiBaeTca aipexmusnot, ecnu D [@\*(Zn)} <D [ﬁ(zn)]

LISl BCeX HeCMELUEHHBIX oueHOoK §(Z,) napamerpa 6, T e. ee gucmepcust
MUHHMAaJIbLHA 10 CPABHEHUIO C AUCIEPCHSIMHU JPYTHX HECMEHNIEHHbBIX OIIEHOK
IIpY OJHOM U TOM 2Xe 00beMe 71 BhIOOpKU Z, .

IIpumep 18.2. IIycre CB X wunmeeT HopMaibHOe pacupenesieHue

A A
N(mx;0%) c HensBecTHBIMU TapameTpaMu ) = my, 02 = 0% . B atom
ciydae BhIDOpOYHOE cpemHee My ABIseTCT MO PEeKTUBHON OMEeHKOH mx .
B kunacce napamerpuueckux wmogened (Sp, Fz (z,,0)), 6 € © C

C R!, paccMOTPHM MOJKIACC CTATHCTHYECKHX MOfeJeli, YI0BJIeTBODSIO-
I[AX HEKOTODHIM €CTECTBEHHBIM yCJIOBUsIM peryispHocTd. C 3Toi Lenbio
BBEJEM CIeIyIoIye IOHATH.

Onpepenenue 18.7. @Pynuxyued npasdonodobus Njisi HEU3BECTHOTO
napamerpa f € © C IR’ HaspiBaerca: B ciydae HEIPEPHIBHON Habionae-
Mot CB X — mwrorHoCcTh pacupeneiieHusd

L(zn,01,- - ,05) = f2. (20,01, .. ,05) = [] fx(z,61,-- . ,65),
k=1

rae fx(z,61,...,6;) — mrorHocts pacupenesenuss CB X, a B ciywae
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JuckpeTHoii Habmomaemoit CB X — mpousBesieHne BeposTHOCTEH
A n
L(Zn, 01, e ,03) = H pX(mk,Gl, Ce ,03),
k=1

rae px(zk,01,...,0,) — BeposTHOCTL cobbiTHA {X = Zi}.
Ananorunyno onpegensierca dynxums npasgonopobus Lz, 61,...

.,0s) npu meommopomHoil BHIGOpKE Z 2 col(X1,...,Xn), Korma
CB X}, k = 1,n, TO-TIpeXKHEMY HE3ABUCHMbI, HO MMEIOT Da3IniHble
TIOTHOCTH pacupenenennst fx, (Zg,01,...,0s), 3aBuCHIMe OT OFHOTO K
TOTO 2Ke Habopa HEH3BECTHBIX napamerpos 8y, ... ,0s.

Onpenenenne 18.8. Jlozapupmuneckold Pynxyued npasdonodo-
6us nus HemapecTHoro mapaMerpa 6 € © C IR° naswbiBaerca dbyHKUUA
InL(zp,01,...,0s).

Onpenenenune 18.9. Ilapamerpuveckas CTATHCTHYECKAA MOJIENb
(So, Fz,(2,6)), 8 € © C R', naspiBaercss pezyaspnot, €C/M BHIIOJIHS-
I0TCSt CJIEYIONAE YCAOBHUSL:

1) byukuus npasnononobust L(z,,0) > 0 mua scex 0 € © u z, € Sy
audpdbepernupyema no mapamerpy 8 € ©;

2) st moboro u3MepuMoro MHoxkecTsa A C S BBUIOIHSIETCS YCIOBHE

%]

7]
56 JL(zn,G) dz, = iggL(zn,G) dz,.

A

U3 ycioBust 2) BITEKAET, B YaCTHOCTH, YTO B CAydae PEryaapHoil Moje-
Jiu BEIDOPOUHOE HpocTpaHcTBO Sg = S, T.€. HE 3aBUCUT OT HEU3BECTHOIO
napamerpa 6.

IIpumep 18.3. Ilycre BeIGOpPKAa Z,, COOTBETCTBYET PABHOMEPHOMY

pacnpenenenno R(0;b) ¢ HenmssecTHBIM mapamerpoMm 0 2 b. B srom
caydae napaMeTpHUYECKas CTaTHCTHYecKast mogent (Sg, Fz_ (zn,0)) He
SABJISIETCSl PEryJsipHOM, TaK KaK BHIGOPOYHOE IIPOCTPAHCTBO Sy oOmpeje-
nsietcs Ha oTpeskax [0,b], a cies0BaTENLHO, 3aBACAT OT IapaMmeTpa b.

Onpegenenue 18.10. B ciayuae perynsipHoit craTHcTRYIeCKOH MO-
nenn (S, Fz (2n,0)), 6 € © CR', Benmmuuna

2
L(O)2M [(L‘“Lgezmﬂ)) ]

Ha3biBaeTca unpopmayueti Puwepa o mapamerpe 6 € ©, comeprkamueiica
B BoIOOpKE Z,, .
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B ciy4ae perynspuoit mogenu (S, Fz, (z4,0)) nas moboit Hecmemen-
Holt ouerkn 6(Z,) napamerpa 6 € © C R! cnpasemuso Hepasencmeo
Pao-Kpamepa

1
I.(6)

D [é(zn )] >

DTO HEPABEHCTBO JAET HUXKHIOW I'PAHUILY JJId JUCIEPCHH HECMeINeH~
HOH OLIEHKH.

o~

Onpenenenne 18.11. Hecmemennaa onenxa 6(Z,) muapamerpa
8 € © CR! masniBaerca R-sdpexmuenot oyenrot, ecu suis ST OneHKH

B HepaBeHcTBe Pao-Kpamepa mocruraercst papencrso, T.e. D [H(Zn)] =

=1/I,(6).
Ecmu R-3ddexkTuBHad oneHKa CyUECTBYET, TO OHA SIBJISIETCS TaKIKe
3 eKTHBHON B cMBbICTe MUHHMYMa Aucnepcru (cM. onpemenenne 18.6).
Criocob nocrpoernsa R -3¢ deKTHBHLIX OLIEHOK BBITEKAET U3 KPUMEPUS

o~

appexmuenocmu, coctosero B cremyromeM. Onenka §(Z,) napamerpa 6
asysietcst R-3ddekTuBHON TOr/a M TOALKO TOTAA, KOTa

~ 1 X Bl f(Xx,0)
0(Z,) — 0 = 3 AL
(o) &~ a0
Tabnuna 18.1
Monens I.(8) 8(Zs) D{0(Zn)]
N 1 n 2
N@:ok) | -5 ix = = 3 X; x
X i=1
12 262
N(mx;9) 2_:5 dx = =3 (Xi ~ mx)? —
=1
. kn nx _ 1 Oy o(1 — 6)
Bik9) | 505 k| nk ,2 X P
. 1 0
T1(6) % Mx =~ 3 Xi -
=1

Ilpumep 184. Ilpusemem npumepor R-3pdexrunnpix (a ciaego-

o~

BaTenbHO, M 3¢deKTuBHbIX) oueHok 6(Z,) HEH3BECTHBIX IAPAMET-
PoB  HEKOTOPHIX PaCIPOCTPAHEHHBIX PacHpeflefieHHi, WX JHCIEPCHH

D [b\(Zn)], a Taxke smadenus uHpopmanmunn Qumepa [,(0) (cm.
Tabis. 18.1).
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Ilpumep 18.5. Ilpueesem npumep, Korga dpeKTUBHAS OlEHKA
HEH3BECTHOrO NapaMeTpa cylecTByerT, a R-3ddexTuBHad OlleHKa He Cy-
mectyer. IIycTh BhiGOpKa Z, COOTBETCTBYeT pacupesenernuio N(m;o?)

A A o
¢ HeM3BeCTHBIMH nNapameTpamu 6; = m, 62 = 0. B pmanHoMm cnyuae
napaMeTpuyiecKas Mojenpb Abagerca perysaapHoi. M3 n. 16.5 crexnyer, uto
CTATUCTHKA,

5x(Zs) = i(Xk - fx)’

SIBJISIETCST HECMELEHHOIT OIICHKON HemsBecTHON aucnepcun dx = o2. Kak
yKasano B mpuMepe 17.1 u3 . 17.1, CB
y, & (n=Dix(Z)
o
IMeeT pachpedeseHue xu-ksagpaT x2(n — 1), a cremoBarennHO, €€
pucnepeus pasaa D[Y,] = 2(n — 1). Ilostomy

20*
n—1

D [gX(Zn)] =

Cornacuo uepasencrsy Pao-Kpamepa HIDKHAS rpaHuIa JUCICPCHA
moboll HEeCMEIIEHHOH OIEHKH B 9TOH CTATHCTHYECKOH MOZENM DaBH3
20%/n . Takum obpaszom, $x(Z,) ne aBnsercs R-3¢ddbeKTHBHOIM OEHKOM.
Ho moxxHO 1noKasarh, 4TO 3Ta OIEHKa sBasiercsa 3(deKTHBHOM, T.e.
$x{Z,) ummeeT MunUMaNBHYI mucnepcuio. TakuM o6pa3soM, HHXKHSS
rpanuua B HepaseHcrse Pao-KpaMepa me pocruraercs, a cie[oBaTenbHO,
R-3d>dexTuBHON OLEHKH HE CYIECTBYET.

18.2. MeTton MmakcuManbHOro npasaomnonobus. Kak yxe orme-
YaJIOCh BBbINIE, HAa NPAKTHKE YaCTO YIAETCS IMPEICKa3aTh BUJ pacIipe-
nenennst Habmomaemoit CB ¢ TOYHOCTBIO 110 HEU3BECTHBIX IIAPAMETDOB

A .
6 = col(by,...,0s), t.e. gna uenpepoBHoii CB X oka3biBaeTcsi H3-
BecTHOM muornocTh f(z,6), a mna muckpernoit CB X — BeposiTHOCTH

p(x;,0) 2 Po{X = 2;}, i = 1,m, tne z;, i = 1,m, — BO3MOXHbIE
suadenuss CB X . Hanpumep, moxer 6vith 61 = my, 02 = dx npu s =
= 2. OTH Heu3BECTHBbIE IIAPAMETDPHI TpebyeTcs OHEHHTh IO MMEIOIICHCs
BBIOOPKE Z,, .

PaccmoTpum HapaMeTPHYECKYI0 CTATHCTHYECKYIO MOJIeNb
(So,Fz,(2,,8)), 6 € © C R®, gya xoTopoii H3BECTHA YHKIHA
npasgononobus L{z,,01,...,6,).

Onpegnenenue 18.12. Quenkxold marxcumasvrozo npasdonodobus

(MII-oyenwoti) napamerpa € © Ha3bIBaeTCA CTATHCTHKA §(Zn), Mak-
CHMM3UDYIOIIas JUIs KaXKI0H peallu3aiuy z, (QYHKUHIO Ipasrornonobud,
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0(z,) = argr;leaé(L(zn,O).

Croco6 moctpoetiuss MII-011eHKH HA3LIBAETCA MEMOGOM MAKCUMAALHOZO
npasdonodobus.

IMockonbky dynkuus npasgononobus L(z,,0) u eé morapudm
In L(z,,0) pocTHraioT MakcMMyMa IpH OJHHMX M T€X JKe 3HadeHHaAX 0,
TO YacTo BMecto L(z,,0) paccMmatpusaioT JorapudmMuieckyo byHKIMO
upapgononcbns ln L(z,,0).

B cnyuae mnddepennmpyemoctu dynkmun In L(z,,0) mo § MIT-onen-

Ky MOXHO HaliTH, pemas OTHOCHTENBHO f1,...,0s cucremy ypasrenud
npaedonodobus
OInL(zn,6:1,...,0s) —0 OlnL(zn,601,...,0s) —0

80, ' 00,

OrmeruM, 94TO B Tex Cydasax, Korga cymecrsyer R-sdbexkrusnas
oneHKa napametpa 8, oa coBnamxaer ¢ MII-omenkoi.

IIpumep 18.6. Ecmu, sanpumep, CB X nmeer HopMasibHOe pac-
npegeneane N(mx;0%) ¢ HeM3BECTHBIM MaTEMaTHIECKHM OXKMIAHHEM

A .
@ = mx, TO JErKO YCTAHOBHUTH, YTO OLEHKOH MAKCHMAJBHOIO IPaBaO-
monobust mapamerpa § = my npu J0OBIX Ox sBisieTCAd BHIOOPOUHOE
cpejtHee My . efiCTBUTENHHO, B 3TOM CIIydae

- _(me—mx)t | _
1;[ \/27“7)( { 20% }—

1 i wk - mx)
= ————eX
@rey Py T A

L(zp,mx)

Huddepenuupys gyuxumio In L(z,,mx) 00 Mmx U IPUPABHHBASA HYJIO
ITOJIy YaeMoe BBIPaXKEHHe, HAXO/IMM YDaBHEHHE, PellleHIe KOTOPOTo

-~ 1 & A
k=1

ITpumep 18.7. Ilycrs CB X wumeerT paBHOMEpPHOE pacCIpeliesieHue

A A
R(a;b) ¢ HemspecTHhiMm napamerpamu §; = a, 63 = b. B naunoM
CIIy4Yae IIOTHOCTh pacmpenenenus f(z,a,b) =1/(b—a), ecnu z € [a,b],
u f(z,ae,b) =0, ecin z ¢ [a,b]. Onesum mapameTpsl @ u b MeTozOM
MaKCHMaJbHOrO mpasiononobus. Qyskuust IPaBIONOAoOHsi B JNaHHOM
CIIy4ae UMeeT BUJ,
1 n
b—a) ’

L{z1,... ,2n,a,b) = ﬁ f(zk,a,b) = (

k=1
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ecmn a < g < b pascex k=1,n, u L(z1,... ,Zn, a,b) =0 B ocTanbHbIX
cryvasx. TakuM obpasom, pyHKIMS IpaBIOIOA00OHs OTAHYHA OT HYyJI,
eciTi Heu3BeCTHBIE TapaMeTpsl a U b YZOBIETBOPAIOT HEPABEHCTBAM

A A .
b> 2™ S max a, a <z £ min zx.
k=1,n k=1n
Ilpu arom dymkumsa L(zy,...,Z,,a,b) mocruraer mMakcuMyma IO a

1 b, Korma pasHoctb b — ¢ OKA3BIBACTCS MHHHUMAJBHO BO3MOXKHOM,
He HAapyIaolnel moJydeHHble HePaBeHCTBA, T.€. B Ciydae JOCTHIKeHUs
B Hmx papeHcrB. Takum obpazom nomyuaem MII-oneHkl HeM3BECTHBIX
ImapaMeTpoB a U b:

a(Z) = XY, B(Z,) = X",

roe X g X)) — KpaiHie WieHbl BADUALUOHHOTO Pia.

Kak ormeuasioch Bbillle, faHHAS TApaMETPHYECKast MOJEIE He SIBJISIET-
Cs PeryJspHO, Mo3TOMy B JaHHON Monesu R-adbdexkrupase oneHku He
CYUIECTBYIOT.

IIpumep 18.8. Ilycrs ciyyaitnas Benwumda X HMMeeT pacipeie-
nenne Ilyaccowa II(a) ¢ HeusmectuniM mapamerpoM = a. ITocrpoum
MII-omenky mapamerpa a. OyHKUHS OPaBAONOLOOMS B 3ITOM CIydae
paBHa

[I03TOMY Jrorapudmudeckas GYHKUUS IPaBIONoIo0Husa paBHA
n
InL(zn,a) = > zplna—na—In(z!- ... 2,!).
k=1
Pemast cooTBeTCcTBYIOMIEE YpABHEHNE TPABAOION00U

0
e In L(z,,a) =0,

HaxomuM MII-olleHKy HEN3BECTHOTO NapaMeTpa a :

~ 1 & A ~
a(Zy,) = ~ 3 X = mx.
k=1

IIpumep 18.9. Haiinem MII-oneHky A/t BEPOATHOCTH p <«yCHeXa»
B cxeme uchbiTanuii Bepny/um. B aToMm ciygae mMeem pacmpejesienue
Bepuyam Bi(1;p) ¢ meussecTHbIM napamerpom 8 = p. [Tostomy

L(Zn7a) = H pxk(l - p)l—zka
k=1
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roe zp = 1, eciu B k-M wucnblTaHuu Obll «ycmex», # &k = 0 — B
IIPOTHBHOM ciyuae. Pelas ypaBHeHue mpaBaonogobus

18.3. MeTon MoMeHTOB. McTopuyecku nepBBIM IS OUCHUBAHHSA
HEM3BECTHBIX [IApaMETPOB ObLI Hpejuiodken caemyonmit Meton. IlycTs
MMEeTCsl TapaMeTpUdeckas CTaTHCTHueCKas Moaenb {Sg, Fz, (zn,6)), 6 €
€ © c R°. IlpennmonoxuM, uro y Habmogaemoit CB X , mopoxparouteit
BBLIGOPKY Z,, CYIIECTBYIOT HadYaJbHbie MOMeHTH v; = M[X'], i = 1,s.
Torna B 0bmieM ciiyyae OT HEM3BECTHLIX NapaMerpoB OyIyT 3aBHCETH H
HavaJIbHBIE MOMENTHL, T. €. v; = 1;(6).

ITycTs ¥;, i = 1, 8, — BLIGOPOYHbIE HaYAJbLHBIE MOMEHTHI. PaccMoTpuM
CHCTEMY YpaBHEHU

Vi(e):;/\’ia 7':—].-7_3

¥ TIPEIUONIOKHUM, YTO €€ MOXKHO Da3pelluTb OTHOCUTEJILHO IapaMeTpPOB
01....,0s, r.e. naittu dyukuun 0; = ¢;(D1,...,0s), 1=1,s.

Onpenenenune 18.13. Pemenne nonyuyeHHOl cucTeMbl ypaBHeHMH
0; = ¢i(t1,...,Vs), © = 1,8, HasbiBaeTca ouewkol napamerpa @,
HaligeHHON 110 Mmemody momenmos, niu MM-ouenxotl.

Ecmu dynkunu ¢1(-), ... ,¢s(-) nernpepbiBubl, To MM-oneHku sBJisi-
IOTCSI COCTOSITEbHBIMH.

Sameuyanue 18.2. YpaBHeHHd MeTOHa MOMEHTOB HaCTO OKA3blBa-

10TCca boiee NPOCTBIMHU 110 CDABHEHUIO C ypaBHEHUAMHA Hp&B,ILOI‘[O}I,O6I/IS{7 )48
HUX pemeHue HE CBSA3AaHO C OOMBITMMH BLIYHUCIHTEALHBIMU TPYOAHOCTAMMU.

A
Hpumep 18.10. Ilycts Z, = col(Xj,...,X,) — Boibopka, coor-
BETCTBYIOIAas HOPMATLHOMY pactpenenennio N(m;o?) ¢ HeM3BeCTHBIMA
2 OueHuM HapaMeTpsl M H 02 ¢
IIOMOIIHI0 METOJA MOMEHTOB. B namHOM ciyuae vy = m, vy =m? + 02 u
CUCTEMa YPAaBHEHUWH JJIsI METONA MOMEHTOB NMPHHUMAET BHJ,

A A
nmapamerpamu 0 = m u 0 = o
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Pemast sty cucremy, naxonum MM-oueHKH
Ol(Zn) :Dl, 02(Zn) '—‘Dg—il\lz.
IHpumep 18.11. Ilycrs Z, = col{(Xy,...,X,) — BbibOpKa, COOT-
BETCTBYIOIaA paBHoMepHOMY pacupenesenuto R(a;b) ¢ HeuspecTHbIMK

A A
napamerpaMu 0y = a n 0, = b. OuernM mapamerpsl ¢ 1 b ¢ HOMOLIBIO
MeTOZa MOMeHTOB. IT0CKOIBKY IJIs1 JaHHOIO PaCIIPe/ICICHH

a+b _ (b—a)? (a+b)2
2 0 ot )

vy =

TO CHCTEMa ypaBHeHI/Iﬁ METOAa MOMEHTOB IIPDUHHUMAET BHUIL

2 "
(b—a)® (a—{—b)z_/\ Al LA
2 T\73 =n=03 X

Pemag ary cucremy, monmyuaem MM-oueHKY HEH3BECTHBIX IIapaMeTPOB:

@(Z,) =1, —\/3dx,  b(Z,) =1 +1/3dx,

~ Al &
roe dx = — Z Xk—mx
k=1
Ouenku, nonydennbie B npumepe 18.10 ¢ IOMOIBIO METOJIA MOMEHTOB,
coBmagaoT ¢ MIT-onenkamu, HaliIeHHBIMH B npuMepe 18.6 u3 m. 18.2, a
MM-oueuku B nmpumepe 18.11 we conamaior ¢ MII-onenkaMu, 11ocTpoeH-
HLIMH B IpuMepe 18.7 U3 TOro XKe MyHKTA.

3

§ 19. UnrepBajibHbIE OLEHKH

19.1. OcHoBHbIe noHATHUS. IlycTh uMeerca mapamerpudeckas CTa-
TucTHaecKas Mogens (Sp, Fz, (2n,0)), 0 € © C R', u no sribopre Z, =
= col(X1y,...,X,), cooTBeTcTBYIOLIEN pacnpeenenuo F(z,0) nabmona-
emoit CB X, Tpebyercst onpellenuTh Hen3BeCTHbIH mapamerp 6. Bmecto
TOYEYHBIX OIIEHOK, PACCMOTPEHHBIX PaHEe, PACCMOTDPAM JAPYTO# THI OIe-
HOK HeM3BecTHoro mapamerpa 6 € © CRY.

Onpenenenne 19.1. Wurepsan [81(Z,),02(Z,)] co cnyyaitnbivu
KOHIIAMH, «HAKpbIBAIOIOUit» ¢ BepodATHOCThIO 1 — a, 0 < a < 1, Heus-
BeCTHBIN mapameTp 6, T.e.

P{Ol(Zn) < 0 < gz(Zn)} =1- «,
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HA3BIBAETCH 00GEPUMEALHOLM UNMEPEAA0M (U uHMepeasvoti oyerkol)
YPOBHS HaJle>XHOCTH 1 — o mapamerpa 0.

AHaJIOrUYHO OIpEJEeNnseTcss NOBEPUTEIbHBIM WHTEpBAJ ISl [IPOU3-
BONLHON (byHKIMU oT napaMeTrpa 6.

A
Onpenenenne 19.2. Yucio § = 1 — a HaswmiBaerca dosepumens-
HOU, 8EPOATNHOCTIDIO UIH YPOBHEM 00BEPUS.

Onpenenenue 19.3. oseputennusiil uurepsan [61(Z,),02(Z,)]
HA3BIBACTCH YEHMPAALHBLM, ECITH BBHIIONHAITCS CIELYIOMAE YCIOBUA:

P{0>6:(Z:)} =5, P{0i(Zn)20)=3.

YacTo BMECTO ABYCTOPOHHUX JOBEPUTEIBHEIX HHTEPBAJIOB PACCMATPH-
BalOT OJHOCTOPOHHUE MOBEPHTENIbHBIE UHTEPBAJILI, Tosarast 01(Z,) = —oo
una 65(Z,) = +00.

Ounpepgenenne 19.4. Wurepsas, rpaHHLBI KOTOPOro yAOBJIETBODSI-
0T YCIOBHIO:

P{0>6:,(Z)} =« (mmn P{6:1(Z,) 2 6} = a),

Ha3BIBACTCA COOTBETCTBECHHO NPAGOCTMOPOHHUM (I/IJ'IPI ./LEGOCTHO])OHHUM)

JdosepuMenbHIM URTNEPEAAOM.
PacemorpuMm fBa pasznudvHBIX CrOcob6a MOCTPOEHHS JOBEPHTETLHBIX
WHTEPBAJIOB.

19.2. Mcnonb3oBaHNe 1IeHTPAJIBHON CTaTUCTUKU.

Onpenenenue 19.5. Qyuxuus Y = G(Z,,8) cuyuaitnoit Beibop-
KH Z,, Takas, 9To eé pacupeieienue Fy (y) He 3aBucuT oT napamerpa 0
u npu Juobom 3Havenuu z, Gyukuua G(z,,0) aBisercs HeUPEPHIBHOK U
MOHOTOHHOH 110 @, HA3BIBAETCA UEHMPAALHOU cmamucmukot IS mapa-
metpa 6.

. A
Smas pacnpenenenwe Fy(y) ueHTpambHoM cTaTHCTHKH Y =

A .
= G(Z,,0), MOXHO HallTH YHCNa ¢; U g2, YAOBJIETBOPSIOIIUE YCIOBHUIO
P{g1 < G(Zs,0) < g2} =1~ c.

Torsa rpaHuubl ZoBepuTensHOTO METEpBana (01(Z,),02(Z,)] nas napa-
MeTpa 0 MoryT 6HITL HaliJeHbI, €CIM pAa3pPElINTh, YIUTHIBas CBOHCTBA
bynkuuun G(zy,,0), crenyomye HepaBeHCTBa:

g1 g G(Znaa) < g2.

B uwactroctn, eciit G(zy,, ) — MOHOTOHHO Bo3pacTalomas o ¢ GyHKIus,
TO

el(Zn) = G_I(Zn’gl)y 02(Zn) = G*I(Zn,gz),
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rne G™1(z,,91) — dynkuus, obparnas no orHomenuo X G(z,,6) . Eciu
G(zp,0) — Monoronno ybpisamomas o 6 Qyakius, To

gl(Zn) = G_I(ZnaQZ)v 02(Z") = G_I(vagl)‘

IIpuMenuM JaHHBIA METOX JJIs TOCTPOEHHS JOBEPUTEIbHBIX HHTEPBA-
TIOB HEM3BECTHBIX [IApaMeTPOB HOpMaJbHOro pacnpeaeterus N(mx;o%).
C 3710it 1eabio chopMyTHpYEM YTBEDXK IEHHE, ¢ TIOMOLIBI0 KOTOPOro MOXK-
HO OIIPEENUTh UEHTPAJIbHBIE CTATHCTHKU I HEW3BECTBHIX IlapaMeTpoB
mx , 0% . Ho nepes ero bopMyIupoBKoit HATOMHNM CIIEAYIOUIEE TIOHATHE
U3 JTUHEeRHON anrebpol.

Marpuna C pa3MepHOCTH 7. X 7L C dJIEMEHTaMH Cij, 1 = In, j=
= 1,n, HasbIBaeTca opmozonasviot, ecmn CTC = I, rae [ — epunuyanast
MaTpuIa pasMepHocTH n X n, a CT — mpancnonuposannas mampuya ¢
3/IeMEHTaAMU ciTj = ¢j;, i=1,n,j=1n.

Paccmorpum oproroHasgbHylo Marpuny C CHEHUAIBHOTO BUHIA, Y
KOTOpOit TIepBast CTPOKa COCTOUT H3 3JIeMeHToB ci; = 1//n, i = 1L,n, a
OCTAJIbHBIE CTPOKU — IIPOM3BOIbLHBIE, HEHAPYIIAIONHE OPTOTORAIBHOCTD
Marpuupl C. Takas MaTpula BCerjia CyIIecTBYeT. PaccMoTpUM CBOUCTBa
BBCJICHHOI MaTpHUIbL.

CsoiictBa MaTpunb C
n
1) > ckjeij = 0 st Beex k # i, Tak Kak CTC =1 uy epunuanoi
i=1
MaTPHUIBI BCE 3JIEMEHThI, KPOME JUMATOHAJIBHBIX, PABHL! HYJIO.
n
2) Z cz]- =1 gusBecex k=1,n, tak kax CTC =] u AUArOHAIBLHDLIC
i=1
3JIEMEHTBI MaTpHIbl | pPaBHBI €JMHUIIE.

3) Eciiu y = Cz, tme y = col{ys, ... ,yn) m « = col(z1,...,Zn), TO
n n
> yi = > z2 . JleficTBUTENBHO,
k=1 k=1

" n
Sy = yTy = (Cx)TCx = 2TCTCx =27z = 3 z3.
k=1 k=1

n
4) Z cij = 0 aoa Beex i = 2,n. Us cotterpa 1) C 15t nepeoit cTpoxu
j=1
(k=1) mpu ¢ > 1 nmeem

n n
Z Cij = \/ﬁ Z cljcij =0.
j=1 j=1
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Teopema 19.1. (Teopema Puwepa, ycuaennwd sapuanm). Tycmo
Zn 2 col(Xy,...,X,) — ewbopra, nopoocdennan CB X ~ N(mx;0%),
a mx udx — svbopounwie cpednee u ducnepcusa. Tozda

1) CB Jl*lxé (mx — mx)\/ﬁ/ ox umeem pacnpedeserue N(0;1);

2) CB f)xé ndx /0% umeem pacnpedeaenue x*(n—1);

3) ]\C;IXé (Mmx —mx)y/(n~—1) /c/i\x umeem pacnpedeserue S (n —1);

4) CB mx u c’[X HE3ABUCUMDL.
JdokasarenbcTso. 1) JlokaxkeMm BHayajie NIEPBOE yTBEPXKIEHHE.
Tax kak cymma HopMmaunHbix CB sBisierca HOpMaJibHON, TO Mx =
n
= % > X; sBnserca nopmansuoii CB. Kpome roro, u3 csoiicrsa 1) mx
i=1
soitekaer M[X] = my . [anee, Tak xak CB X;, i = 1,n, HezaBUCUMBI 1
OIIMHAKOBO PaclpeieNens, TO B cuity csolicrBa 4)M [X] nmeem D[ x] =
= 0% /n. Takum obpaszom, (Mx —mx)yn/ox ~N(0;1).
2) Hoxaxkem Teneps BTOpoe yrBepxgenue. C 3TOH nenbio BBE#EM
HOBBIE CIy4YaiiHble BEJTUIUHLI Y),..., Yy :

v=21cz,

ox

rae Y 2 col(Yy, ..., V), Z, 2 col(Xy,...,X,), C — oproroHannHas
MaTpHILa, OCTPOEHHAd BLINIE, T.e€. YAOBAETBOpAOmaa cBoiictram 1) C—
4) C. Torpa nMeem

=3 My y=3 Sy L sx,= Y5
- Cki .y, = 89 x. - = Y—fx
k ]-__-Zl ox 741 ; ox 7 UX\/;':]:ZI 7 ox

Haiinem moMents! HOBbIX CB. Vunteisad ceoiictea 1) mx u 4) C, umeem

M[YI] = E\{_‘f mx,

M[Yk [Z ki X] o_;: chj =0, k= , .

oXx

YuurTeiBad ceoficta 4) Mx u 2) C, nonyyaeMm

D[Yk]=zn:c’°’D[X]_ch] 1, k=TLn.

=1 =1
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Iycrs k# i, k=2,n, i = 2,n. Torga ¢ yuerom Hesasucumoctu CB X,
j=1,n, 1 ¥X ONUHAKOBON PaCNpeEJEHHOCTH UMeeM

oxkvy; = XMV, Yi] = [Z ks X Zc,zXz} =

= chquM[Xj]M[Xl] + Z ijcijM[X?] =
J#l 3=1

n n n n
= mg\» Z Ckj Z Cil — mgf Z CkjiCi; + M[Xz} Z Ck;jCij = 0,

j=1 =1 j=1 i=1

Tax KaK KaxXJas B3 STHX CyMM paBHa HyJio B cuity ceolicrs 1)C, 4)C.

AHAJIOTHYHO yCTaHABIUBAETCH, YT0 Ky y, = Ky,y, = 0 mjs Beex 1 =
=1,n, k = 1,n. Takum ofipazoMm, Mbl ycraHoBuad, 9to sce CB Yy, k =
= 1,n, HEKOPPEJHPOBAHH, HO OHY MMEIOT HOPMAJBbHOE DACHpEIeNEHNE,
TaK Kak obpazoBanbl cymmoil HopmanbHbix CB Xj;, 7 = 1,n. [Toaromy,
CB Y, k = 1,n, wezapucumel. Hpuyem, Yy ~ N(0;1), k=2,n.

Pacemorpunm  soibopodnyio  aucrnepcuio  dx , BBEAEGHHYIO COTIACHO
onpenenennio 16.16. Torna

ndx 1 & 1 & 2
— = = >_(X; —inx) —TZ X7 —2X;imx + k) =
Ix Ix =1 Ox =1
i 7 2 2 1 n 2 n 2
O")»(Zl —Qnmx—%—nmX):FZX]~;—2—mX:
X Yj=1 X j=1 X
n 2 2 n 5
=2 ¥V -Yr=3Y
k=1 k=2
rae Y ~N(0;1), & =2, n. Taxum 06pa30M, MBI JOKA3AJIH, YTO, COLIACHO

*
onpenesenuo 17.1, DX= ndx/og( ~x%(n —1). Yuureisas Tenepb, 4To

2 n
Ox 2 -~ ox
dx = % %Y, My = —= Y]
X n ko X \/ﬁ 1;
a Taxke HezaBucumocTs CB Y3,Ys,...,Y,, npuxoguMm K BBIBOLY, HYTO

HesaBucuMbl Takke 1 CB dx , Mx , T.e. BepHO IOCJeHee YTBEPKICHHKE
TEOPEMBI.
3) Haxownen, nokaxeM tperse yreepxkaenne. Paccmorpum CB

?éY—gm \/—(mx— x)
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KoTopas umeer pacnpenenenne N(0; 1), Tak Kak yCTAHOBJIEHO BbIlIE, 9TO
M[Y;] =vnmx/ox, D[Y1] =1, M[m x| =mx u CB Y; umeer Hopmas-
noe pacupegenenne. OQueBunHo Takxke, yro CB Y u d: x HE3aBHCHUMBL.

Paccmorpum CB T, umeromyro pacnpegeienne Croiogenta S(n — 1).
CornacHo onpegenennio 17.2, ncronb3ys MOy YeHHbIE IPEACTABIEHUS JJIA

mx ¥ dx , HaX0IuM

o
Taknm obpazom, Mx~S (n —1).
IIpumep 19.1. Ilo Bobopre Z, U3 HOPMAJBHOIO Daclpejese-
HUsT TpeOyeTcs HOCTPOUTH HOBEPUTENLHBLH I/IHTepBaJI JUIST HEU3BECTHO-
ro MO mx mpu usBecTHOI ;mcnepcmr 0% . VI3 npuseneHHOrO BBIE

yTBepKAenus cieayer, 9yro CB M X HMeeT HOPMaJIbLHOE paclpenaene-

uue N(0;1), KoTopoe He 3aBHCAT OT Mx , U, KPOME TOro, (DyHKIUs
A ~

G(Zn,mx) = Mx= (ix — mx)\/n/ox ABRAETCA HENPEPHIBHOH ¥ yObI-

*
Bawomiel nmo my . dro 3nauut, 4ro CB Mx ABAdETCA HEHTPAJIBLHON
cratucTukoi. [TosToMy moBepHUTENBHBIN HHTEPBAN I HEU3BECTHOTO MY
MOXKHO HallTH, €CJIN pa3pelllnTh OTHOCUTENBHO M x ABONHOE HEPABEHCTBO

(mx —mx \/— < g2,
ox

g1 <

rIe BeJIMMMHBL §; M ¢g NOHOOpaHbl TaKuM oOpa3oM, 4To 9TO Hepa-
BEHCTBO BBIIIOJIHSIETCSI € BEPOSATHOCTHIO 1 — . 3aMermM, 4YTO JaHHOE
YCJIOBUE HEOAHO3HAYHO OINpENENsieT ¢y, 2. DBbibepem JOBepHTEILHBIN
HHTEPBAJ MUHUMAJbHON MJIMHBI YYHTHIBAS CHMMETPHIO OTHOCHTEJBHO
ocu OY niIOTHOCTH CTaAHAAPTHOTO HOPMAJIbHOrO PaCHpeae/IeHHsA, MOXKHO
[IOKa3aTh, YTO TAKOW MHTEPBAJ OyJeT HMETh MIHUMAJILHYIO JJIUHY, €CJIH
MTOJIOXKUTh 1 = —g2, M IPY 3TOM OH OKA3bIBAETCS LEHTPAIBHBIM. Takum
obpa3oM, MoiyvdaeM Cjeayiomuii JOBEPUTEIbHBI HHTEPBAJ:

—~ ox ~ ox
mx—\/—ﬁu7<mx<mx+ﬁu7,

Iie %, — KBaHTHJb yPOBHA Y = 21— /2 CTaHZAPTHOrO HOPMAJIBLHOT'O
pacinpenenenust N(0;1). B manHOM ciydae JJMHA JOBEPHTETBHOTO
uHTepBana paBHa A = 2u,0x/\/n u He ciydvaiina. [TosTomy, 3aaaBImHCh
3HAYEHUSIMA JIIOObIX JBYX M3 TPeX BeJUYHH A, o, 1, MOXHO OIPEJeJHTh

3Ha4yeHHNe TpeTbell BeIMIUHbI.

IIpumep 19.2. Ucnomssys yTeepxkaenne 3) Teopemsi 19.1, Mox-
HO [OCTPOUTH AHAJOTMYHBLIA LEHTPAJbHLIA JOBEPUTENILHBIM MHTEpPBAJ
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ans HemspecTHoro my CB X, uMeromeill HOpMasibHOE DAaCIpeIeNeHune
N(mx;0%), u B ciydae, KOT/ia BEeJIMYMHA Ox HEU3BECTHA:

_ | d. . ]
My — n—flt,,(n—l)Smxgmx—i- ;‘_)f_lt'v("_l)’

rae ty(n — 1) — KBaHTUIB YPOBHS 7y 21-q /2 pacnpegenenns Crbio-
nenta S (n —1).

B ornuuue or mpemblAyIero IpEMepa JIUHA JOBEPHTENbHOIO HH-
TepBana ciaydaitna u 3asucur or CB El\x. Ho npu n > 30 unrepsaJb
u3 npuMepos 19.1 u 19.2 nmpakTHvecKu COBIAJAIOT, TAK KaK OPpH 711 2
2 30 pacupegesnenne Crbiogenta 6IU3KO K CTAHAAPTHOMY HOPMAJbHOMY
DAaCIIpeIeJIEHHUIO.

IIpumep 19.3. Uenrpanbusiit qOBepUTENBHBIA UHTEPBAJ Ul HEN3-
BecTHOro napamerpa oy CB X ~ N(mx;c%) npu nemssecrmom my
MOKHO IIOJIyYHTDb, HCHOMb3Ys yTBEPKAeHHE 2) Teopemnl 19.1,

n - ) n —~
< —F— dx,
Ti—(n—1)

tae z(n—1) u z1_,(n — 1) — kBauTIIIM ypPOBHEH 7y 21— a/2ul-—
— v = @/2 jJs pacupeesieHus XU-KBaapar ¢ n — 1 creneHbio cBoGOILL.

IIpumep 19.4. IlocTpoum HOBEPUTENHLHBIN UHTEPBAJ IJIst HEU3BECT-
Horo napamerpa b paBuomepsoro pacupejenennst R(0;b) . Moxuo noka-
sarb, yro CB G(Z,,b) 2 (X(")/b)" umeer pacnpenenenne R(0;1) jas
smoboro b > 0. Kpome toro, dyukuus G(z,,b) — yObBalomas mo b.
Cnenosatensto, G(Z,,b) smnsercs uenTpanbHolt crarucrukoit, Torma

MOJLYyY3EM YCJIOBHE
x(n) n
P{glé( 5 ) CSgr=l-a

IJIsL HEKOTODBIX 4YHCENl g1, ¢2. Pa3spemias ABOIHOE HEPABEHCTBO B
3TOM BEPOSITHOCTHOM YCJIOBHH OTHOCHUTEJBbHO b, mosmyvaem CiIemyroruit
JOBEPHUTEJILHLIN MHTEDPBAJ:

X x(m)
7 SO
92 91

OTMeTI/IM, 4TO 3TOT HHTEPBAJ 6y,11e'r HMEeTh HAMMEHBUIYIO IJINHY, €CJIH
g2=1,a g1 SABIACTCA KBaHTHJIbIO YPOBHs « DaclpeleseHusAa R(O, 1) ;
T.€. g1 = «&.
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o A
19.3. Ucnonb3zosadne ToueuyHoi onenku. lIyeres T = 8(Z,) —
TOYeYHas OLEHKa HEM3BECTHOro fapaMerpa 6 ¢ dyHkumell pacmpeneie-

aus Fp(t, 0}, xoropas monoronna o 8. Hycrs ¢, 2 a(zn) — peaM3anms

onenku T' 2 a(Zn). [ycte 61(2,) ¥ 82(2,) — Takme nBa 4mcia, 9TO

81(zn) 2 max {e : Fr(tn,8) = 2} ,

02(2n) 2 min {0 cFr(t, —0,0)=1- g},

[\

ecin Fr(t,0) — Bospacratomas no 6, u
61(zn) £ max {9 : Fp(t, —0,0) =1~ —} \

02(zn) £ min {0 Fr{t,,0) = }

ecn Fr(t,0) — ybeiBaromas no 6.

Wnrepsan [01(Z,),02(Z,)] co cay4allHBIMH KOHIIAMI, ONPEAEJICHHbBI-
MH BbIIIE, SBJIAETCA LEHTPAJLHBIM JIOBEPUTEIBHBIM WHTEPBAJIOM, <Ha-
KPBIBAIOIIUM» C BEPOATHOCTBIO 1 — v HeusBecTHBIN mapamerp 6.

Bo MuOrEX Cydasix TakoW JOBEPUTEJbHBIH HUHTEPBAJ COBIAJIAET C
WHTEPBAJIOM, IIOCTPOEHNBIM Ha OCHOBE HEHTPaJbHON cTaTHCTHKY. Hanpu-
Mep, 3ToT aKT HMEeT MEeCTO B CIyuae HOPMAJLHOIO PACIpeesIeHUs.
JleiicTBUTEILHO, B YACTHOCTH, IPH HEU3BECTHOM My W U3BECTHOM OX

B KadecrBe TOYEYHOH OIEHKM 1Mx MOXHO NpUHSTb 1 2 X , KoTopast
umeer pacnpegenerne N(mx;o%/n). Ouesmuno, 4To pacupejeseHue
Fr(t,mx) sBnserci B JaHuoM cily4ae ybmBamomeil mo myx ¢GyHKuu-

IloatomMy, ecim CTPOMTH NEHTPANBLHBIA JOBEPHTENLHBIM HHTEPBAJ C
TIOMOTILIO PACIpPeIeseHHsI TOYEYHO! OLEHKH, TO OH COBHAAET C JOBEDH-
TEeJBHBIM WHTEPBAJIOM MUHMMAJBHON JUIMHBL, HajijeHHbIM B ipuMepe 19.1
npeapigymero 1. 19.2. Ho B psage ciiyvaes BooOlie He yaercs TTOCTPOUTDb
JOBEPUTENLHBIA HHTEPBAJI HA OCHOBE IEHTPAJIBLHONH CTAaTHCTHKH, TOTAA
KaK JIOBEPUTEJILHBINL UHTEePBAJI, OCHOBAHHDII Ha pacipeie/leHuN TOYeYHOH
OLlEHKH, CyIHecTByeT. PaccMOTpHM HECKONBKO TaKux npuMepoB. OTMeTHM
TakKe, 9To B npuMepe 19.4 uz npenpyryniero n. 19.2 nabiromaercs mpo-
THBOTIONOXKHAS CHUTYaIus.

IIpumep 19.5. Ilyctre CB X wumeer pacunpegenenuve BepHynin
Bi(l;p) c HeumspecTHbIM WapamerpoM p u Z, = col(Xy,...,Xn) —
cooTBeTcTBYIOmAst Bhibopka. MII-oueHko# [yt p sBisteTcsi BHIOOPOUHOE
cpenHee

~ 1"
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A~
CB T = 6(Z,) Moxer npuaumarts 3HadeHus 0,1/n,2/n,... ,n/n, a ee
byHKIUA pacTpesielcHus UMeeT BUT

r(£,p) = i:Zk%)Cflpi(l -p)"

Hudbdeperunpya mo p dbynkuuio Fr(k/n,p), moxHO ybeauTbcs, 4TO
ee MPOM3BOJHAA OTpHUUATeNvHa, T.e. Fp(k/n,p) sBIAETCS MOHOTOHHO
ybbiBawomet no p npu k < n. [oaToMy MOXKHO HPHMEHHTH ONHUCAHHYIO
BBILIE METOHUKY AJIsi TIOCTPOEHHS NOBEPHTENLHOTO HHTEpBANa JJISL P .
Takum 06pa3oM, IPaHUIBI UEHTPANLHOTO JOBEPHTENLHOTO UHTEDBAJIA
[01(2p),02(2,)] HaxomaTCAa M3 peLICHHST CNELYIONINX YPABHEHHIL:

1- Fr (— 91) = 3G (1 - 6) = =3

i=k

k k i gt n—1
Fr(2,6:) =3 Caby(1—02)" " = 5.

=0

OTMeTUM, 4TO NPH NOCTPOCHUH OJHOCTOPOHHET'O JOBEPUTENHLHOIG HHTED-
Bajia JUIsl P MOXHO MOJIOXKWTH, Hanmpumep, #; = 1, u Torpa mojydaeMm
clenymliee ypaBHCHUE IS onpegeeHus 0y :

1- Fr (— 91) =S CLA(1 - 0)" = a

i=k

IMpumep 19.6. Ilycrs CB X umeer pacnpenenenue Iyaccona I1(a)
¢ Hem3BecTHbIM mapamerpoM a. MII-onenkoil napamerpa a sABisieTcs
BBIOOPOTHOE cpenHee

:l*—*

Onenka T 2 é\(Zn) IpUHMMaeT 3HadeHus k/n mpu k=0,1,2,...,n, a
ee GPYHKINS pacHpeselleHus UMeeT B,

Fr(£,0) = 3o emmelna)

=0

ITpoussoanas AaHHON (DYHKINH OKA3LIBAETCA OTPHIATENIBLHOH, CIeZ0Ba-
renbuo, dyukuus Fr(k/n,a) aBisercs moHoronHo ybGbiBaromeit mo a.
ITo3TOMy BOCIONBL3YeMCH OMHUCAHHBIM BBILIE CIIOCOBOM IOCTPOEHMS IEH-
TPaJILHOIO JOBEPUTEILHOIO HHTEPBaIa [01(2n), 62(2,)]- B Aannom ciyqae
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I onpefiesienust 6 u 62 moiydaeM CleAyIoliye ypPABHEHUSI:

1- FT (k_ lagl) = i 6_"91—(7“.91)' = %:

n

k i
Fr (,02) = 3o 08 _

[IpaBasi rpaHuIa OAHOCTOPOHHErO NOBEPUTEIHLHOIO HHTEPBAJIA HAXOMUTCA
M3 YPaBHEHUS

Fr(£,0,) =y el

19.4. Tunosele 3aga4un.

Sazaua 19.1. Mcnons3ys nanubie THIOBOH 3aga4uu 16.1, mocTpouTsh
LEHTPAJbHBIM JOBEPUTENBHEIN MHTEPBAJ YPOoBHA moBepust 0,95 mist Heus-
BECTHOTO MAaTEMaTHYECKOr0 OXKMAAHWS CpeHel TeMIepaTypbl SHBaps B
r. Caparose (CB X ). Bynem npeamonarats, utro CB X umeer rayccos-
CKO€ pacIpeieeHue.

Pewerue. Cornacio npumepy 19.2 HeHTpaJbHbId IOBEPUTELHLIN
HHTEPBAJl JJIs1 HEU3BECTHOI'O MATEMATUYECKOrO OXKHIAAHUA My YDOBHS
nosepus 0,95 umeer Buj,

~ —~

d ~ d
X togrs(n —~ 1) <mx < mx + X
n—1 n—1

Mmx — to,975(n — 1),
rae obbem BeIbOpKH n = 13, My = —11,87, JX = 22,14 (pesyabrar pe-
meHus 3a0a4u 16.1), a kxBanTHIbL pacnpegenenus CTbIOfeHTa tg g75(12) =
= 2,18 maxoaurca no tabyuue.

Crenap neobxouMble BBIMUCIEHHSA, TONyYaeM JOBEPUTENbLHbIH HHTEP-
BaJ mius my @ [—14,43,-8,9].

Orser. [-14,43,-8,9].

Samada 19.2. Ucnonbsys mamuble TumoBoi zamadu 16.1, mocrpo-
UTh IIEHTPAJbHBIN JJOBEPUTENLHBINH HHTEPBaAJ ypoBHA HoBepua 0,95 st
HEW3BECTHOH IUCIEPCHM CpeaHell TeMmmepaTypbl sHBapa B I. Caparose
(CB X). Byuem npennosarars, uto CB X nmeer rayccoBckoe pacnpe-
JeJICHRE.

Pemenue. Cornacuo nmpumepy 19.3 ueHTPaJbHBIN JOBEPHTENbHLIHA
MHTEPEAJ [UISl HEW3BECTHON JUCIepCHu 0% YPOBHs joBepusa 0,95 mmeer
BHT,

n

Zo,025 (1t — 1}

n

—2 _dx <0% < d;
1‘0,975(11—1) X xx0x x X5
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rae obbeM BuIOOpKH N = 13, JX = 22,14 (pe3ynbTaT peuleHHs 3aaa-
un 16.1), a @o,075(12) = 23,3, x0,025(12) = 4,4 — KBaHTHIH pacupesee-
mus x2(12), KOTOpble HAXOAATCA 10 TabauIe.

Takum 06pa3om, momy4YaeM JOBEPHTETBHBIN HHTEPBAT ANA 0%
[11,4, 60,38].

Orser [11,4, 60,38].

§ 20. IIpoBepka cTaTUCTUYECKUX TUIIOTE3

20.1. OcHoBHBIE NOHATHA.

Onpemenenue 20.1. Cmamucmuueckold zunomesott H umu opo-
CTO 2unome3ol Ha3BIBAETCH JIIOO0E IIPEIIIOIOKEHNE OTHOCUTENBHO Iapa-
METpOB nau 3akoHa pacupegenenust CB X | nposepsiemoe 1o Beibopke 2, .

Onpenenenune 20.2. IlpoBepsieMasi THIIOTE3a HA3BIBAETCS OCHOG-
noti (mmu wyaesoldl) m obosHauaercs Hy. I'mnoresa, koHkypupyomas
¢ Hy, HasniBaercst aavmepramuenol n obosuagaercs Hy .

Onpenenenune 20.3. Cratucrtuvyeckas runoresa Hy HasbiBaercs
npocmot, ecliM OHA OJHO3HAYHO ONPEJESAeT IIapaMeTp MM paclpeieJie-
mue CB X . B nporuBHoM ciydae runoresa Hy HasbiBaeTCs cA00/CHOU.

IHpumep 20.1. Ilo Beibopke Z,, Tpebyercs npoBepuTh runoresy Hy
0 TOM, YTO My = Mg, LAe Mg — HEKOTOPoe (PUKCHPOBAHHOE UHCIIO,
npotus runoressl Hy o ToM, yro myx # mg . Uau nposeputs runoresy Hy
nporuB runcreast Hp 0 TOM, 4TO mx > myg.

OpHa ¥3 OCHOBHBIX 3334 MaTEMATHYECKOW CTATUCTHKH COCTOHT B
MpOBEPKE COOTBETCTBHSI PE3YJIbIATOB IKCIEPUMEHTa NPEAIIoaaraeMol TH-
moreze Hy. C »Tolt uenno BHIOHpPAaeTCs HEKOTOpas CTaTHCTHKA Z =
= ¢(Zn), Anst KOTOPOil IIPEIIONAraeTCsl H3BECTHHIM YyCIOBHOE DACIIPe/ie-
serve F(z|Hy) orHOCHTEeNbHO mpoBepsiemoit rumoresnl Hy. C moMonibo
3TON CTATHCTHKH CTPOMTCA Npouedypa (IPaBHIO) MPOBEPKH I'MIIOTESHI.

Ounpenenenne 20.4. Cmamucmuueckum kpumepuem (xpumepu-
eM CO2AACUR, KPUMEPUEM ZHANUMOCTIY WU DEWAOULUM NPAEUAOM) TIPO-
BepKH runore3nl Hy HAa3BIBAETCS IPABUJIO, B COOTBETCTBHH C KOTOPBLIM 110

A
peasm3atuu z = p(z,) CTATHCTHKH 7 rumore3a Hy NpUHUMAETCS WU
OTBEpPIaeTcs.

Onpemenenue 20.5. Kpumunecxod o6racmvro G CTATHCTHYIECKO-
ro KpuTepHusi HAa3bIBaeTCs OOJACTh DEaNu3alMii 2z CTATUCTHKH Z, NPH
KOTOphIX runore3a Hy orsepraercs.

Ounpepnenenune 20.6. Josepumeavhoti obaacmoio G crarucrude-
CKOrO KPUTEPHsI Ha3bIBaeTcsi O6JACTh 3HAYEHWH 2z CTATUCTMKH Z , NPH
KOTOpbIX runoreza Hy npuHHMaercs.
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Hanpumep, B KauecTBe CTATHCTUYECKOIO KPUTEPHS MOXHO HCIIOb30-
BaTh IPABHJIO:

1) ecnm 3Hauenme 2z = @(2,) crarucTHku Z = @(Z,) mexur B
KkpuTHdeckolh obnactu G, To runoresa Hy OTBepraeTcst ¥ NPHHHMAETCH
aJibTepHATUBHAS runoresa Hi ;

2) ecnn peaymzamus z = (z,) cratHcTHRH Z = @(Z,) JEXNT B
nJoBepuTeNbHOi obnact G, To runoresa Hp npunaMaercs.

IIpu peanusamyuu 3TOr0 NpaBUia BOHUKAIOT OIUMOKH ABYX BHIIOB.

Onpenmenenue 20.7. Quubkoid I1-z0 pode HasbiBaeTca cobbiTie,
cocTosiIee B TOM, 4TO runoresza Hg oreepraercs, KOTJa OHA BepHA.

Onpenenenne 20.8. QOuwubkoll 2-z0 poda Ha3bIBAETCs COGLITHC,
COCTOAMEE B TOM, 9TO IIPUHEMAETCH THToTe3a Hpy, KOTZa BEpHa THI0-
Tesa Hj.

Onpenmenenue 20.9. Vposnem 3HaNUMOCTIU CTATHCTHIECKOTO

A
KPUTepUs HA3bIBAETCA BEPOATHOCTH omubku l-ro poma o = P{Z ¢

€ G|Hp} . Beposataocts omubku 1-r0 posa & MoxeT ObITh BLIMNCIEHA,
eCJIN U3BeCTHO pacrnpenenenve F(z|Hp).

BeposTrocTs omubku 2-ro poja pasHa 3 2 P{Z € G|H1} n moxer
OBITH BLIYMCIIEHA, €clAM HM3BECTHO YCJIOBHOC pacmpegmeienne F(z|Hy)
CTATHCTUKH Z TPH CUPABENJIUBOCTH rHnoTessl Hi .

fcHo, 4TO ¢ yMeHbIIEHHEeM BEPOSITHOCTH « omubku 1-ro poma Bo3pa-~
CTaeT BepOSTHOCTL 3 ommbxm 2-ro poja, u HaobopoT, T.e. npu BLIOOpE
KPUTUYECKOH M JIOBEPUTEIbHONH 0bsiacTeit JOMKEH NOCTUTATLCS OIpejie-
JeHHbIH KoMmipomucce. [Toaromy wacTo npn HUKCHPOBAHHON BEPOATHOCTH
ommbKy 1-ro posa KpuruvecKas obacTh BbIOMpaercs TakuM 06pa3oM,
9TOOBI BEPOATHOCTL OUIHOKH 2-T0 posia GblIa MAHHMAILHA.

[IpoBepka CTATHCTHYECKOH CUIOTE3bl MOXKET ObITH [IOJpa3iesieHa Ha
CIIeAYIONIUE ITALBL:

1) chopmynuposaTs nposepsiemyro runoresy Hy U albTepHATHBHYIO
K Heil runoresy H;;

2) BLIOpaTh YPOBEHD 3HAYUMOCTH ]

3) BLIOPATD CTATHCTHKY Z JJisl IPOBEPKHU runoTesnt Hy;

4) maiitu pacupenenenne F(z|Hp) crarucruku Z NpH yCJIOBHH, YTO
runore3a Hy BepHa;

5) nMoCTPOHThL, B 3aBUCHMOCTH OT (OPMYJNHDOBKH Imioressl Hi,
KPUTHUYeCKyI0 obnacts G ;

6) nosyunTs BLIGOPKY HAbIOAEHHH I1,...,%Tn H BBIYHCIHTH BHIGO-
pouHoe 3Havenue z = p(Ty,...,ZTp) CTATUCTHKU Z KPHTEPHS;

7) IDUHATD CTATUCTHYECKOE DPeElleHHe HA YDOBHe HoBepus 1 — o
ecmu z € G, To OTKIOHATH rumoTesy Hy Kak He COMJIACYIOMYIOCH C

pe3ysibTaTaMu Habmomenuit, a ecum z € G, TO upuHATs runoresy Hy
KaK He [IPOTHBOPEYAINYI0 Pe3yJbTaTaM Hab/IoJeHui.
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20.2. IIpoBepKa rurioressl 0 3Ha4YeHUN napamerpa. IlycTs mme-
eTCs MapaMeTpHYecKas CTaTHCTHYecKas Monens (S, Fz, (2,,0)), 0 € ©C
CRR!, 1.e. BriGopka Z, COOTBETCTBYeT pacipemencHu F(z,0) ¢ Heus-
BecTHBIM Tmapamerpom 6. [Iposepum npoctyio runoresy Hy, cocrosamyo
B ToM, uTo 8 = 6y, rme 0y — HeKOTOpPOe (HUKCHPOBAHHOE HYHCIO M3
MHOXeCTBa O .

DopMyNUPOBKa AJILTEPHATUBHON THIoTe3bl Hi W yPOBeHbL 3HAYNMO-
CTH @ OUpeiefsioT pasMep H MOJIOXKEHHe KPUTHUECKo# obmactu G Ha
MHOXKECTBe 3HadeHuil craTucTuku Z . Hampumep, ecin albrepHaTHBHAS
runotesa H; dopumysmupyercs kak 6 > 6 (mum § < 6 ), To KpuTHYECKAH
06aCTL pa3sMenaeTess Ha IPABOM (WIIM JIEBOM) <«XBOCTE» PACIPENETCHMS
CTATHCTHKH Z , T. €.

G={z>z_0} (wm G={z<2}),

AE Z1—q ¥ Zo — KBAHTHJIM YPOBHER 1— a ¥ &, COOTBETCTBEHHO, pacnpe-
nenenua F(z[Hp) craructuxm Z mpu yclRoBHM, 9TO BepHa runoresa Hy.
B aTom ciiygae CTATHCTHYECKHMH KPUTEPHUIl HA3BIBACTCH 00HOCTNOPOHHUM.
Ecau anprepuatusnas runoresa Hy, dopmymupyercs: kak 8 # 6y, To Kpu-

THYecKasa obiact, G pasmeniaercs Ha ODOHX «XBOCTAX» DaCIpeNesICHUS
CTATHCTHUKU Z , T. €. OIPEJEeNeTCs COBOKYIIHOCTHIO HEPABEHCTR

G = {z < za/g}U{Z > Z]—a/Q}’

TIAE Zo/2 M Z1_g/2 — KBAHTWIN yPOBHE( /2 u 1—a/2, COOTBETCTBEHHO,

pacupenenenus F(z|Hg). B sTom ciryyae Kpurepuit Ha3bIBAeTCSt 08YCMO-
POHHUM.

Ta6auna 20.1

. Pacnpe- OBEpUTEIbHASA
[Tpenmoso- Crarucruxa 7 /:Lenefll)ue & o6jllJacT1> G
JKenne KpuTepus F(z|Ho) runoresst Ho
2 (Mx —mo)vn
Tx e A N(0;1 —u
H3BECTHA ox (0:1) [P, 0]
2 (Tﬁx—mo)\/n—l
OXx — 7 { S(n—1 —ty(n—1),ty(n—1
HENU3BECTHA dx ( )| =t htal )

IIpumep 20.2. Ilycrs usBectHo, yro CB X umeer HopMmanbHOe pac-
npenenenune. Tpebyercs, HCIONL3Ys PeAM3AlNIO BLIOOPKH 2, , TPOBEPUTD
runoresy Hg, cocroamyio B ToM, 4ro myx = mg (mg — HeKOoTOpOE
dbukcupoBanHOe 4HCIO), IPOTHB albTEpHATHBHON runoressi Hi o ToM,
910 Mx # Mo. BoaMoxub ABa Cyvas: JUCIEPCHS 0% U3BECTHA MM
HemsBecTHa. CTATUCTUKY Z IJisi OOOUX CIIy4a€eB MOXKHO BHIODATD, HCIIONbL-
3y yrBepxKaenue u3 n. 19.2. IlpencraBum st cayvan B Buge taba. 20.1.
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Jna KaXKAOro ciydasi B COOTBETCTBHH C YTBEPXKJICHHAMH 1) u
3) reopemsr 19.1 momydaeM CBOIO JOBEPHTEbHYIO OBIACTh, LAE Uy,

t,(n — 1) — KBaHTHJM YPOBHS -y 21— a/2 pacrnpenenenust N(0;1) u
S (n - 1) coorsercTBEHHO.

IIpumep 20.3. Ilyctes CB X HOpMaJibHO pacnpelieiieHa, a €€ Juc-
nepcus HeusBectHa. Tpebyerca Ha ocHOBe peanu3zauuu z, BuIOOpPKH Z,
nopoxxzuennoit CB X, nposepurs runoresy Hp o ToMm, 410 0% = ol
(¢ — HekOTOpoe (PMKCHPOBAHHOE YHCJIO), HPOTHB &JIbTEPHATHBHON I'H~
note3bt Hy, cocrosmet B TOM, 4TO 0% # 03. BO3MOXHBI ABa Cilydas:
mx -~ H3BECTHO HJIH ™M x — HEU3BECTHO. IIpejcTaBHM 9TH CIy4au B BUIE
caenyouiest Tabmauib:

Tabauna 20.2

Pacnpe- JoBepurenpuas
TIpeanoso- CT:T:;Z“;Z‘ Z Jlenenne obnacts G
HKeHue purep F(z|Ho) runoresbl Ho
2 2
> (Xx —mx)
mx k=
U3BECTHO : o2 x*(n) [Z1-+(n), 55(n)]
0
mx ngx
HEM3BECTHO o2 X(n—1) | [e1-4(n = 1),24(n ~ 1)]
0

3zecy z4(k), T1-4(k) — KBaHTHIM ypoBHA < 21— a/2 nl—x
pacnpesenenus x2(k) ¢ k cremenamu cBobompl, rie k=mn, n— 1.

3ameuanue 20.1. Ha npakTuke ofbruno sanaror a € (0,01, 0,05].

20.3. IIpoBepka runoressl 0 BHJAEe 3aKOHa pacHpejesieHusl.
IlycTh uMeeTcss pealu3alust z, BbIOOpPKU Z,, mopoxzeuuoit CB X
¢ HeussecTHON dyHnkuueit pacnpenenennsi F(z). Tpebyerca nmposeputb
runtoredy Hp, cocrosiuryro B ToM, uro CB X wumeeT onpenesieHHbIH
3aKOH pacrpegesenus F(z,0) (manmpumep, HOpMAJbHbIR, PABHOMEPHbIH 1
T. i.). VicTunubli 3akon pacupesnenenns F(z) neussecren. Jlna nposepku
TaKO! HOOTE3bl MOXKHO HCIONbL30BaTh cmamucmuyieckull xpumepud Tu-
xeadpam (xpumepud Iupcowa). TIpaBUIO NPOBEPKH 3aKIIOYaETCA B
CIIE LY I0IEM.

1) ®opmynupyerca runoresa Hy , cocrosmas B ToM, uro CB X umeer
pacIpe/esienue OpeIe e Horo Buia F(z,01,... ,0,) ¢ § HEM3BECTHBIMH
napaMerpamu 01, ... ,0, (Hanpumep, m ® o2 KA HOPMAJBHOrO paclpe-
JleJIeHnsi, @ U b ~- 119 PAaBHOMEDHOTO H T. J.).



§ 20] [IPOBEPKA CTATUCTUYECKHUX TMIIOTES 187

2) Tlo peanmsamum 2z, BHIGOPDKM Z, METOAOM MAKCUMAJILHOIO

-~

TIPaBJONOAO0UA HAXOAATCH OUEHKHN 51, ... ,0; HEM3BECTHHIX NAPAMETPOB
Tysev y 03 .

3) HeiicTBurenshas och IR} pasbusaercsi na [+ 1 Hemepecexaromuiics
nomyunTepsan (pas3psan) Ag,...,JA; Tak, Kak 3TO CAENaHO B IPH HO-
CTPOEHHMH Tr'HcTOrpamMMbl B 1. 16.4. IlogcunuThiBaeTCs YHCIO 7y SJIEMEH-
TOB BHIOODKHM, MONABINUX B KaxKAwiii k—i paspag Ag, k=1,1—-1, 3a
uckmodenneM Ag u A,;. IHomaraerca ng = n; = 0.

4) BuIuucasioTcsa MIIIOTeTHIECKHE BePOsSTHOCTH py, nomafamus CB X
B nonyunTepsainl Ak, k = 0,l. Eciu y pacupegenenus F(z,0y,...,05)
HMEETCsT IJIOTHOCTH 7(50, f1,...,0s), T0 BepoATHOCTH P MOIYT OBITDH
BBIMHC/IEHB! CAEAYIOUNM 0bpa3oM:

[ ER

Pk = j ?(x,(?\l,... ,(9;,) dz,

e43

TAe Qg = —00, (i1 = +00, WK NpubIKeHHO 1Mo GopMye

Dk E?(Ek,@\l,...,@;) (ak+1—ak), kzl,l——l,

_ A
rae Ty = (agq1 + ag)/2 — cepenuna paspsiga Ay .

5) BrluucnseTcs peaNu3allist CTATUCTHKU KPUTEPHS XHM-KBaJApaT IO
dbopmyne

-1 2
A A
2= @(zn) Enpo+ Y (_nk_%ka) =+ npy.

k=1

6) U3BecTHO, 4TO IPH COBIIONEHIH HEKOTOPBIX €CTECTBEHHBIX YCIIOBHIA
PErYJSPHOCTH M JOCTATOYHO DosbimoM obbeme 1 BBIGOpKU Z, pacmpe-
nmenenne F(z|Hp) cratneruxy Z = ¢(Z,) XOpomo anmpOKCUMHDYeTCs
pactpenenenuem x2(l —s) ¢ | — s crenemsiMu cBoboIB, TAE § — KOJIH4e-
CTBO HEM3BECTHLIX [IAPAMETPOB NPEIIIONATraeMOoro 3aKOHa PACIIPEAeICHHs
F(z,0y,...,0,),a |l +1 — KONHYECTBO Pa3psAJIOB, BEPOATHOCTD TIOMAA-
HUS B KOTOpble HeHyJeBast. TOrlia KpuTHYecKas 06macTh G NPUHEMAET
B G = (T1-o(l — §),+00), tAie T1-(l —s) — KBamTHIL ypoBHA 1 — O
pacnpeneienns x2(l — s), @ — 3afaHHbI ypOBEHb 3HAYUMOCTH (0BLIYHO
a =0,05).

7) B cooTBercTBUM ¢ KpUTEDUEM XH-KBaJpaT rumore3a Hy upunu-
maercs (T.e. peanu3aius BHIGOPKH 2, cornacyercs ¢ Tumotesoit Hp) Ha
ypoBHE HaJeKHOCTH 1 — a, eciit ¢{zn) € G = [0,21-o(l — 5)]. Ecan xe
¢(zn) € G, 10 runoresa. Hy oTsepraetcs.
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3ameuanue 20.2. Ecm npu pas3bueHny Ha HONyuHTEDPBaNbl Ag
0Ka3aJIoCh, 9TO npi < 5 mjst k = 1,1 — 1, To pekoMeHayeTcst 06 beJUHUTD
COCEeQHHE MOy MHTEPBAJILI.

Eciu npu obpaborke HabiogeHuil ©MeeTCsl TOJIHKO DEAU3AlMsl CTa-
THCTHYECKOIO psiia, TO BBIYHCJIASA BHIOOPDOYHBIE MOMEHTBI, CUMTAIOT BCE
BLIOOPOYHBIE 3HAYEHHsA, MOTIABUINE B K-} HHTEPBAJ, PABHBIMU CepemiHe
3TOr0 MHTEPBaJa. DTO BHOCHUT M3BECTHYIO OMMOKY, 0COOEHHO 3aMETHYIO
IpH MaJjIOM YHCJe MHTepBajoB. s yMeHbuleHus omuboOK, BHOCHMBIX
rpynnupoBKoi, npumeHaioT nonpaeku Ilennapda. Ecnu Bce mnrepBasin!
A UMeT JJuHY, pasHyio h, To ¢ yderom nonpasok Illennapsia nepsoie
4eTHIpe BLIBOPOYHBIX MOMEHTa D!, i = 1,4, COOTBETCTBEHHO PaBHbL:

~ ~ ~ ~ 1

v = 1y, ué:z/g—ﬁh2,

N 1,9 N 1. 7
Vé:l/g——lllh, V:L—V4—§l/2h2+-2—46h4

20.4. IIpoBepka runoresnl o Hesasucumoctu AByx CB. Ilycts

uMeercsi Cly4ailHblil BekTop V' E col(X,Y) ¢ dbyukuueit pacnpeenenns
Fy(z,y). Komnonenramu V ssasoress CB X u Y ¢ dyukuusamu pac-
npegenennsi Fx(z) u Fy(y) cooreercrBento. ITycrs umeerca BhIGOpKa

Zn 2 col(Vi,..., V), tme Vi = col(Xy, Y%). 3aech BuiGopka Xi,...,Xp
cooTBeTCcTByeT pacnpemesenuio Fx(z) CB X, a suibopka Yi,...,Y,
coorseTcTByeT pacnpeserennto Fy(y) CB Y. Tpebyercss npoBepurb
runoresy Hy o uezasucwmoctu CB X u Y, me uro Fy(z,y) =
= Fx(z)Fy(y) s scex z € R', y € R'. lns npoBepku 3Tol rumote3st
HCIIONBb3YeM KDPUTEpHil XH-KBaJpaT, MPOLeLypa MPUMEHEHUS KOTOPOro
COCTOUT B CJIEAYIOIIUX ACHCTBUAX.

1) MuoxxectBo snauenunit CB X pasbusaeTcs Ha § HeTE€PECEKaIOMIUXCH
uHTepBaJoB (pa3panos) Agq,..., Ay s, a MHOXKecTBO 3Hadennit CB Y —
Ha T HelepeCceKalOIUXCs MHTepBalIoB Ay q,... , Ay .

2) Jiist Kaxporo ¢ = 1,s 1 KaXA0T0 j = 1,7 BBIYUCHAETC YHCIO Tjj
3JIEMEHTOB BBIGODKHU 2, , IPHHAIEXKAIINAX IPAMOYTONBHUKY Ay X Ay 5.

3) Beluncusiercss cyMMapHOE 4MCIIO Mg ; 3JI€MEHTOB BLIOODKM 2y ,
nepBas KOMIIOHEHTa KOTOpOi momaja B ¢-if paspsg Ag; gus CB X,
M aHAJOTHYHO — YHCIO 7y ; IEMEHTOB TOi ke BRIGODKHM z,, BTOpad
KOMIIOHEHTa KOoTOpoii monasia 8 j-it paspsg A, ; mma CB Y:

™ 8 8 T
Ngi= Z Nij, Ny j = Zniiv n= z Z Nij.
7j=1 i=1

i=1j=1

4) Brruucnsercs 3HavyeHMe CTATUCTUKH KpUTepusa Xu-KBagpaT IIO
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dbopmyne

R s T2
z=¢(zrn)="(zzmj—y‘;—l>‘

i=1 j=1

5) Ipu crpaseguBocTH THNOTE3s! Hp M JOCTATOYHO GOJBUIOM 7

A
pacrpenesienue CTaTHCTHKH Z = @(Z,) Xopolo aINPOKCHMHPYETCS
pacipesienerneM xu-kBajapar ¢ m = (s — 1)(r — 1) cremersmMu cBOOOIEL.
ITosToMy KpuTHYecKass 0OJIacTh HMEeT BH[

G = (z1-n(m), +00),

tie T1_o(m) — KBauTHIL ypoBHA 1 — o pacupenenenus x2(m).
6) Ipunnmaerca CTATHCTHYECKOE PEIIeHre Ha YPOBHE joBepust 1 — a:

OTKIIOHUTHL rumoresy Hy, ecmm ¢(z,) € G, u npudsats rumoresy Hg —
B IPOTHBHOM CJIyYae.

20.5. IIposepka runoresbl 06 OJHOPOAHOCTH HabGJIFOeHUIA.
PaccMoOTpuM BCIOMOraTCIbHYO 3aja4y. 1lycTh HMEEeTCa OIBIT C T BO3-

MOXKHBIMH HcxopaMi Ay, ..., Ay, IMEOUIMMHI BEPOATHOCTH Pj 2 P(A;),
j = 1,r. OcyuecTBasieTcd $-KpaTHOe IOBTODEHHE CEpUil W3 n;, § =
= 1,5, HE3aBHCHMBIX NOBTODCHMIl ONBITA. B JaHHOM cilyuae BHIGODKY
2z, 00pa3yoT HabMIOAABIIHECS MCXOJABI B 3TUX CEPHUSX, THE 7 = Ny + ...
...+ ngs — obmee yucno onsitoB. Tpebyercsa nposBepuTs runoredy Hy o
TOM, 9TO BO BCEX ITHUX Cepusix HabMONatach OgHa U Ta XK€ COBOKYIIHOCTH
BepoATHOCTEH pj, j = 1,7. Jlus pelienus 3Tol 33434 BHOBb [IPHMEHUM
KpuTepuii xu-kpanpat. [lociieqoBaTeNbHOCTL MPOBEPKH 3TOTO KPUTEPHUS
COCTOUT B CJIEIYIOILEM.

1) B xaxpmo#t -t cepum, ¢ = 1,5, NOECUMTBIBAIOTCA UHMCAA Njj
nosBsenuit cobertnit A;, j=1,7.

2) ToncunrbiBaeTcss cymmapHoe 4uuciao N mogBieHHit cobbitusi Aj,
j =1,7, BO BCex CepHsaX, a TAKKe YHCHIa N, { = 1,5, 1 n:

S T 8 r
Nj :Znﬁ, n; = Znﬁ, n:ZZnﬁ.
i=1 ) j=1

i=1j=1

3) BeluncisieTca 3HAYEHHE z CTATUCTUKM KPUTEPHsl XU-KBAIPAT IO
dopmyne:
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4} WsBecTHO, 4TO Npu 6GOMBIIMX 7 pacHpefe/leHHe CTaTHCTHKH

z & »(Z,) XOpouro anmpoOKCHMHDPYETCS DaclpeJIeNleHHeM XHU-KBaJpaT
x?(m) ¢ m = (s — 1)(r — 1) cremensamu csoboxel. Popmupyercs
kpuTHdeckas obnacth G = (z1_a(m), +00), Toe T1-o(m) — KBAHTHIL
yposus 1 — a pacnpesenerus x2(m).

5) IIpuanMaeTcst CTATHCTUYECKOE PElleHHe: OTKJIOHUTL Tunoredy Ho,
ecitn ¢(z,) € G u npunsTh rumotesy Hy, ecmn ¢(z,) € G.

IIpumep 20.4. B wacruoM ciydae, npu r = 2, T.e. KOI/Ia ONBIT
umeer npa ucxoma Ay = A u Ay = A, g xoropeix p = P(A), ¢ =
= P(A), ouncanuas mponemypa IpoBepser IMIOTe3y O TOM, UTO BO BCEX
cepusx HaOMIOAEHHIT BEPOATHOCTD P OCTAETCA HEeH3MEHHOM.

IIpumep 20.5. Omnucannas mnporenypa MoXKeT ObITH NPUMEHEHA
B BO MHOTHX JpPyrux ciydasx. Hampumep, nycTh mMmeerca BbHIGOPKA
X1,...,X5, coorBercrBylomasn pysxuuu pacupegenenus Fx(z) CB X
1, KPOMe TOro, UMeeTcsi BhIOOpPKa Yi,. .., Yy, , COOTBETCTBYWOWAs (PYyHK-
uun pacnpeyenenus Fy(y) CB Y. Tpebyerca nuposepurs runoresy Hp
06 odropodnocmu ewbopox Xi,...,X, u Y1,..., Y, T.e. uro Fy (i) =
= Fx(t) nnsscex t € R!. JInst TOro 4To6b! IPUMEHHTS IPUBEIEHHYIO Bbi-
e Npoue/lypy, JOCTATOYHO IIPEBAPATENLHO NCIONL30BATL METOJ, IPyI~
NUPOBKH JAHHBIX, Pa3felsdsl MHOMKECTBAa BO3MOXHBIX 3Hadennit CB X
u Y Ha OJIHHU M Te e paspa/bl, TONaJaHus B KOTODPBIE HHTEPIPETHPYETCS
Kak cobblTust A;, j = 1,7. B JNAHHOM Cliy¥ae § = 2, U CTAaTHCTHKA
KPHTEpHsA NPUHAMAET CleyIomui BYI;

. N2
22 p(za) =n- mZ (1‘3_1_1‘9_2)
n,l-l—n]z n ™

20.6. TunoBble 3amaun.

3anava 20.1. Ucnons3ysa maxnubie TUIOBO#A 3amauu 16.1, IpOBEPUTE
Ha ypoBHe moBepuss 1 — a = 0,95 runoresy Hp, COCTOSUIYIO B TOM,
4TO MareMaTHIeCcKoe OXKHJIaHHe My CPeaHell TeMmepaTypbl AHBApA B
r. Caparose (CB X ) paBro —13,75, T.e. wro mx = —13,75, mporus
aJbTEPHATUBHON runoTeswl Hy, cocrosuneit B ToM, 9T10 myx # —13,75.
Bynem npepnonarats, uro CB X uMeer rayccoBckoe pacnpeneseHue.

Pemenne. Oucnepcus 0% CB X mneusBecTHa, mosTOMy Bbibepem
AJist IpoBepKH runore3sl Hy craTHcTHKY

(fix ~mo)vn—1 .
Vix

B nammoit samave n = 13, mg = —13,75 a mx = —11,87 u dx =
= 22,14 (pesynbrar pemeHus 3aja4n 16.1). Cormacmo mpumepy 20.2
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pacnpenenenueM F(z|Hp) craructuku Z 1npu cnpasemjauBoctn  Hy
siBisiercst pacnpefenenue Creiopenta S (n — 1).

Takum obpa3som, mosepuTenbHas obsacte G uMeer Buy G =
= [—to,075(12), t0,975(12)] = [-2,18, 2,18]. Brrumcnas 3uadenue 2z
CTATUCTHKH Z JJIs JaHHOM DeajiM3allud BHIOODKH, HMeeM

L - (~1187413,75)V/12
V22,14

Takum o006pa3oM, 3HAYEHHE Z CTATHCTHKHA 7 TON3J3ET B JOBEpH-
TeabHyo objacts G, M, CIENOBATENBHO, HA YDPOBHE JoBepus 1 — a =
= 0,95 MOXHO CYHTATH, YTO PE3YJILTATH HABIIOAEHUI He HPOTUBOPEYAT
runorese Hy, cocrosiieit B oM, uro my = —13,75.

Orset 'umoreza Hy npuHuMaeTcs.

~ 1,38.

SBanxava 20.2. Ucnons3ys nanubie THIIOBOY 3axa4u 16.1, npoBepuTh
Ha ypoBHe noBepust | — a = 0,95 runoresy Hy, cocrosiugyio B TOM, 4TO
JUCHEPCUS og( cpepueil Temueparypol gusaps B . Caparose (CB X))
paBua 20, T.e. 4TO 03‘( = 20, TpoTHB anbTEPHATUBHON rumore3m Hi,

cocTosAIIel B TOM, 470 O’§< # 20. Bysaem upennonarats, yro CB X umeer
rayCccoBCKO€ pacupejiesieHue.

Pemenue. Maremarudyeckoe oxumanme my CB X HeussectHo,
IO9TOMY BbIGEpPEM JJIsl IPOBEPKH THIOTE3N Hy CTATHCTHKY
ndx

3
i

7 =

B nannoit 3amave n =13, o2 =20, a c'l\x = 22,14 (pesyabTar pemeHus
sanaun 16.1). CormacHo npumepy 20.3 pacupenenennem F(z|Hpy) cratu-
cruxu Z npu cupasegmusoctu Hy siBasercs pacnpenenenne x2(12).

Takum ob6pa3oM, nmoBepurenbHast obaacts G mmeer Bun G =
= [Z0,025(12), Z0,075(12)] = [4,4, 23,3]. DBblumcusin 3navenne 2
CTATHCTHKA Z [Jisl JaHHOM peajM3aluu BLIGOPKH, MMeeM

13-22,14
=1 _

50— = 14,39.

Takum obpa3oM, 3HAYeHHE 2z CTATHCTHUKY Z IIONAJAET B JIOBEPH-
TesnpHyio obnacts G, M, CIeOBATENbHO, HA YPOBHE JOBepHa 1 — a =
= 0,95 MOXHO cuuTaTh, YTO PE3YJbTATHl HAOIIOAEHUH HE IIPOTHUBOPEYAT
runorese Hy, cocrosmeii B TOM, 4TO ag( = 20.

OrseT ['unoresa Hy unpuHMMaeTcs.

Sanxaua 20.3. B reyenne Bropoit MuUpOBO# BOMHBI Ha I0XHYIO YacTh
Jlonynona ymasio 535 cuapsinoB. Teppuropust ioxuoro Jlonmona 6bLia
pa3szenena Ha 576 yuacTkos mwiomanpio 0,25 kM2, B crexyiomeii tabanue
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IIPUBEJEHBbl YUC/Ia YYACTKOB N, Ha KaXXIbIH M3 KOTODPLIX YIaJo no k
CHADSII0B:

Ta6anuua 20.3

k 0 1 2 3 4 5
ng | 299 | 211 93 | 35 7 1

Tpebyercss ¢ MOMOIIBIO KPHUTEPHs XHU-KBaLPaT LPOBEPUTb HA YPOBHE
Jopepust 1 — a = 0,95 rumnoresy Hp, cocrosugyo B ToMm, uro CB X
(MMCIIO CHADANOB, YIABUINX HA OJMH YYacCTOK) PacHpeiesieHa IO 3aKOHY
Ilyaccona.

Pewenne. Pacupenenenne ITyaccona TI(f) umeer ommu mapamerp,
MII-ouenka aroro mapamerpa 6 = My ~ 0,93 (cm. npumep 18.8).

B mauunoit 3aaye nelcTBUTENIBHAA OCh €CTECTBEHHLIM 0Opa30M pas3bu-
BaeTCs Ha 8 HelepecekaloIuxcs MoyuHTepBatoB Ag: (—o0,0), [0,1),
1,2),..., [5,6), [6,+00).

lunorernyeckme BEPOATHOCTH Py monaganus nyaccoHosckoit CB X
B k-it MOJyMHTEPBaN BBIYHCISAIOTCA 1O CIEAYIOIHM (DOpMysiaM:

—bpr—1 o
pk:e(k—_l—)—! aist k= 1,6,

6
pr=1-> pk, po=P{X<0}=0
k=1

Brruncienusie 3HaYeHUs1 BePOSTHOCTEN yKa3zaHbl B Tabi. 20.4.

Tabnnma 20.4

k 1 2 3 4 5 6 7
pr | 0,394 | 0,366 | 0,171 | 0,053 | 0,012 | 0,002 | 0,002

Broiuncnasa sHaueHuss z CTATHCTUKH KpUATepHUA XH-KBaJAparT, IOJY1HM

6 2
(rk — npx)
z = E ===+ npy 2,2,
k=1 Pk i

IIpu cupaseanuBocTH runoressl Hg cTaTuCTHKA Z HMeeT paclpele/ieHne
x?(5). Torga kpuriaeckas obnacts G umeer BuI G = (z0,95(5), +00) =
= (11,1, +00), a mosepurenbHasa obnacts — G = [0, 11,1].

Tax KaK BBIMUCIEHHOE 10 BHIGOPKE 3HAYEHUWE CTATHCTUKHU TIONMAJAET
B AOBepUTeNbHYIO obsacts G, To ¢ BepositHOCTBIO 0,95 MOXKHO yTBEp-
2KJaTh, YTO OIBITHBIE JAHHBIE COMVIACYIOTCS C runoTesoit Hy.

OrseT I'unoresa Hy nmpuHUMAETCH.
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3anxava 20.4. Ucnonw3ys nanuble 33aa4u 16.2, IpoBEPUTH HA yPOBHE
gosepus 1 — a = 0,95 runoresy Hp, COCTOAIyIO B TOM, YTO POCT
s3pocsoro myxk4unbl (CB X ) umeer HopMasibHOE pacIpeieenye.

Pemenue. Hopmanbnoe pacupeaenenne N(6y;602) umeer apa meus-
BECTHBIX TIapaMmeTpa: ] = my u 05 = 0%. MII-ouenkoii mapamerpa 6
ABJISETCS BBHIBOPOYHOE cpegHee M, a mapaMmerpa 03 — seibopounas

JUCIepCUst d: x. C yuerom nonpasok Ilennapsa nonyyum
fix = 165,77,  dx = 34,24.

BeluucsuM runoteTuyeckne BEpOATHOCTH pi, k = 1,15, mnomaxanus
rayccosckoii CB X B nonymurepsaner A (xoropnle onpejeseHbl B
sagade 16.2) no npubmmxennoit Gopmyne

1 (Tk — Mx)? }
pr=h- —Aexp{———A——
VarvVidx 2dx ’
rre Tp — cepeaunHa uHTepBasa Ayg, a h — muuHa uHTepBaja Ay,

KOTOpasi B JaHHOW 3amade paBHa 3 Juist Bcex k = 1,15. PeaynpraTh
BeIUMCIeHn s k = 1,15 npusenenst B Tabut. 20.5.

Tabaunna 20.5

Ar | 143-146 | 146-149 | 149-152 | 152-155 | 155-158
e | 0,0003 0,002 0,007 0,023 0,058
Ax | 158-161 | 161-164 | 164-167 | 167-170 | 170-173
Di 0,115 0,175 0,204 0,184 0,127
Ar | 173-176 | 176-179 | 179-182 | 182-185 | 185-188
D 0,067 0,027 0,009 0,002 0,0004

BeposirHocTs monaganust B unrepsai Ay = (—o00,143) pasHa pg = 4 X
x1075, a B wnTepBan Ajg = [188,+00) — p1g = 4 - 1075, Boruucasst
PeaM3auyio z CTATUCTHKM Z , HOSYIHM

i)’

+ npig ~ 7,177.
NPk

15 (nk
R
k=1

Hpn CIIpaBeJIABOCTH runoTe3sl Hy CTATHCTHKA 7 uUMeeT paclpejelleHue

x%(14). Torma xpurmueckas obmacts G mumeer Bug G = (zo0,05(14),
+oo) = (23,7, +0), a noseputenpHas obmacte — G = [0, 23,7].

Tax xaK BLIYMCJIEHHOE II0 BHIGODKE 3Ha4YeHWe CTATHCTUKM IOMaJaeT
B JOBepUTENbHYyW0 obnacts G, To ¢ BepoaTHoCThIO 0,95 MOXHO yTBED-
JKJaTh, YTO ONBITHHIE JAHHLIE COMNIACYIOTCA C rumoTesoit Hy.

Oreert 'umoresa Hy OIpUHMMAETCS.



194 MATEMATHYECKAS CTATHCTHKA L.V

3anxaua 20.5. Ilo nepenucu nacenenus [IIserun 1936 r. U3 COBOKYI-
HOCTH BCeX CyIpyykeckux map Obuta mosydena suibopka B 25 263 mapsl,
BCTYnmUBIMUX B Opax B Tedennue 1931-1936 rr. B cienyromet Tabmune
IIPUBEJIEHO PACIPeEIeHHe TOIOBbIX 10XOAO0B (B THIC. KPOH) M KOJIMYECTBO
JieTeil y Cynpy’KecKux nap B 9Toll Buibopke (nanneie s3aTe u3 [19]):

Tabnuia 20.6

YHCII0 AeTell \ JoXoAbt 0-1 1-2 2-3 >3 | Cymma
(] 2 161 3577 | 2184 | 1636 9 558

1 2755 5081 | 2222 | 1052 11 110

2 936 1753 640 306 3 635

3 225 419 96 38 778

=>4 39 98 31 14 182

Cymma 6116 | 10928 { 5173 | 3016 25 263

Tpebyercs ycraHOBUTL C JOBEpPUTENBHOH BeposiTHocThIO 1 — @ = 0,95
SIBJISLIOTCS JIM 3aBUCUMBIMU KouwrdecTBo nereif B cembe (CB X' ) u ypoBenb
rofoBoro roxoxa sroi cembu (CB V).

Pemenune. dna uposepku runoresnl Hy o mesasucumoctu CB X
u CB Y Bocmonb3yemcsi KpuTepHueMm XU-KBaapaT. B JaHHOU 3ajade
muoxectso 3radennit CB X (konudecrso gmereil B cemne) pasbusaercs
Ha 5 paspanos Ay, i = 1,5, ecrectsennbiv obpazom: 0, 1, 2, 3 u ne
MeHee 4-x feTelt (cM. nepBbiit cronber tabu. 20.6). MuoxecTBo 3HaueHUI
CB Y (romosoit moxon cempu) pazbuto Ha 4 paspsga A, ;, j = 1,4,
KOTODBIE yKa3aHbl B IIePBON cTpoke Tabn. 20.6). Briuncisa sHauenue z
(em. 1. 20.4) no dopmyie

z:n<i}5 J?L——l),

i=1j=1 Nz,iNy,j

rne n = 25263, s =5, r = 4, uncna ng;, i = 1,5, npuBeneHs B
nocnexHeM cronbue TabiMuBL, a wMcIA ny;, j = 1,4, OpuBEeHb B
nocieHel cTpoke Tabuiel, monyunM z = 568,5.

[Ipu cnpaBenauBOCTH HTIOTE3Ll Hp cTATHCTHKA Z HMMEET pacHpese-
JIEHNE XH-KBAJPAT C YUCJIOM cTemeHeil cobompt m = (s — 1}(r — 1) =4 x
x3 = 12. Torma xpuruueckas obmacts G umeer Buz G = (x095(12),
+00) = (21, +o0), a moBepuresbHan obnacts — G = [0, 21].

Tak Kak BBLIYHCJIEHHOE IO BLIGOPKE 3HAYEHHE CTATHCTHKH IONAJAET
B KpuTHuecKylo obiacTs G, To ¢ BeposrHOCTBIO 0,95 rHmoTesa Hp o
nesasucumoctd CB X (xommyecTso nerteit B cembe) 1 CB Y (yposenn
TOJOBOTO JIOXO/Ia CEMBH) OTBEPTAETCA.

Oreer I'unoresa Hy o nesasucumocte CB X (kommuectso jereit B
cembe) 1 CB Y (yposenn romosoro oxona ceMbH) OTBEPraeTCs.
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S3anmgaua 20.6. B tabm. 20.7 npuBeneHb! JaHHBIE O pPacHpeleeHUH
J0x0f0B (B THIC. KPOH) BCEX IPOMBINIEHHLIX Pabouux X CILy2KAIIHX
Ieenuu B 1930 r. auist BospacThbix rpymn 40-50 ser n 50-60 ser (nanmbe
B3aThl u3 [19]). Tpebyerca nposepurs Ha yposre gosepust 1 — a = 0,95
rumoresy Hy 0 ToM, YTO mOXOABI paBoOYHMX H CJYXKALIUX BO3PACTHOM
rpynust 40-50 ner (CB X ) u joxoapl pabounx 1 CIy»KALIX BO3PACTHOM
rpymmsl 50-60 ser (CB Y ) pacnpefieness! OGuHAKOBO.

Ta6auma 20.7

noxoznwl \ Bospacr | 40-50 ser | 50-60 ger
0-~1 7831 7 558

1-2 26 740 20 685

2-3 35 572 24 186

3-4 20 009 12 280

4-6 11 527 6776

>0 6 919 4222
Cymma 108 598 75 707

Pemenwue. Jnaa nposepku runoressl Hy 00 onuHakoBOil pacupe-
npesennoctu (oguopoanoctu) CB X u CB Y upumenum xpurepuil xu-
KBajipaT. B maHmoii 3amave Kou4decTBo cepuil ucnbitanuit s = 2. Torxa,
corsacHo npuMepy 20.5 (cm. m. 20.5), 3nadYeHHe CTATUCTUKU KPUTEPUS
MMeeT BHJ

2
41 42
— Z 3 g
zZz=n-m (— e —_) )
n,1+n12 n m

rae = 108 598, m = 75 707, xonu4ecTBo pa3paaos r = 6, yncaa n;q,
j = 1,6, npuBeaeHL BO BTOPOM CTOJIOIE TABIMILI, a YACIa Ny, Jj = 1,6,
NPUBEJIEHBI B TPETbeM CTonbIe Tabiupbl.

IIposenst Heo6GXOMUMEIE BbIYUCHEHUs, nounyunM z = 840,62.

IIpu cnpaBenmuBocTy runore3bl Hy cratucTuka Z uMeeT pacupeje-
JeHHe XU-KBaJpaT C YMCioM cTeneHelt ceobompl m = (s~ 1)(r — 1) =1 x
X5 =5.

Torpa kputmueckas ofmacth G mmeer By G = (20.95(5), +00) =
= (11,1, 400), a mosepurempHas obnacte — G = [0, 11,1].

Tak Kak BbIYHCJICHHOE 110 BHIOOpKE 3HAYGHHME CTATHCTHKH IIONaJaeT
B KPUTHYECKYIO obmacts G, TO ¢ BepostHOcTbio 0,95 rumoresa Hy of
onuopoasoct CB X (moxoybl pabodux M CllyKalgux BO3PACTHOMN IPYNIIbL
40-50 srer) 1 CB Y (noxomst pabovnx ¥ ciy»ammx BO3PACTHON IpyIIIbI
50-60 seT) oTBepraeTcs.

Orpert Iunmoresa Hy o6 oguoponuoctn CB X (moxomsr pabounx u
cay>kamux Bo3pacTro# rpynnst 40-50 ser) m CB Y (moxonsr pabounx u
CITy>KaImix Bo3pacTHo# rpynmst 50-60 sieT) oTBepraeTcs.
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§ 21. 3amayu JUIsT CaMOCTOSITEIBHOTO PEHIeHns

1. Ilo gauubiM THnOBO# 3ama4du 20.3 MOCTPOUTL FUCTOTPAMMY YHCHA

CHAp#AJI0B, YIABIIHX HA YYaCTOK mromaapo 0,25 kM2,

2. llpepmnosarast, 4TO YMCIO CHAPSIOB, YIABUINX Ha YHACTOK ILIO-
manpo 0,25 xm? (cM. samady 20.3), umeer pacnpenetenue Ilyaccona ¢
HEeH3BECTHLIM napamerpoM  , noctpouth MII-oneHky aToro nmapamerpa.

3. Ilo pauubIM THNOBOH 3agaqu 16.2 maltTm, y4uTbiBasl IOMPaBKA
[lenmapaa, Buibopodnoe cpemHee M BLIOOPOYHYIO IUCIEPCHIO POCTa
B3pocstoro myxuunsl (CB X ).

4. Ilo mauusiM TUnOBON 330a4d 16.1 MOCTPOUTH LEHTPAILHBIN N0BE-
puTenbHbIl MHTepBaa yposHs goBepusi 1 — o = 0,99 1nma maremaTide-
CKOTO OXKHJABHUS CpefiHelt TemmepaTyphl suBaps B I. Anatsipe (CB Y).
IIpenmonaraercs, wro CB Y uMmeeT HOpMaJbHOE pacHpejie/ieHAE.

5. Ilo maudpiM TUmOBOR 3amaunm 16.1 mOCTPOUTH LEHTPANLHBIN
JOBEPHUTENBHBII UHTEPBAX YPOBHS HoBepus 1 —a = 0,95 pana qucnepcuu
cpemHeit TeMnepaTypsl ausaps B I. Anarsipe (CB Y'). Ilpeamonaraercs,
yro CB Y unmeer HopMasbHOE pacnpeneieHue.

6. Tlo mawubiM THROBOI 3agaqm 16.1 npoBepuTh Ha ypOBHE JOBEpHUs
1 — a = 0,99 runoresy Hgy, cocrosniyro B TOM, YTO MaTeMaTHYeCKOe
OXuIaHue cpejiHell TeMllepaTyphl ausaps B I. Anmarteipe (CB Y') pasno
—11,87, T.e. wro my = —11,87, npotns anbrepHaTUBHOH runoTe3bl Hi
0 ToM, 4ro my # —11,87, npesnonaras, yro CB Y umeer HOpMaiabHOE
pacIpenesneHue.

7. Ilo mamubiM Tunopoii 3amaqu 16.1 NpoBepUTHL Ha YPOBHE NOBEPHS
1 —a = 0,95 runoresy Hgy, COCTOSANIYIO B TOM, YTO HUCIIEPCHsI cpegHeit
TemIepaTypsl sHBapa B I. Anarteipe (CB Y') paBHa 20, Te. ol =20,
TIPOTHB aJbTEPHATHBHOR THHOTeswl Hy: 0% # 20, mpejmonaras, 4To
CB Y umeer HOpMaJIbHOE pacHpejesieHue.

8. B tabn. 21.1 mpusenenwnt pesynbrarsl ucobrranuit 200 gaMn Ha

IPOJO/KUTENLHOCTD paborst T [B wacax].
Tabaunga 21.1

T [qac] 0-300 300-600 600-900 900-1200
HUCJIO JTAMII 53 41 30 22

T [qac] 1200-1500 | 1500-1800 | 1800-2100 | 2100-2400
YUCJIO JIAMIT 16 12 9 7

T [qac] 2400-2700 { 2700-3000 { 3000-3300 > 3300
YHCJIO JJAMIT 5 3 © 2 0
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IIycrs CB X — npogmomxurensHocTs paborst namnsl. Vcnoabsys kpu-
Tepuil XU-KBaApaT, IpoBepHTh rurnoredy Hp o ToM, yro CB X (pea-
JIM3aUusA CTATUCTHYECKOro PsAsia KOTOPOR NpuBeldeHa B Tabiune) uMeer
SKCIIOHEHIMAJIbHBIH 3aKOH PACIPENe/IeHUs C IIIOTHOCTHIO PaclpeieleHust
BepoarrocTn f(z) = fe™% mnpu 2 > 0. Yposenb JOBEpHS TPUHATD
paBHBIM 1 — o = 0,95.

9. VYTBepXKIaeTcsa, UTO PE3YJIbTAT AEUCTBHUSA JEKAPCTBA 3ABHCHUT OT
crocoba ero npuMeHeHus. [IpoOBepbTe 3TO YTBEpPAKJIEHHE IO JAHHBIM,
MpeACTABIeHHBIM B Taba. 21.2. YpoBeHb noBepus mpuuath pasHbiM 0,95,

Tabnuna 21.2

pesyabTar \ cnocob npumenenus | A | B | C

He0JIaronpUATHBIA 11 | 17 | 16
GJ1aronpuaTHLIR 20 | 23 | 19

10. B Tabu. 21.3 npuBezeHs! JaHHbBIE O PacHpEIeJeHHH A0XOHOB (B
THIC. KPOH) 3aBocKux Mactepos [TIsennu 8 1930 r. 17151 BO3PACTHBIX IPYILL
40-50 ser u 50-60 ser (nannbe B3sTH K3 [19]).

Tabannga 21.3

poxonsl \ Bospact | 40-50 ner | 50-60 ner
0-1 71 54
1-2 430 324
2-3 1072 894
3-4 1 609 1202
4-6 1178 903
>6 158 112

Tpebyercss mpoBepuTh Ha ypobiie nosepusi 0,95 TI'HIOTE3y © TOM, HUTO
JIOXO[B! 3aBOJCKHUX MacTepoB Bo3pacTHOH rpymmel 40-50 ger (CB X ) u
3aBOJICKMX MacCTe€pOB Bo3pacTHOH rpymmst 5060 ner (CB Y') pacnpene-
JIeHbI OJJMHAKOBO. Y POBEHb JOBEPHs NPHHATHL paBHEbIM 0,95. Cpapnute
TIOJTyYeHHBI Pe3yJIbTaT ¢ oTBeToM 3aja4u 20.6.

11. B pesynbTaTe NPOBEICHHOIO HCCIEIOBAHUA GbIIO YCTAHOBJIENO,
4TO y 782 CBETJIOITIA3bIX OTLOB CHIHOBLA TOXE MMEIOT CBeTJble Iia3a, a
y 89 CBETIOTNAa3bIX OTLOB CHIHOBbA — TeMHOTIasbe. Y 50 TeMHOMNIa3bIX
OTIOB CHIHOBBSI TAKe TEMHOINIA3bIE, 3 y 79 TeMHOTNIA3bIX OTUOB ChLIHO-
Bbsl — CBETJIOTJIa3ble. IMeeTCsI I 3aBUCUMOCTD MEXKJLy [BETOM IVIa3 OTIOB
(CB X ) u userom ria3 ux cotHoBeit (CB Y )? Yposenb AOBEPUS IPHHATH
paBubiM 0,99.
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MPUJIOXKEHUSA MATEMATUYECKON
CTATUCTUKHN

§ 22. PerpeccuoHHbIii anau3

22.1. Mogenn perpeccuun. Ilycts Y u X — 3zaBucumsie CB u
TpebyeTcst MO pe3yibTaTam Habmomenwit (Z1,...,T,) 3a BeKTOpoM X
7 {y1,--.,Yn) 3a BekTOpOoM Y cHenaTh 0DOCHOBAHHOE 3AKIIOUEHHE O
xapakrepe 3asucumoct Y or X .

Onpenmenenne 22.1. 3asucumocts Y = ¢*(X) 2 M[Y|(X], oBec-
He4uBaomas Hamiydmee (B CpeHEM KBAJIPATHIECKOM CMbICie) npubou-
xenne CB Y':

M [(Y — *(X))?] S M[(Y - 9(X))?],

rare o(X) — npoussonpHas HYHKIHA, Ha3blBaeTcs @ynxyueld meope-
muveckot; peepeccuu. IIpu srom X Ha3bIBAOT pezpeccopom, a Y —
OMEAUKOM.

st Boruncnenuss ycjiosoro MO HeobXomumMo 3HaTL COBMECTHYIO
dbyuxumo pacnpenenenuns CB X u Y, a Takoit mudopmanueii nccie-
JIOBaTeNlb, KaK IPAaBWJIO, He pacronaraer. Jlns npeonoieHust 3Toro 3a-
TPYAHEHUS] MOXKHO, HAIIPHMED, OIPAHMYHUTHCSA PACCMOTPEHHEM HEKOTOPO-
ro napaMeTpH4ecKoro kKiacca dyukuuit p(z) = (z,0), tme 6 € © C
CIR’® — sekoTopHIil HEM3BECTHLI apaMeTP, KOTODHII TpebyeTcs OUEHUTD
1o umeromeiica Beifopke HabmoaeHuit (T1,... ,Zn) X (Y1,--+ ,Yn)-

Ounpegenenne 22.2. Knacc auneinnix no 6 Gynkiui
o(z,0) = bro1(z) + ... + Osps(z),

e ¢1(z),...,ps(z) — wusBecTHble (QPYHKINH, ONpPENENIONIYE NAAH
IKCmepuUMENMa, HA3LIBAETCS JauMeltinol pezpeccuonnoli modeawro. Ilpu
9TOM JOIKHO BBHINONHATHCA O4YeBHAHOE TpeboBaHMe s < 7.

Yacrto paccmarpusaioT Moueab nabmopesuii 3a CB Y, B koropoit
BeKTOp X CYMTAETCS HECAYyYalHBIM M IPHUCYTCTBYIOT Cliydaiinble OIIHOKH
nabmoaenun W :

Y. =0, (mk) +..+ os‘Ps(-'L'k) + Wy, k= 'I,_n
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B sTolft MozeNH HEHM3BECTHBHIMHM MO-IIPEXKHEMY ABJISAIOTCA IAPaMeTPhl
61, ...,85, a BEKTOpHL T1,...,T, u pacupegenenuss CB Wi, k = 1,n,
CUYHTAIOTCSI U3BECTHBIMM.

22.2. Cxema Taycca—MapkoBa. Jluneitnyio MoJielb HabioneHuit,
IPUBEIEHHYIO B NIPEABIAYIIEM Da3fesie, MOXKHO 3amucaTbh B Bojiee KoM-
MAKTHOM BHIE

Y = A0+ W,
eciu BBecTH oboszHadeHUA Y 2 col(Y1,...,Y,) mna Bextopa Habuo-
aenwuii, 6 a col(fy,...,85) — M BEKTOpa HEHM3BECTHBIX NMAPAMETPOB,
W 2 col(Wy,... ,Wy,) — mna BeKTopa Clly4aliHbIX omubox HabIIOgeHus,

= {ak]} -~ JUIs MaTPHILI, COCTABJIEHHON U3 IEMEHTOB ak; = ¢;(Tk),
j=1,5, k =1,n. Ilpu 3tom 9acTo MaTpuny A Ha3BBaOT Mmampuyet
naara WIn pezpeccuornot mampuyet. Bes orpanudenns obuHOCTH H3I0-
erus npexnonoxuM, uto M[W] =0 u M [WWT] = 62], rpe I
eJIMHUIHAS MATPHULA Pa3MEPHOCTH 1L X .

Onpemenenne 22.3. Ouenxoif BeKTOpPa HEU3BECTHBIX NapPaMET-
poB 6, HaiimeHHON 1O memody Haumenvwur xeadpamos {(uiu MHK-
ouerxotl), Ha3BIBAIOT BEKTOD

6= in(Y — A6)T(Y —~ A9).
0 argrgrélél(Y ) (Y —- A6)

CdopmystpoBantyo 3a5ady Ha3bIBaOT cxemol Taycca—Mapxosa.
Teopema 22.1. (Teopema Ilaycca—Maprosa). ITycmv mampuua

AT A neewpoocdennas. Tozda MHK-ouenxa 6 obaadaem CAEOYIOUUMU,
ceolicmeamu: "
1) MHK-ouenxa 6 cywecmeyem, ona eduncmeentan u onpedessemcs

Ppopmyaot
= (ATA) " ATY;

2) MHK-oyenxa 0 sasraemcsa Hecmewennot U ee KOMNOHEHB
UMEIOTTL MUHUMAALHBE JUCNEPCUL 8 KAQCCE AUHETHBT OMHOCUMEAvHO Y
HECMEULEHHBL OUEHOK;

3) xosapuayuonnas mampuya MHK-oyenru 6 onpedeasemca gopmy-
a0l
K;=0%(ATA)7".
Ecan B cxeme I'aycca—Mapkosa CB W umeer HopMaJsbHOe pacipese-
JIeHUe, TO
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1) MHK-ouenxka § umeer $-MEPHO€ HODMaJIbHOE DacIpelesieHue
N (6502 (aT4)71);

2) Ksagpatnunas dbopma (9 G)TATA(H ) / 0?2 umeer pacrpese-
seHue xu-kBaapat x2(s) ¢ s cremeHsMu cBOBOIDI.

3) MHK-onerka 0 sBnsercs TakKe MII-ouenkoit.

IIpumep 22.1. Ilycts Tpebyercs OLUEHUTH 38BUCUMOCTD
y=01 + 605+ ... +0,z™ !
0 pe3ysasTaTaM HabJoeHui

Yk:01+92(Ek—|—...+gs$;_1+Wk, k:T,_n

B TOYKaxX Iy, tme Wi, k = 1,n, — ciyvaiinsle omubku n3mepeHni’1 B
J2HHOM CJIydae 31eMeHTH MaTPHUB IUIala PABHBI agj; =z , k= 1,n
j = 1,s. Torga HCKOMYIO 3aBUCHMOCTDH MOXKHO ONPEICIUTh B BUIEC

y: é\l —|—§21‘+...+§sl‘s_l,

rpe ounenku §; mapamerpos §;, j = 1,5, HAXOOATCH IO METOAY HAMMEHb~
LIHMX KBaAPATOB U3 YCIOBUS MHHMMYMa KBaPATH4eCKOH (DyHKIUU

n 8 -1 2
Q-0 = 3 (we — 32 05517")
k=1 j=1

IIpnpaBruBast Hymio 4YacTHBle IIPOM3BOAHBEIE 10 (; KBaJpaTHYeCKOH

dbyukuuu Q0. .. ,05), MOXKXHO IOJLYYHTH CUCTEMY JTHHEHHBIX yPABHEHMUIT
JIJIS OTIpeIesIeHUsI OIEHOK HEeM3BECTHBIX mapamerpos fy,... ,80,:
aQ(017--'793) — zaQ(ela""es) =0
86, o 00, '

B gacrHOM cr1yuae, korma s = 3 IpPUXOOMM K 3ajade MOCTPOEHUS Nd-
paboaunecxol peepeccuu. B nmaHHOM Ciyyae 1ociie HeCHOXKHBIX Hpeobpa-
30BaHMil MOXKHO [OJy{HTE CIIe/YIOyT0 CHCTeMY JINHEHHDBIX ypaBHEHUIH,

ONPEIeNTAIOMHAX OIEHKH 01, 92, 03
agls + 0102 + agby = By,

0353 —+ azaz + alal = ,Bla

0453 + 0352 + 0251 = o,
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rae ko3 PHIMEHTH ITUX YPaBHEHUH PACIHTHIBAIOTCS 10 HOpMyJIaM
n n .
- _ A4 J - _ D0
Z 7=0,4, Z Yexy, J=0,2.

Pemasn IOJTYYEHHYIO CUCTEMY JIMHEHHBIX ypaBHeHHﬁ OTHOCHTEJIbBHO OLEHOK

3I*—*
Blr—‘

01, 02, f3 w MoACTaBASAA MX 3HAYEHHS B NPHMBEIEHHYIO BhILIE (HGOPMYILY,
[OJTyIae€M HCKOMYIO 3aBUCUMOCTb Y(T).

22.3. IIpocras nuHeiiHast perpeccus.

IIpumep 22.2. PaccMoTpuM Mozenb npocmoti Aunelinot pezpeccuu.
ITycts CB Y u W caazaunt ypasuenuem Y =az +b+ W, rne CB W
MOXET ObITH HHTEPHPETUPOBaHA, HAPUMED, KaK HOI'PElIHOCTDh BBIMUCIIE-
HUS JeTepMUHHpOBaHHOH BequauHB y = ax + b. [lycte CB W nmeer
HopMmanbHoe pacipegenenne N(0;0?). IIpeamonoxuM, 4To B COOTHOIE-
HuH Y = ax + b mapamMeTpnl @ ¥ b HEU3BECTHBI, & IPU KaxXAoM k-M
HaOMIOACHNHT CIIyYaiiHol BeNuuunbl Y JAeTEPMUHHDOBAHHAS BEJIHYHHA T
[IPUHMMAET Pa3/NdHble 3HaueHust Tr, k = 1,n. Torma CB Yy = azy +
+b+ Wy, k=1,n, 6yger uMers HopMaJbHoe pacupesenenne N(azy -+
+ b;0?), Tak kak M[Yy] = azg + b. Byaem cuntath, 4ro HabMIOLEHUS
HE3aBHCUMLI APYr OT Apyra, T.e. CB Wy asnsitorcst He3aBHCHMBIMH I
pasubix k ¢ omuum u Tem e pacupenesnenmem N(0;0?). B pannom
clly4yae HeoJHOPOIHY0 BBIOOPKY Z, obpasyior Habmogenus Yi,...,Y,.
Tpebyercs o BbIGOPKe Z,, W M3BECTHHIM 3HAUYEHHAM ZI1,...,~LTn OUEHUTDH
HeM3BECTHBIE IapaMmeTpbhl a u b. PaccMorpum mus peasnsanun BeiOOp-
Ku 2, = col(y1,...,Yn) Norapudmudeckyro yHKIMIO IPABIOIOZOOUST

A A
In L(z,,a,b) ¢ mapamerpamu 8; = a, 0 = b, xoTOpas B JaHHOM CJlydYac
uMeeT BHI

1 n
In Lz, a,b) = -2———2_: yk—axk—b)z—nln(a\/Q—ﬂ).

Heobxoaumoe ycaoBre MakCHMyMa 3ToH (hyHKIMH:

P
o InL(zn,a,5) =0,

a
3 In L{zp,a,b) = Q.
Pelnas mojly4eHHYI0 CHCTEMY U3 JBYX YDAaBHEHUH C ABYMS HEU3BECTHBIMHA

a u b 15 KaxKI0# peaau3aiui BEIODOPKH 2z, , HAXOMM OLEHKYU IlapaMeT-
pOB:
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3areM, 3aMeHAA B MOJYYEHHBIX BHIPAXKEHWAX PEasM3alvio BLIGODKH zy,
Ha BoIOOpKY Zn = col(Yi,...,Y,), monydaeMm To4edHnle OLEHKH HEH3-
BECTHBIX IapaMeTpoB a(Z,), b(Z ).

ITpumep 22.3. PaccMmoTpum Momens npoCTo#t MUHEHHOM perpeccuu
13 npuMepa 22.2, He npejnonarasn, yro omubku Wi umeror nopmasbuoe
pacmpenenenue, 4, KpOMe TOTO, CUnTast, 4T0 KO3hduunenTsr Xy caydaii-
Hbl 1 Habmogaemsr: Yy = aXy + b+ Wi, k= 1,n. ycrs M[Wi] =0,
D[W,] = 0? u neussectna, CB Wy, k = 1,n, nezasucumbt. IIpeamomno-
xuM, uto CB Xy, u Wy, k = 1,n, He3aBHCMMBI, upudeM Xj HMEIOT
OJIHO H TO 2Ke, HO HeusBecTHoe pacnpenenenue Fx(z). ITo pesymbratam
abmogenuit (y1,21),.-. , (Yn,Tn) TPEOYETCS OUEHUTH HEM3BECTHEIE MMa-
pameTpnl a¢ u b B guneiinoi perpeccuoHuo Mogenu. Jdaa HeonHOpORHOM

-~ A
BLIOOPKH Zn = cOl(Y1,. -+ ,Yn,T1s--- ,Tn) PACCMOTPHM KBAAPATHIECKYIO
byHKUMIO

;H‘—'

Q(Zn,a,b) Z k—aa:k~b)2

XAPAKTEPU3YIOLLYIO CPEIHIOI0 MO 11 KBaAPATHIeCcKylo omubKy 1npecKa3a-

Hus TOro, 4To B 1 Habmoaenusix CB Y upumer 3navenus yi, k= 1,n.

Ounpenenenue 22.4. MHK-ouenxamu, MONYYEHHBIMH 10 Memody
HAUMEHDWUT KEA0PAMOos8, HEM3BECTHLIX NapaMeTpPoB ¢ U b B JuHelHOU
perpeccuonnoi Mogenn Yy = aXyg + b+ Wi, k = 1,n, Ha3pIBaIOT OIEHKHU
a(Z,) u b(Z,), 3Ha4eHHA KOTOPHIX MUHUMH3UDYIOT KBaJIPATHYECKYIO
dyukuuo Q(z,,a,b), HocTPoEHHYO MO peann3anyuu BHOOPKH Zj, .

B jaunoMm ciyuae suaHo, uro ¢yskuus Q(Z,,e,b) cosmamaer mo
dopMe ¢ TOYHOCTBIO 10 K03 PUIUEHTOR ¢ jorapudmudeckoil dyHKuuei
TIPaBIONOROOHS U3 NpuMepa 22.2:

Q@ a,b) = —?_Z— In L(Zn, a,b) — 2% In (a 271')
Iostomy Munumym dbyukuun Q(Z,,a,b) no napamerpam ¢ u b mocTura-

eTCH [P TeX K€ 3HAYEHUsIX @ U b, 9TO U B MeTO/e MAaKCUMAJILHOT'O IIPaB-
nononobus (Munumuzanust Gyskuua Q(Z,,a,b) no a u b skBUBaIeHTHA
makcumuzanuy dbyskunn In L(z,,a,b) ) 1 onpenensercs COOTHOMEHUAMH
u3 npuMepa 22.2. 3aMeHsAS B 9TUX COOTHOLIEHUAX Zn Ha Z, , nony4aem

@(Zn) =Txyi| 2, b(Zn) =My —a(Z,)ix.
X

Haiiienuble 1m0 MeTONY HAMMEHBIIMX KBaJpaToB oueHKU G(Z,)
u b(Z,) Heu3BECTHHIX MAPaMETPOB @ M b IOCTPOEHbI JUIsl MIPOU3IBOIBLHO
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pacnpefeleHHbIX ciydaiunix oumboxk Wi u cnyualiueix koadpduim-
eHTOB Xj, TOIZa KaK N[O METOAy MaKCHMAaJBHOIO NPaBAOIOA0OHS
aHaJIOTHYHbIE OIEHKH MOJNy4YeHbl B IPEAIONoKeHH 0 HopMaibHocTy Wi
M IS DeTEPMHHHPOBAHHBIX 3Ha4eHud Ik, k = 1,n. UnbiMu crosamu,
MHK-onenku oxassiBatorcsi Gonee pobacmmvimu (T.€. MeHEe UyBCTBH-
TEJHHBIMH K allpHOPHOH nuOpManyy ¢ cIy4daiHbx Koadduuuenrax Xy
n ommubrax Wy ) no cpasnennto ¢ MMII-onenxamu.

Hccnenyem cratuctudeckue cpoiictBa wnalizenusix MHK-onenox

a(Z,) u Z(ZH) Ipennonaras cyiecreopanue MmomedtoBy CB' Y n X u

IEPeXoas K NpeJesy B COOTHOMEHUsX Jyist a(Zp) u b(Z,) mpu n — 0o,
110 3aKOHYy GONBIINX YMCEN IOy HaeM

’d(?n) —H—H-—) a* é TXY, E(En) —H-}—{—) b* é my — a*mx.

ITpumep 22.4. Ilycts unciosble xapakrepuctuku CB X u YV
HU3BECTHBL: MY, OX, My, Oy, 'XY , HO (DYHKUMOHANbHAS CBSA3b MEXIY

CB X u Y wuemssectna. PaccmorpuM Hosyio CB V2 ax +b, e a
¥ b — HeKoTOpbie¢ 3aJaHHbBle HapaMmeTphl. Jadauwa npedckasanus CB Y
3AKJII0YAETCSL B TOM, YTOBBI 110 HaboneHusaM (peannsamyam) Ty,... , Ly
npencka3aTh 3HadeHus Habmomaemoit CB Y Ha ocHOBe 3aBHCHMOCTH

—~

Yk 2 azy + b, k =1,n, swas auws auciopsie xapaxrepuctuky CB X
n Y. SlcHo, 4TO IpeACKA3bIBAEMBIE 3HAYEHHS Ui OYAYT OTIHYATHCS
or peanmuzanuii ¥ CB Y, a TOYHOCT, HpEeICKA3aHHS ONPELENSeTCS
napamMerpamu a u b. 3anamumcs 1esbio BHIOPATh napaMeTpsl ¢ u b Tak,
4T0oBBl cpednexsadpamuseckan owubra npedcrazanus ObLIa MUHAMAIbHA:

~ 2
(a%,b%) = arg min M {(Y ~-¥(X,a, b)) } .

O6o3HaynM
Q(a,b) 2 M [(Y -¥(X,a, b))Z] AM[(Y - aX —b)3.

Torma MOXHO YCTAHOBHTb, YTO

Q(a,b) = 02 (1 ~r%y) + (aox — oyrxy)? + (my — amx — ).
Ilns Toro urober ¢ymkunsa Q{e,b) mocrurama MmEMMyMmMa mo @ H b,
JIOCTATOYHO BHIOpATH

o
at = y XY, b = my — a*mx.

gx

B sToM ciyyae
Q(a*,b*) = o} (1~ rky).
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3HaveHns HapaMeTpoB a* M b* COBNAHAIOT C HPEAebHBLIMA 3HAUEHUSAMHU

ouenok @(Zy) n b(Z,), nonyennsiMu B npumepe 22.3.
IIpoananusupyeM MHHEUMAJIbLHOE 3HAYEHHE DYHKIMI

Q(a*,b") =D[Y —a*X —b* ] =03 (1 —r%y),

Tak Kak M[Y — ¢*X — b*] = my — a*myx — b* = 0. Takum obpa3som,
uMeeM

IMTE(Y:D[Y—aX—b]'

2
gy
Orcroga cienyer, 4T0 KO3QHUIMEHT KODPEJAIMH XapaKTepU3yeT OT-
HOCHTeNbHYI0 (B €/MHALAX 0} ) BEJAMUMHY CPEJHETO KBaApaTHUecKOro
orkaonerust CB Y or nuHeiHo# oueHKu Hammydniero npubinkeHus

1% 2 a*X +b*, r.e. Txy YHCIEHHO XapaKTepU3yeT CTeleHbL JMHeHHOH
croxactudeckoit 3apucumoctu Mexxkay CB X un Y. Yem Gmxe |rxyl| K
eIMHHUIIE, TeM TecHee Oy/yT rPYIMHPOBATHCA BEIGOPOUHbIE TOYKH (Tk, Yk )
OKOJTO TIPSIMO#T i = a*x 4 b* | nazniBaemoit npamoti cpednersadpamurieckoti
pezpeccuu CB'Y na CB X . Ilpu rxy = +1 nmeem D[Y —aX — b] =
= 0, nosromy, cornacuo ceoiicrBam MO, CB X u Y ¢ BepositHocThIO 1
suHeHHo 3apucumel: Y = a*X + b*.

Kak ormevanocs B n. 22.1, Hamnyvinell cpeHEKBaAPATHIECKOI OLEH-

kot CB Y no CB X spmsercst ycnosmoe MO Y* = M[Y|X]. B wacr-
HOCTH, €CNH BEKTOp Z £ col(X,Y) — rayccoBckuii, To U3 TEOpeMbl O

HODMAaJIbHOU KODDPEJSIIHH CIe/yeT, YTO

Y* =M[Y|X] = my + E’—Y;”‘—Y (X —mx),
X

T.e. HAMJyqIas OLCHKA Y * JIMHEHHO 3aBHCHT OT X U COBIAJAET C OLeH-
KOIi, IOy YeHHOH BBIIIE ¢ TIOMOIIBIO METONA HAMMEHBIIUX KBaJADATOB IPH
ycnosuu, 9to dyukuua o(X) numeitna. [padux byaxmuu §* = MY |z]
Ha3biBaeTca aunuet peepeccuy CB Y wa CB X . B rayccoBckoMm cirydae
JIMHHS PErpeccHH — TIpsaMasi.

22.4. Tunosble 3aJa4n.

Sagava 22.1. Ucnons3ys maHHbIE TUIOBOH 3amaum 16.1, mocTpouThb
JITHEHHYIO PETPECCHOHHYIO MOIEIb

Yi =aXi + b+ Wy, k=1,n,

omuchBamomyo 3asucumoctb Mexiay CB Y (cpegusasi Temmeparypa
sauBapsa B I. Amarsipe) u CB X (cpemusis Temmeparypa sHBapsa B
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r. CaparoBe). 3aMeTuM, uTO pacUpefeclieHHe CIydafHbix omubok Wy
HEU3BECTHO.

Pemenne. [nsa onennBaHusi HEU3BECTHBIX ITapaMeTpoB ¢ u b
ucnonszyem MHK. Cornacuo npumepy 22.3, MHK-onenku nmeror Bug:

~

a(Zn) = Pxy S)-’, B(Z,) = vy — 6(Zn)ix.
X

B gamnoit szamave Txy = 0,95, dy = 20,09, dy = 22,14, imx =
= —11,87, My = —13,75 (pesynvrar pemenus samadn 16.1).

Iposens HeobXOqUMBIE BhIYUCAEHNS, oayduM @ = 0,91, b= —3.
OrseT. a=0,91, b=-3.

§ 23. MeToa, ctaTUCTUYECKNX UCIIBLITAHUI

23.1. OcHOBHBIE IOHATHA.

Oupenenenue 23.1. Meros BbIYUCIEHHA HEKOTODPOI JeTEePMUHH-
POBAaHHONH BEJNUYHMHBI @ KaK CPeSHEero apu()™MeTHYECKOro Y, He3aBHCH-
MBIX oguHakoBo pacupenenennbix CB Xi, ..., X, , monobpaHHBIX TakuM

TLH.
obpasom, 4Tobbl Y, —— @, Ha3BIBAETCH MEMOJOM CTMAMUCTMULECKUT
ucnwmarut (memodosm Mowme—Kapao) miist BeIMucsIeHust a.

Bameyanue 23.1. B nexkoropbix yuebuuxkax meron Moure-Kapno
Ha3LIBAIOT TAKXKE MEMOOOM CMAMUCTNUYECKO20 MOJeAUPOBAHUA, [UTO,
Ha Halll B3IV, HE COBCEM KOPpeKTHOo. Jlemo B TOM, YTO TepMHH
«MOo0eauposaHue» WUCHONL3YeTCA TAKIXKE B 1MEOPUL MAMEMATIUNECK020
Modeaupoearus JUIsi OMUCAHHSA TIPOLECCA CO3MAHUSI MATEMATHYECKHX
Mojesieit kakux—nnbo asnenuit. [TomuepkieMm, uro B MeTone Morre-Kapao
peus Hjer o cmamucmuseckot umumanyuy ucnsmarutl (OMBITOB), & He O
IPOLECCe CO3LAHNE CTHTUCTUYECKUX MOJeeil OIBITOB.

23.2. BoruncneHne BeposITHOCTH COObITHSA.
IIpumep 23.1. PaccmorpuM npuMmeHeHHe MeTONA CTATHCTUYECKHX

" , A
HCHBLITAHWE JJisl OUEHWBAHUS HeU3BecTHON BepositHocTH p = P(A)
HEKOTOPOro cobuiTuss A. B cOOTBETCTBHE C YCHJIEHHBIM 3aKOHOM GonbInnx
qHCcen 9acTOTa COOBITHs A CXOOUTCH IIOYTH HaBEPHOE K BEPOATHOCTH

A H.
coburrua A, T.e. Wn(A) 2 M(4)/n =25 p npu n — oo. Kpome
TOro, B COOTBETCTBHH ¢ TeopeMoii Myaspa—Jlannaca cupaseanuso gpyroe
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Ipe/ieyibHOE COOTHOIIEHHE TP 11 — OC !

V{/ A M (A)=np F
" Nz

Bocnonb3ayeMcsi 3TUMH COOTHOINEHUSAMHU JIJIsT BHIGOPA 2apanmupyioue2o
wucaa ucnvimaruti N, npu KoTopoM MOXKHO 6buIo OBl cKazaTh, yTo CB
M(A)/N «bmmska» x onenusaeMoii BeposTHOCTH p. IlocTymum ciemyro-
muM cnocobom. BHavasne 3agaauM TOYHOCTs A OLEHKH BEPOSTHOCTH P :

» U, rme U~ N(0;1).

IM/n —pl < A, e M 2 M(A). 3arem HalifeM H3OEXKHOCTH TOH

*
OLleHKH, YUUTBIBad, uTo W, U,

P{!%—plgA}:P{W\?%%ﬂ gA\[p%'}zQCDO(A\/g).

A
3asaB JOBEPHTENLHYIO BEPOSITHOCTS 6 = 1 — (), NOJIYyYHM TPAHCIEHIEHT-

Hoe ypasuernne 2®g (A\ /N/ pq) = 4, U3 KOTOPOrO MOXHO HalTH

Ti145)72P(1 — P)

N[;:[ e

|

e T(146)/2 YHOBAETBOpsET ycrnosuio: Po(z(14.8)/2) = 0/2, T.e. T(115))2
SBNSAETC KBaHTHILIO ypoBHsa {1 + §)/2 pacnpenenenma IN(0;1). Ho

A
BEeJUYHHbBL P U ¢ = 1 — p 3apaHee HEU3BECTHBI, TMOITOMY 3aMEHHUM
Besuuniy p(l — p) Ha ee MAKCHMAJbLHOE 3HAYEHHWE, KOTOPOe, OUCBUJIHO,
Jgocruraercst npu p = 1/2 u pasuo 1/4. Ilosromy BuiGnpaem

Ny = [____(ﬂ”&g;;z) } i1

B stoM npumepe mns BuiducieHus [Ng HeobxomuMo 3a1aTb YPOBEHD
JIOBEpUTENbHOM BepoaTHocTH § = 1 — a (BTOPHYHBIH O OTHOMIEHHIO K P )
U TOYHOCTb A BBLIYUCHEHUS P .

SBameuanue 23.2. Ilpu p > 0,8 oburuno zagator A = (1 —p)/10 u
d=1-A.

IIpumep 23.2. B npeapiaymeM mpuMepe TapaHTHPYIOUIEE HHCIO
MCNBITaRUi OBLIO BBIOPAHO ANPHODH, T.€. JO ObITA, M OOHHM H TeM
Ke JUIsi BCEX OLIEHHMBaeMbIX BepositHocTelr p. Ho wnTymTHBHO scho,
4yro Ns HOMKHO ObITh Pa3fMYHLIM B 33BHCHMOCTH OT 3HAYE€HUA P U
OT peajH3auyu YHCIa ycrewHbix ucnbitauuit M . Hanpumep, mycrs B
cepuu U3 /N MCHBITAHUH BCE MCIBITAHUS OKA3AJIUCh YCIEIIHbIMY, T.€. M =
= N. Haiinem mas sroro ciiyyas 3asucumocTs Ns(p) rapasTupyouiero
qHCJa MCNLITAHHA OT JOBepHTeNLHOH BeposTHocTm 6 = 1 — o =
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oueHuBaeMoll BepoATHOCTH p. C 3TOH LENBI0 PAcCMOTPHM, KaK M B

*
npumepe 23.1, HopmuposanHyio CB Wy, HO morpebyeM BuINOTHEHUS
JPYTOTO BEPOATHOCTHOI'O YCITOBHSL:

P {Vf/'Né 3?6} =4,

re Ts — KBAaHTHJb YPOBHA 6 = 1 — o miist CTAaHAAPTHOTO HOPMAJILHOTO
pacupegenenua N(0;1). DTo ycIoBHe oTparkaeT Hallle XKeJaHue JoOUThCs
TOro, 94T06BI yacTtoTa W, Oblja HEe MEHbLINE OIEHUBAEMON BEPOATHOCTH P
C HEKOTOPO} TOYHOCTBIO, T. €.

* A N N-K
Wn= (Wi —p) =( —p) ——— < Ts
p(1—p) N pl—p) =77
A . .
rme K = N — M ecrb cayvalHOe YHCIO HEYCITENIHBIX HCILITAHMUIA.
JeficTBUTENLHO, 3TO HEPABEHCTBO SKBUBAJEHTHO CJIELYIOMEMY:

Wy <p+as p—Q]—V——pz-

Ecan nocnennee HEPABEHCTBO BBIMIOJHEHO MU KOHKPETHO PeasiM30BaB-
IIEroCs 3HAYEHHA YACTOTBI, TO MOXKHO HAJeATbhesl (¢ JIOBEPUTEIBbHON Be-
POSITHOCTBIO ¢ ), YTO IOJNy4YeHHOE 3HadeHHe Wy JIMIOb HE3HAYHTENbHO
MeHbIIe BHIYMCAseMol BeposTocTH p (cM. Gosee moApobHO O NMOHSATHH
JOBEPUTEILHOTO HATEPBana B nyHKTe 19.1). Bribupas munumanbHoe N |
YIOBAETBOPSIONIEE MTOJYUEHHOMY HEPABEHCTBY, T.€. Pellasl COOTBETCTBY-
foiee KBajpatHoe ypasienne (N — k — Np)? = Nz2p(1 —p), tme k —
peanuzaiust K , HaXOOHM

A 2 / 22
Ns(p, k) = [QHW’J”" Skptp “”5] +1.

2(1 -p)

B 4acTHOCTM, €C/IM BCE MCHBITAHUS OKA3AJUCh yCHEUIHhIMH (ciaydail k =
=0), o0

2
Ns(p,0) = [—’”—"ﬂ] +1.
1—-p
Hanpumep, ecau mnpu BBIYHCIeHUH BepositHoctH p = 0,99 mooxuthb,
Kak pekoMeHayercs B mpumepe 23.1, A = 0,001, § =1 - a = 0,999,
To mo ¢bopMmyse H3 3TOro IpHMEpa MOJy4aeM AINPUOPHOE 3HAYEHUE
rapasTUpylomero yucia ucnslTasnii Ng = 10 300 000, Ttak kak B 3TOM
cnyqae z5 = 3,209. Ilpum Tex >Ke HaHHBIX ANOCTEPUOPHOE 3HAYEHHE
rapaHTHPYIONIETO YHCIa HENPEPBHIBHO YCIIELIHBIX UCIIBITAHUN OKA3HIBAETCS
mamHoro menbire: Ns(p,0) = 1030.
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IIpumep 23.3. Hcnonssyem Teneps APyryio NPeEJEIbHYIO TEOPEMY
JJst BbIOOpaA TrapaHTUpYoOUEero uyucia ucneltaHuil. Ilpemmonosxkum, uto

p > 0,9 u Bocmonbayemcsi teopemoit Ilyaccona. Ilycrs ¢ 21 - p —
BEPOATHOCTH HeEyCIemHBX wuchbranmnii, a Wy = K/N — wugacrora
HEYCIEIHbIX UCHbITanuil B cepun n3 N ucnbitanuil, e K — cayvaiinoe
YUCJIO0 HEYCHEUHbIX UCIblTauuii. B coorBercrBuu ¢ teopemoii Ilyaccona

A
npu Gosbumx N ¥ Maibix ¢ pacnpefeienue 4actotrsl 1T = Wy MOXKHO
alIpOKCUMHPOBaTh paciipefienenneM Ilyaccona II(Ng), B coorBeTcTEAH
¢ KOTOPHIM HMEEeM

Py < b m (L) =y em a0

, il
1=0

Bocmonbayemcst pe3yabTaroM u3 npuMmepa 19.6, OpuBeZeHHOrO B NYHK-
Te 19.3, A MOCTPOeHMS IMPaBOCTOPOHHEIO JAOBEPUTENBHOIO MHTEPBAJIA
[0,0,], xoTOpSBIN «HAKpLIBAM» Gbi HEM3BECTHBIH MapaMeTp ¢ C JOBEPH-
TenbHOM BepoaTHOCThI0 § = 1 — . Takum 06pazoM, nosrydaem ypaBHeHNE
cBsI3M MexKIy napamerpamu N, 6», k, «:

1=0

MOXKHO NOKa3aTh, YT0 (DYHKIMS B JIEBOHA YACTH 9TOr0 yPaBHEHMsi MOHO-
ToHHO ybBIBaeT 1o k ¢ pocroM N. IJoaToMy KOpeHb JaHHOTO yPaHCHKA IO
N MoxeT ObIThb JIErKo Hail/leH, HalPUMED € TIOMOLIBI0 METOMA JUXOTOMHH.
B uactHOM ciiydae, Korjga B cepur U3 [V uChObITaHUE BCE HCHBITAHUSA
0Ka3aJIUCh yCHelmHLIMU, T.€. kK = 0, To JaHHOe ypaBHEHHE IIPUHHMAET
Gonee npocroi sux e~ V92 = . Orcioga HaxoauM rapanTHpYyIOIIIEe THCIO
MCHBITAHUI [IPH YCJIOBHM, 9TO BCE MCIBITAHUA YCIEIIHBL

N;s = [_1_11%—-_5)] + 1.

23.3. Boiunciienne onpeliesleHHOTO MHTerpaJa.

Ilpumep 23.4. PaccmoTpum omnpejelleHHbIR HHTErPa
1
as Jg(w) dz,
0

rae g(xz) — orpanudennas nHa orpeske [0,1] dynxmus (|g(z)] < ¢ <
< oo gnga Beex z € [0,1]). Paccmorpum takxke CB X, paBHOMepHO
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pacnpesiesiennyio ia orpeske [0,1], pust koTopoit fx(z) =1, ecn z €
€[0,1], u fx(z) =0, ecnu z ¢ [0,1]. Torna oveBnyHO, 4TO

+oo 1
Mlg(X)l = | g(@)fx(z)dz=[g(z)dz = a.

Takum 06pa3oM, 3HaYeHHE OIPEIENEHHOr0 HHTerpaja MOXKHO HafiTH

KaK MareMaTHdeckoe oxxunaune CB )}é g(X), tme CB X wumeer
paBHOMepHoe pacnpenenenue na orpeske [0,1], X ~ R(0;1). Ilycrs
Tereps nocneposarensiocts {Xp}, m = 1,2,..., cocrour u3z CB,
HE3ABUCUMBIX ¥ PAaBHOMEDHO pacnipeieieHHpIx Ha otpeske [0,1]. Moxmo

ybeaurncs, yro B 3ToM ciaydae CB Xné g(Xn), n = 1,2,..., GymyT

TAKXKe HE3aBHCHUMLI, OJUHAKOBO pacupeleneHnl ¢ KoHeunbmu MO u

gucrnepcuamu. Tak kax MO CB X, orpanudennl, TO o yCHICHHOMY

3akoHy OGonbmux uucen (Teopema KosnMoropoea) nocieLoBaTelbHOCTD
1 &

CB Y, 2 2 Z X CXOmMTcs IIOYTH HaBEPHOEe K BEJHYUHE a =
n k=1

= Mlg¢(X}], re Y, Iy g pp N — 00. IJTO 3HAYUT, YTO,

NPOBesA GONBINOE KOMMYECTBO HCHBITAHUN, MOXKHO ¢ BbICOKONH TOYHOCTHIO

BBIUHCJINTD 3HAUEHHUE MHTErpajga a.

3amevyanue 23.3. Merox Monre-Kapiio umeer orpoMayio obiacts
upnnoxxesnsi. Hanbonee cnoxxnoit npobnemoil npu ero peannsaluu sis-
sisgeTcst BHIOGOD HEOOXOAUMOro 4HC/Ia UCHBITAHUN 7, TAKOro, YTOOLI MOXK-
Ho beu10 cumrtarh, uro CB Y, zocrarouno «bmmskas k a. fcHo, yro
U3-32 BBIYMCAUTENbHBIX TPYLHOCTER JKeJaTellbHO BbIOUPATH BEJHMIHHY
7 C BO3MOKHO MEHBIIHM rapaHTUPYIOIONM 3HadeHueM. O603HAYUM 3TO
sgayenue depez N . Has Boibopa N ODBIYHO WCIIONL3YIOT UEHTPAIIb-
HYIO IPEAEJIbHYIO TEOPEMY, CUHTAsl, YTO PaClpeAesiCHie HOPMUPOBAIIHON
cymmpl Zy CB X, k = 1, N, fIBJISIeTCS CTAHAAPTHLIM HOPMAJbHBIM
pacnpenenennem N(0;1). PaccMOTpuM Ha mpumepax, Kak BbIOHpaeTcst
BesuyuHa N .

IIpumep 23.5. DBribepeM rapaHTHpYIOUIEE YHCIO CTATUCTHYECKHX
ucnpiTaHuit N IpH BbIUNCJIEHHN 3HAYEHUS @ ONPEAE/JCHHOTO MHTErPAJa

u3 npumepa 23.4. Paccmorpum gucnepcuio CB )} 2 g9(X), npeanonaras,
uyro g{z)#a u g(z) — nenpepsiBua,

1 1

+o00
Dlg(X)] = [(g(=) ~ a)* fx(2) de = [ (9(2) — a)* dz < | (lg(2)]| +a])” da.

—o0 ] Y
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Ilo ycnosuam upumepa 23.4 numeem |g(z)| € ¢, Torma

1

= [[ote)as] <. DI < (o + 07 < 4

o] 0

VYurem, uto k nociienosarensioctt CB g(X,), n=1,2,... | npuMenuma
LEHTPaJbHasl NpejlebHasa TeopeMa, B COOTBeTCTBUM ¢ Kotopoit CB

S

Zn [9(Xx) — ma],

£in
M=

&
i
—

riae s> E8)) g (Xk) é M {g(X)], cxomutca mo pacnpeneieHuIo
n

x CB UNN(O;l),T.e. Zn, ENY OpH Tt — 00

Haunee, no ycunennomy 3aKOHY BOIBIINX YHUCEN,
A 1 C A
21 a2 Mg(X)],

T.e. CB Y, cxogutcs moyTH HaBepHOE K IOCTOAHHON a. DT0 3HAYMT,
aro nupu bomsimux n CB Y, «bauska» X a. IIpeanonosxkum, 4To HYy>KHO
BBEIMMGIUTL ¢ ¢ TounocThio A: |Y, —a] < A. Ilockonsky Y, sBisiercs
Cny4YalHOU BeNWYMHOMN, BLIACHMM CTE€IEeHb JOCTOBEPHOCTH 3TOH OIEHKH:

P{lYn—alsA}=P{IYn‘a‘ D[ger)] <A D[gT(LX)] }

Tax kax D[g(X)] < 4¢?, 0

P{|Y, —a| <A} >P{]Yn - aly /5o € NG }:P{]an <aY? }

F
B coorsercreuu ¢ LT umeem Z, —— U, T e.

]

T
rne ®o(x 2 Je‘tz/ 2dt. BribepeM HEKOTODYIO JOBEPUTENbHYIO

ﬁlH
B

=]

BEpOSITHOCT, & = 1 — @, KoTopasi paBHa TpebyeMOH HaJe>XHOCTH
BBINOSIHEHMs HepaBeHcTBa |Y, —a| < A, re P{|Z,| < Ayn/2} =6.

3amMeuvanue 23.4. Ha upakrmke Benuunny 6 = 1 — o ob6br4HO
3amaloT B npexenax 0,95 < J < 1.
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Torna, pemas ypasunenue 2% (A\/T\/'_ / (2c)) = ¢ ornocurenpuo N,

MOXKHO HaliTH TrapaHTHpyWollee 9MciI0 ucnbrtaHuil Ns. Oyakuus o(x)
3ajaeTcsi TabJIMYHO, M MOYTOMY [N JOBEPUTEILHOM BEPOATHOCTH &
MOKHO HalTH Takoe 3HaYeHyue Z(144)/2, YT0 Po(T(115)/2) = 6/2. Jucmo

T(145)/2 ABJIACTCS KBAHTUIBIO ypoBHs (1+§)/2 pacnpenenenus N(0;1).

Taxum ofpasoM, moaydaem ypasaenme A VN / (2¢) = z(145)/2, U3

KOTOPOT'O JIETKO HaliTH HCKOMOE 3HaYeHHe
2ex(146)/2 )2
Ns = [(—hA L2) | 41,

rae cuMpon [-] osHauaer ueayw 4acTh 4mcia. IlogyepkHeM, 4TO JJs
Boraucnenna Ng HeoOXomumo 3a4aTh TOYHOCTh /A OIEHKH BEJMYUHBI @
U YPOBEHDL JOBEPUTENBHON BEPOSTHOCTH 6 .

. A
B namnoM mpumepe paccMmoTpeH ciydail Beramcienus a = M[g(X)]
st paBHOMepHO pacipegenernoit CB X ~ R(0;1). AHajorn4sHo MOXHO

A N
nocTynuts upu seiyucaennn a = M[g(X)] mns npomssonsmoit CB X,
Takoit, 4to |a| < oo.

23.4. Tunoskie 3aa49u.

3anmaua 23.1. IIpensetbopustit mrab kaHmugata X B IPE3UICHTHI
NPOBOJUT COLMOJOTMYECKUN ONpoc, 4YTOOBI OULEHUTb BEPOSITHOCTL P
Toro, uro usbuparenmu OyayT TOIOCOBATL Ha IIPEACTOSUIUMX BBHIOOpax
3a kaHgumumata X. Ckoubko usbupartesneil HaJ0 OINPOCUTb, YTOOBLI ¢
JOBEPUTENbHON BepoAaTHOCTBIO 0,95 OTKIJIOHEHHE OJYyYEHHON OIEHKH OT
HCTHHHOU BeposTHOCTH p Oblio me bonee 0,017

Pemenue. B manHoil 3agade onpenesieH YPOBEHb IJOBEPHUTENLHON
BeposTHocTH & = 1 — a = 0,95 u TounocTs omenku A = 0,01.

Ham Heobxomumo BeIOpaTh uucio msbuparteneit Nj, Takoe, 4ToObI
BLINOJIHSIOCH COOTHOLIEHHE

M
P {ITVZ —pl < 0,01} = 0,95.
Cornacto npumepy 23.1, nmeem

2
_ ’3(1+6)/2P(1 -p)
Ns = [_T— +1,

rae Z(4s)y2 = 1,96 — xBawtmis yposua 0,975 crammapTHOro rayc-
cosckoro pacnpegenenus N(0;1), a Benmauna p(l — p) 3amensiercs ee
MAaKCHMAJbHBIM 3HaYEHHeM, DaBHBIM 1/4.

IIpoBenst HeoGxOmUMBIE BBIYHCIIEHHS!, ITONYIUM, YTO TapaHTHPYIOIIEE

YHCJIO ONPOIIEHHBIX U3bupateneit Ny = 9605.
OTrBeT. Ng=9605.



212 MPANOXXEHUSI MATEMATUYECKON CTATUCTHKH

§ 24. 3aa4u NI CAaMOCTOSITEILHOTO PelieHnusI

1. AwuTpornosor cobupaercs u3y4uarh obutaTesneil HEKOTOPOTO OCTPOBA.
On HaMepeH OlLEHUTH IIPOLEHT HaceJeHusd ¢ 1-if rpynioit Kposu, u 6yaer
YAOBAETBOPEH, €CJH 3TOT IPOMEHT OKayKeTCs [PAaBUILHBIM B IIpefe/ax
+3% . CKONbKO OCTPOBUTAH aHTPONOJIOT AOJIKEH BLIODATDH /I U3y4eHUS
UX TPYHNB! KPOBY, €CIH OH CYUTACT JOIYCTUMBLIM TapalTHPOBAThL CBOM
BBIBOABI C JOBEPUTENbHON BepostTHoCcThio 1 — av = 0,95.

2. HUssecrHo, yto 2% HaceseHHs HEKOTOPOro ropoga Goibubl Tybep-
KynezoM. CKOMLKO XKUTEJEH 3TOTO TOPOJA HYXKHO 006CiaefoBaTh, ITOObI
cpenu obcesyembix GosibHble TyGepkynesom coctasasan 2 + 0,2% c
BeposATHOCTHIO 1 — a = 0,997

3. Ha xumuveckoM NPOH3BOACTEE IIONYYEHBI CJAEAYIOUIHE AAHHBIE O
3aBUCMMOCTH BbIXOfa NpoaykTa Y [kr/dac] oT Temmeparyphi peakumu
X [°C]:

Tabnuua 24.1

51 [ 32 [ 80 [ 73 | 64 | 45 83 44 93
52,7 [ 152 | 89,5 | 94,8 | 76,0 | 39,3 | 114,8 | 36,5 | 1374
28 | 35 | 40 | 29 | 53 | 58 65 75
53 20,7 21,7] 92 | 55,4 | 64,3 | 79,1 | 101,1

NI

Ilpennonaras, 4To 3aBUCHMOCTL Mexay X U Y ONHCBHIBAETCSI MOJEILIO
npocToii suHeiHo#t perpeccum, nocrponth MHK-oueHKH HeU3BECTHBIX
napaMeTpoB.

4. Pesynbrathl namepenust TemilepaTypel 1 Kopmyca paborarolie-
TO arperara, IPOU3BOAMMBIE C HHTEPBAJIOM 5 MUH, TpPEICTABJIEHbl B
Tabu. 24.2.

Tabauna 24.2

t[mun] | 5 10 | 15 [ 20 | 25
T[°C] | 59,3 | 59,8 | 60,1 | 64,9 | 70,2

Crurast, YT0 3aBUCHMOCTD MEXKJY 3THMH II€DEMEHHBIMY nMeer Bug 1 =
= 0y + Ot +-05t2, vaittnu MHK-onesKy Hen3BeCTHLIX HapaMeTpos 6,
u 03 .
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I'naBa Ne 2

1. He smnsercs. 2. Her. 3. Heseprno. 4. a) 3,5; 6) —0,575; 6) 1,495.
5. Haubonee BeposTHOe 3HaueHHe PABHO 1, HAMMEHee BEPOSTHOE 3HAYEHHE
pasno 4. 6. M[X] - D[Y] > M[Y] - D[X]. 7. 1. 8. Has yobbix «.
9. Fx(1/2) = Fx (-1/2) = 1/2. 10. Bi(1;0,8). 11. Pasus. 12. 0.
13.a) Ja; 6) Ja. 14. 0,488.15. 0 u 1.16. 1.17. Pasusl. 18. Asnsercs.
19. P{X < M[X]}=P{[X] > M[X]}; P{|X - M[X]| < /D[X]} =
2 20. Oux paetbl. 21. Onu pasubl. 22. M[X] = D[X] = M[Y] =
:D[Y] =1.23. P0< X <1} <P{0O<Y < 1}. 24. X ~ Bi(15;p),
p= 72, 25. M[T]=4- é . 26. a) 100 Tw1c. py6.; 6) 30; 6) 100 TbIC.

py6. 27. M[X] = 2,106, D[X] = 1,9588. 28. a) M|X] = 60, D[X] =
= 42; 6) C85,(0, 3)60(0 7)140. 29. 1. 30. 16, 3,2. 31. Cpemuui
BeIArpeln — 79 py6seit. 32. M[X] = 2000, ox = 40. 33. h = 1/4,
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0, z € (—oo, -1,

3(x+1)/4, ze€(-1,0] a1
F(z) = ¢ 3/4, z € (0,1], M{(2 - X}(X - 3)] = — 5

1/2+z/4, z€(1,2],

1, z € (2, 00],

D[2 - 3X] = 12‘? . 34. 0,1168. 35. M|X] = 10, D[X] = 100, M[X?] =
= 200. 36. 0,082. 37 a(l — p) + pb. 38. Byzer. 39. Fx(fyr(M[X])) >
)

> Fy(fx(M[Y]). 1 — el 4l Fx(M[X]) > fx(M[X]),
Fx(-M[X]) = fx( [ ). 42. 0. 43. P{X < M[X]} < P{X >
1 2 1 3
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47. JJna X seposraocts Gonbmre. 48. 0,5, 153, 81.49. ¢~10. 50. 45,99.
51. 2. 52. 3.53. — 0P 54 4y a4 <o, b:—%,(mm a>0,
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Tnasa Ne 3

1. Boobue rosops, met. 2. 0,84. 3. M[X3 ~Y?% =-2.4. M[X +Y]| =
=1, (X+7Y) ~Bi(3; %) 5. 6) M[{X] =0, M[Y] = 161 M(X +

+Y]= % , DX +Y]~0,8055, paBencrsa cupaseausst. 6. 0. 7. 0,669.

B.a) a= 7%2 ; 6) Hesasucumpl. 9. CB X u Y ue3aBUCHMBL M HEKODPEIH-

posautnl. 10. Her. 11. Ssnsiercs. 12. Byner. 13. kxx =1.14. kxy =0.

15. a)rxy = 1; 6)rxy = —1. 16. kxy = 0. 17. 3,35.
18. Haubosee BepoOATHBIM [PETEHAEHTOM OT IepBOro  OJoOKa
ABNAETCA NEpBbIH NPETEHAECHT, a OT BTOPOro — BTOPOH NpEeTEeHIEHT,

rxy ~ 0,27. 19. BeposrHoctn BCTperurh gedexr B == 0,0118.
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Kospdumpmenr xoppensmmn =~ 0,066. 20. U ~ Bi(1;0,67).

_ Aue=Qetm) -z >0, 420,
21. f(z,y) - { 0— B OCTaJbHBIX CJIyYasiX,
3Havenme ucKoMmoit BeposTHocTm pasHo (1 — e A)(1 — e7H).
1 0 3 3
22.  0,1077.  23. (0 ; ) 4. @) =5 6) =

(In2)22-GE+Y) £ >0, y >0,

25. a) f(z,y) = { 0— B OCTAJIBHBIX CIYYasiX; 6) 0,0208.

I'maBa Ne 4
3
1. 1 2. Vsmenennas BepxHas TrpaHuna: 70; OlEeHKa, TMOJXYYEHHAs C

noMoInsIo HepaBeHcTBa Yebbiuesa: 0,88125; yrounenad onenka: 0,99626.
3. 325562. 4. Ilpumenum. 5. Ouenka, nomydyeHnas ¢ HOMOIIBIO
HepaBeHcTBa, YebOnimera: n > 5469; yrouneHas ouenka: n 2 1792.

6. (26 205, 33795). 7. = .8. p<0,245. 9. p > 0,6094. 10. Ipumerum.

ool w

11. p £ % 12. z < 4,16. 13. Onenka, NoiydeHHas C ITOMOIbIO

HepaperctBa YebprueBa: p > 0; yroumenas ouenka: p > 0,64762.
14. OueHka, @OJydYeHHass C IOMOIUILIO HEPABEHCTB3 JeObimiesa:
n > 12 000; yTouneHas oueHka: m = 2305. 15. a) 0,0291; 6) 0,9715.

16. % . 17. He menee 24 438 menexxusrx eaunun. 18. n = 975.

I'mapa Ne 5 .

2. 0 =093. 3. mx = 165,77, dx = 34,24. 4. [-17,22,-10,28].
5. [10,35,54,79]. 6. H, nupuaumaercs. 7. Hg upmrHAMaercd.
8. Hy npunumaercs. 9. Peaymbrar gefictBus sekapcrsa He
3aBUCHT oOT crocoba ero npumeHenusi 10. Hy npuHuUMaeTcs.
11. T'umoTe3a 0 HE3aBUCHMOCTH OTBEPraeTC.

I'naBa N= 6
1. 1068. 2. 32617. 3. y = —4859+1,94z.4. T = 61,84 — 0,67t +0,04¢2 .



TABJINIBI

x

2
1. @ynaxuua Jlannaca Po(z) = -\/%_: Je_t /2 dt
T
T 0 1 2 3 4 5 6 7 8 9
0,0 | 0,0000 | ,0039 | ,0079 | ,0119 | ,0159 [ ,0199 | ,0239 { ,0279 | ,0318 [ ,0358
0,1 ,0398 | ,0438 { ,0477 | ,0517 | ,0556 | ,0596 | ,0635 | ,0674 | ,0714 | ,0753
0,2 ,0792 | ,0831 | ,0870 | ,0909 | ,0948 | ,0987 | ,1025 | ,1064 | ,1102 | ,1140
0,3 ,1179 | 1217 | 1255 | ,1293 | ,1330 | ,1368 | ,1405 | ,1443 | ,1480 { ,1517
0,4 ,1554 | ,1591 | ,1627 | ,1664 | ,1700 | ,1736 | ,1772 | ,1808 ( ,1843 [ ,1879
0,5 , 1914 | 1949 | 1984 | 2019 | ,2054 | ,2088 | ,2122 | ,2156 | ,2190 | ,2224
0,6 ,2257 | ,2290 | ,2323 | ,2356 | ,2389 | ,2421 | ,2453 | ,2485 | ,2517 } ,2549
0,7 ,2580 | ,2611 | ,2642 | 2673 | ,2703 | ,2733 | ,2763 | ,2793 | ,2823 | ,2852
0,8 ,2881 | ,2910 { ,2938 | ,2967 | ,2995 | ,3023 { ,3051 { ,3078 | ,3105 ] ,3132
0,9 ,3159 | ,3185 | 3212 | ,3228 | ,3263 | ,3289 | ,3314 | ,3339 | ,3364 | ,3389
1,0 ,3413 | ,3437 | ,3461 | ,3485 | ,3508 | ,3531 | ,3554 | ,3576 | ,3599 | ,3621
1,1 ;3643 | ,3665 | ,3686 | ,3707 | ,3728 | ,3749 | ,3769 | ,3790 | ,3810 | ,3829
1,2 ,3849 | ,3868 | ,3887 | ,3906 | ,3925 ; ,3943 | ,3961 | ,3979 | ,3997 | ,4014
1,3 ,4032 | ,4049 | ,4065 | ,4082 | ,4098 | ,4114 | ,4130 | ,4146 | ,4162 | 4177
1,4 4192 | 4207 | 4222 | ,4236 | ,4250 | ,4264 | ,4278 | ,4292 | ,4305 | ,4318
1,5 ,4331 | ,4344 | 4357 | 4369 | ,4382 | ,4394 | ,4406 | ,4417 } ,4429 } ,4440
1,6 ;4452 | ,4463 | ,4473 | ,4484 | ,4495 | ,4505 | ,4515 | ,4525 | ,4535 | ,4544
1,7 ,4554 | ,4563 | ,4572 | ,4581 | ,4590 | ,4599 | ,4608 | ,4616 | ,4624 | ,4632
1,8 ,4640 | ,4648 | 4656 { 4663 | 4671 | ,4678 | ,4685 | ,4692 | ,4699 | ,4706
1,9 4712 ) 4719 | 4725 | 4732 | 4738 | 4744 | 4750 | ,4755 | 4761 | ,4767
2,0 ATT2 | ,4TTT | L4783 | ,4788 | ,4793 | ,4798 | ,4803 | ,4807 | ,4812 | ,4816
2,1 ,4821 | ,4825 | 4830 | ,4834 | ,4838 | ,4842 | ,4846 | ,4850 | ,4853 | ,4857
2,2 ,4861 | ,4864 | 4867 | 4871 | ,4874 | ,4877 | ,4880 | ,4884 | ,4887 | ,4889
2,3 4892 | ,4895 | ,4898 | ,4901 | ,4903 | ,4906 | ,4908 | ,4911 | ,4913 | ,4915
2.4 ,4918 | ,4920 | ,4922 | ,4924 | ,4926 | ,4928 | ,4930 | ,4932 | ,4934 | ,4936
2,5 4937 | ,4939 | 4941 | 4943 | ,4944 | ,4946 | ,4947 | ,4949 | ,4950 | ,4952
2,6 ,4953 | ,4954 | 4956 | ,4957 | 4958 | ,4959 | 4960 | ,4962 | ,4963 | ,4964
2,7 ,4965 | ,4966 | ,4967 | ,4968 | ,4969 | ,4970 | ,4971 | 4972 | ,4972 | 4973
2,8 ,4974 | ,4975 | 4976 | 4976 | ,4977 | ,4978 | ,4978 | 4979 | ,4980 | ,4980
2,9 ,4981 | ,4981 | ,4982 | ,4983 | ,4983 | ,4984 | ,4984 | ,4985 | ,4985 | ,4986
30| 49865
3,5 ,499767
4,0 | ,4999683
4,5 ,4999966
5,0 ,49999971




TABJIHUUBI 2]7
2. Ksantumm z,(n) ypoBHsA (¢ pacupejelienus x?*(n):
P{X <zo(n)} =

\a 0,05 0,1 0,2 0,3 0,5 0,7 0,8 09| 095
1 0,00 0,02 0,06 0,15 0,46 1,07 1,64 2,71 3,84
2 0,10 0,21 0,45 0,71 1,39 2,41 3,22 4,60 5,99
3 0,35 0,58 1,01 1,42 2,37 3,66 4,64 6,25 7,82
4 o71 | 106 | 1,65 | 220 336 | 488 | 599 | 7,78 | 949
5 1151 1,61 | 2,34] 300 435 | 606 | 729 924 | 11,07
6 1,65 2,20 3,07 3,83 5,35 7,23 8,56 10,64 | 12,59
7 217 | 2831 382 | 467 | 635 | 8381 980 | 12,02 | 14,07
8 273 | 349 | 459! 553 7,3¢| 952 | 11,03 | 13,36 | 1551
9 3,32 4,17 5,38 6,39 8,34 10,66 12,24 14,68 16,92
10 394 | 486 | 6,18 | 727 | 9,34 | 11,78 | 1344 | 1599 | 18,31
11 4,58 5,58 6,99 8,15 10,34 12,90 14,63 17,28 19,68
12 523 | 630 | 7,81 | 9,03 | 11,34 | 14,01 | 1581 | 18,55 | 21,03
13 5,89 7,04 8,63 9,93 12,34 15,12 16,98 19,81 22,36
14 6,57 7,79 9,47 10,82 13,34 16,22 18,15 21,06 23,69
15 726 | 855 | 10,31 | 11,72 | 14,34 | 17,32 | 19,31 | 22,31 | 25,00
16 7,96 9,31 11,15 12,62 15,34 18,42 20,47 23,54 26,29
17 8,67 10,08 12,00 13,53 16,34 19,51 21,62 24,78 27,60
18 9,39 10,86 12,86 14,44 17,34 20,60 22,76 25,59 28,87
19 10,11 11,65 13,72 15,35 18,34 21,70 23,90 27,20 30,14
20 10,85 12,44 14,58 16,27 19,34 22,80 25,04 28,41 31,41
21 11,59 13,24 15,44 17,18 20,30 23,90 26,17 29,61 32,67
22 12,34 14,04 16,31 18,10 21,30 24,90 27,30 30,81 33,92
23 13,09 14,85 17,19 19,02 22,30 26,00 28,43 32,01 35,17
24 13,85 15,66 18,06 19,94 23,30 27,10 29,55 33,20 36,42
25 14,61 16,47 18,94 20,90 24,30 28,20 30,78 34,38 37,65
26 15,38 17,29 19,82 21,80 25,30 29,20 31,80 35,56 38,89
27 16,15 18,11 20,70 22,70 26,30 30,30 32,91 36,74 40,11
28 16,93 18,94 21,60 23,60 27,30 31,40 34,03 37,92 41,34
29 17,71 19,77 22,50 24,60 28,30 32,50 35,14 39,09 42,56
30 18,49 20,60 23,40 25,50 29,30 33,50 36,25 40,26 43,77
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3. KsanTunu ¢ %(n) YDOBHst

pacnupenenendsa S (n):

P{T <tap(m)} =222
n\a 02| 06| 08 09| o095 o098 | 099 099
1 0,325 | 1,376 | 3,078 | 6,314 | 12,706 | 31,821 | 63,657 | 636,619
2 0,289 | 1,061 1,886 § 2,920 4,303 6,965 9,925 31,598
3 0,277 | 0,978 | 1,638 | 2,353 3,182 4,541 5,841 12,941
4 | 0271 | 0941 | 1,533 | 2132 | 2776 | 3747 | 4604 | 8,610
5 0,267 | 0,920 | 1,476 | 2,015 2,571 3,365 4,032 6,859
6 0,265 | 0,906 | 1,440 | 1,943 2,447 3,143 3,707 5,959
7 0,263 | 0,896 1,415 1,895 2,365 2,998 3,499 5,405
8 0,262 0,889 1,397 | 1,860 2,306 2,896 3,355 5,041
9 0,261 | 0,883 | 1,383 | 1,833 2,262 2,821 3,250 4,781
10 0,260 | 0,879 1,372 1,812 2,228 2,764 3,169 4,587
11 0,260 | 0,876 1,363 1,796 2,201 2,718 3,106 4,437
12 0,259 | 0,873 1,356 1,782 2,179 2,681 3,055 4,318
13 0,259 | 0,870 1,350 1,771 2,160 2,650 3,012 4,221
14 0,258 | 0,868 1,345 1,761 2,145 2,624 2,977 4,140
15 0,258 | 0,866 1,341 1,753 2,131 2,602 2,947 4,073
16 0,258 | 0,865 1,337 | 1,746 2,120 2,583 2,921 4,015
17 0,257 | 0,863 1,333 1,740 2,110 2,567 2,898 3,965
18 0,257 | 0,862 1,330 | 1,734 2,101 2,552 2,878 3,922
19 0,257 | 0,861 1,328 1,729 2,093 2,539 2,861 3,883
20 | 0,257 | 0,860 | 1,325 | 1,725 | 2,086 | 2,528 | 2,845 3,850
21 | 0,257 | 0,859 | 1,323 | 1,721 | 2,080 | 2518 | 2,831 3,819
22 0,256 | 0,858 1,321 1,717 2,074 2,508 2,819 3,792
23 0,256 | 0,858 1,319 1,714 2,069 2,500 2,807 3,767
24 0,256 | 0,857 | 1,318 1,711 2,064 2,492 2,797 3,745
25 | 0,256 | 0,856 | 1,316 | 1,708 | 2,060 | 2,485 | 2,787 3,725
26 0,256 0,856 1,315 1,706 2,056 2,479 2,779 3,707
27 | 0,256 | 0,855 | 1,314 | 1,703 | 2,052 | 2473 | 2,771 3,690
28 0,256 | 0,855 1,313 1,701 2,048 2,467 2,763 3,674
29 0,256 | 0,854 | 1,311 | 1,699 2,045 2,462 2,756 3,659
30 {025 | 0,854 | 1,310 | 1,697 | 2,042 | 2457 | 2,750 3,646
40 0,255 | 0,851 1,303 | 1,684 2,021 2,423 2,704 3,551
60 0,254 | 0,848 | 1,296 | 1,671 2,000 2,390 2,660 3,460
120 | 0,254 | 0845 | 1,280 | 1,658 | 1,980 | 2358 | 2617 3,373
o0 0,253 | 0,842 1,282 1,645 1,960 2,326 2,576 3,291
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OTknuk 198

Ouenka uHTepBanbuasa 174

— MaKCHMAJILHOTO NIPaBACTIO OGS
169

~— MeTOJa MOMEHTOB 172

— — HauMeHbIHUX KBagparon 199, 202

— HecMelleHHaa 165

~— pobacrras 203

— cocrosiTesibHasg 166

— — cuabHO 166

— Toveynas (Bmbopounas) 165

— addekTrnpnas 166

— R-s¢ddexrnBras 168

Ommbka 1-ro (2-ro) pona 184

— NpeJiCKa3anis  CcpefHeKBalpaTude-
ckaga 203

Ilnan sxkcnepumenta 198

noTHoCcTL pacnpenenesus (BepoAT-
Hoctu) asymepnoit CB 96

— — JByMEPHOH HOPMAJNILHO pacIipe-
neneunoit CB 113

— — chaydaitHoil BenuynHel 56

— — ycnosHaga 107

— — n-mepuoit CB 119

[Tonuron wacror 157

TTonpasku Hlenmapna 188

Tlopsinkosas crarucruxka 153

— 3KCTpeMaJyibHasaA 153

[Ipasuno «k curm» 82

ITpocrpalcTBo BeIGOpOUHOE 152

— 3JIeMEHTAapPHbIX cobbrTnit 13

Ilpamasn cpelHeKBaAPaTHIeCKOH
perpeccun 204

Paszpsag 156

Pacnpenenenne Bepuynnu 70
— Beitbynna 82

— Kommn 163

— Ilyaccona 71

— CrbiogenTa 162

— ODumuepa 164

— GunoMuanbHOe 68

~— JIorHopManbHoe 83

-— HopmaJibHOe (rayccosckoe) 79
— paBHOMepHoe 76

— rpeyroabHoe (Cummncona) 99

-— xu-KBajpar 161

-~ 3KCIIOHEHUHaJIbHOe T8
Peanusanna suibopku 152
— cayyaiiHol Benu4uHbI 53
Perpeccus 109

— napabonnyeckas 200

— mpocras nuHelHaa 201
Perpeccop 198
Pemaromee npasunao 183
Pan sapuanuonHslif 153
— pacnpegenenns 54

-— cratucruyeckuit 156

CBoiicTBO CYeTHOH AAAUTHBHOCTH Be-
posTHOCTH 32

— ycToliyupocTy yacroTsl 13, 16

Cucrema ypapBHeHWH MeTOJa MOMEH-
TOB 172

— — nupasnononobus 170

Cnyqait 19

~ GnaronpusitcTeyommil cobsrruio 19

Cayuaiinaa Benuuuna 53

— — abCoMIOTHO HenpepuiBHas 56

~ — nByMepHas 93

— — — nuckKkperHast 95

— — — HenpepblBHas 96

— — JMCKperHas 54

— — yenpepsiBras 56

— — nopMalbhasa (rayccoBckas) 79

— — — ctadpapraas 80

— — HOpMUpoOBaHHad 59

— — cuHryJaspuasi 56

— — LEeHTPUpOBaHHAA 59

— — n-mepHasa 119

— — — HOPMAJIbHO
122

Cnyualinas mocjaeaoBaTeIbHOCTS 135

— — nesasucumbix CB 131

Cryvalinble BeTM9UHBl KOPPEINPOBaH-
Hble 111

— -— — orpuyarensho 112

— — -— NonoXNUTeNbHO 112

— — neszasucuMsle 95, 120

-— — HeKoppeJupoBaHHsle 111

— — — nonapHo 120

Cayuaiabii BekTop 93

CobuiTre 13, 16

— J[ocroBepHoe 14

— HEBO3MOXKHOe 13

— IIOYTH HUKOTJA He mpoucxoxsimee 17

— IPOHCXOAsilNee TIOYTH HaBepHOoe 17

pacnpejenenHast
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— IIPOTUBOIONOXHOe 14

— cayuatinoe 13, 16

— 37eMeHTapHOe 13

CobriTnit npoussenenne 14

— pas3HocTb 14

— cymMma 14

CoboiTus HesasucuMeble 30

-~ - B COBOKymHocTH 30

— - nonrapHo 30

-— HecoBMeCTHble 14

— paBHble 14

Cpennee sniGopounoe 157

— 3nauenue CB 58

— KBaJapaTuyeckoe orkjoHenue CB 59

CraTucruka 153

— nopsakosast 153

— — sKcTpeMmanbHas 153

— HeHTpaJjibHasg 174

Crarucruyeckas runoresa 183

— — aJbTepHaTHUBHast 183

- — ocHOBHag 183

~— — npocras 183

— — cjaoxHas 183

Craructuyeckas Mojenb 153

— — napaMerpuyeckas 153

— — — peryaspHas 167

Crarucrudeckuii kpurepuit 183

Cxema Bepuynau 33

— Taycca-Mapkosa 199

CxoauMocTh cilydaiiHoil mociie-
JOBATENBLHOCTY B CpeiHeM
KBajgparnydeckom 134

- — — 1o BepogaTHocTH 133

— — — — pacnpejeneruio 132

— — — IIOYTH HaBepHoe 133

Teopema Beprynnmu 137

— Tlaycca—Mapxkosa 199

— nusenxo-Kanrennu 155

— Koumoroposa 137

— JIsanynosa 142

— Myaspa--Jlannaca 144

— — WHTerpaJibHas 145

— -— JIOKaJibHas 145

— Ilyaccona 72

— Qumepa 176

— Yebpuuepa 136

— 0 HOpMaJIbHOII Koppesasinyu 114
— LIEHTpaJibHadA IpejeiibRas 141

YpoBeHb noBepus 174

— 3HaYUMOCTH 184

— HajexHocru 174

Veaosure Jlanynosa 141

— HEe3aBUCHMOCTH 72

— HOPMHPOBKH 55, 56, 95

-— Op/INHAPDHOCTH T2

— CTAlHOHAPHOCTH 72

YcioBHAA IUIOTHOCTB paclipejesieHus
(Bepoarnoctn) 107

— (ynknus pacnpenenenus 105

®opmyna Baiteca 34

— Bepnynaun 34

— KJIaCCU4eCKas] BbIYUCIJIEHUS BEPOST-
Hocru 20

— IOJIHOTO MaTeMaTHYEeCKOr'Oo OXXUja~
ausa 110

-~ IOJIHOH BeposITHOCTH 33

— CBepPTKH ILIoTHoCTell 98

— CJI0XKeHHA BeposiTHOCTEl 32

— YMHOXeHHs BeposTHocTeit 30

Oyuxuus Jlannaca 80

— eAMHUYHasA cTynexdaras (Xepucaii-
za) 55

— npasaononobust 166

— — jorapudmuueckan 167

— pacnpejeneHus

— — BBIOOpOYHAasA
155

— — neymepnoit CB 93

— — cay4aliHo# Benu4uHbI 53

— — ycnosHas 105

— — n-mepuoii CB 119

— Teoperndeckoii perpeccun 198

— XapaKTepucrurdeckag 61

(ammmpuyeckast)

HenrpanbHasi InpefeibHas TeopeMa
141

Yacrora cobbiTus 15

— «ycnexopy 137, 144

Uncno wucnerraHuii  rapanTHpylollee
206

— IepecTaHoBOK 23

~— coveTaHuii 28

o -anrebpa 16





